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Preface

This book presents tensors and tensor analysis as primary mathematical tools for
students and researchers of engineering and engineering science. The presentation
is based on the concepts of vectors and vector analysis in three-dimensional
Euclidean space. A vector is primarily defined as a quantity representing a mag-
nitude and a direction in space. Vectors are in general independent of any particular
coordinate system and are therefore coordinate-invariant quantity. However, in
most applications, vectors will be represented by components related to a coordi-
nate system defined in the space.

The book is intended as a textbook that takes the subject matter to a rather
advanced level. However, as the presentation starts elementary with geometrical
vector algebra, the book may serve as a first introduction to tensors and tensor
analysis.

Vectors and vector analysis are import tools in classical Newtonian mechanics in
which forces, displacements, velocities, and accelerations are vector quantities.
However, these tools are essential in all branches of mathematical physics and in
two- and three-dimensional geometry.

Tensors and tensor analysis were developed by Gregorio Ricci-Curbastro (1853–
1925) and his student Tullio Levi-Civita (1873–1941) as an extension of vector and
vector analysis. Tensors are used to formulize the manipulation of physical quan-
tities and geometrical entities arising from the study of mathematical physics and
geometry. Tensor analysis is concerned with relations or laws for physical quan-
tities and geometrical entities that remain valid regardless of the coordinate systems
used to specify the quantities. Tensor analysis was used by Albert Einstein (1879–
1955) to develop the theory of general relativity.

In the mechanics of bodies of continuously distributed material, the analysis of
mechanical stress and deformation leads to the definition of stress tensors and
tensors related to the deformation of the bodies, e.g., the strain tensors.

The word tensor means stress, and the stress tensor is defined to be independent
of the chosen coordinate system and therefore said to be a coordinate-invariant
quantity. The analysis of the state of stress was developed into a mathematical
theory that became the beginning of tensor analysis.
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In the mechanics of continuous materials, the mechanical and thermomechanical
behaviors of materials are described by coordinate-invariant equations, i.e., tensor
equations, relating stress tensors, and deformation tensors. These equations are
called constitutive equations.

My contact with tensors and tensor analysis relates to the study of continuum
mechanics, constitutive modeling of materials, the theory of elastic shells, rheology,
and non-Newtonian fluids.

During my years as lecturer and professor at the Norwegian University of
Science and Technology, I have taught courses in Applied Mechanics, Mechanics
of Materials, and Fluid Mechanics for undergraduate students. I have written
textbooks in Norwegian on Statics (Statikk), Dynamics (Dynamikk), Strength of
Materials (Fasthetslære), and Engineering Mechanics (Ingeniørmekanikk). For
graduate students, I have designed courses in Continuum Mechanics, Rheology,
and Tensor Analysis. The graduate courses were based on my compendia and my
two books written in Norwegian: Kontinuumsmekanikk published in 1974 and
Tensor Analyse published in 1982, both by Tapir Akademisk Forlag, Trondheim,
Norway. The compendia were translated into English.

The major part of the material from these books and the compendia was pre-
sented and published as my Springer book Continuum Mechanics in 2008 and in
my Springer book Rheology and Non-Newtonian Fluids in 2014, in which tensors
were applied. However, I came to feel that there was enough material in the
Norwegian books and compendia that had not been included in my book
Continuum Mechanics to make it opportune or relevant to introduce this new
book which I have called Tensor Analysis. Although some of the material from my
book Continuum Mechanics is included in the new book, I have made an effort to
improve the presentation in the present book.

The development of the materials in the book has been inspired by my former
colleagues and graduate students at the Norwegian University of Science and
Technology (NTNU). During the preparation of the present text, Professor Hugo
Atle Jakobsen at NTNU has given valuable support. He has read through the
manuscript in many stages and given me inspiration and good advice. I thank him
and acknowledge his valuable comments and corrections. My friend, English tea-
cher cand.philol Karin Hals, has read through the manuscript and sorted out some
grammatical errors in addition to giving me good advice concerning the English
language.

Finally, many thanks to my wife Eva, who has helped me with the index and
otherwise supported and encouraged me during the writing and the preparation
of the book.

Bergen, Norway Fridtjov Irgens
September 2018
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A Short Presentation of the Contents
of This Book

Chapter 1 introduces some of the necessary mathematical foundation for the pre-
sentations in the following chapters. Vectors and the algebra of vectors in two- and
three-dimensional Euclidean space are first given a geometrical presentation. After
having introduced a Cartesian coordinate system in three-dimensional Euclidean
space, I define: “A vector is a coordinate invariant quantity uniquely expressed by a
magnitude and a direction in space and obeys the parallelogram law by addition of
other vectors representing similar quantities.” Examples of vector quantities from
mechanics are forces, displacements, velocities, and accelerations. Vectors are in
this book denoted by small boldface Latin letter, e.g., a and b. The algebra of
vectors is then given in terms of scalar components of the vectors related to
Cartesian coordinates systems with axes x1; x2; and x3; e.g., ai and bi for vector
components. The basic law in classical mechanics is Newton’s second law relating
the force f on a body of mass m and the acceleration a of the body: f ¼ ma,
fi ¼ mai: In the algebra of vectors, matrices and some aspects of matrix algebra are
needed. Matrices are described by Latin letters, e.g., A and b, and the matrix
elements by, e.g., Aij and bi.

Chapter 2 introduces the equations of motions for bodies of continuous material.
The concept of stress as force per unit area t on a material surface provides a
convenient introduction to the mathematical definition of a tensor. The word
“tensor” means stress, and tensor analysis was originally a stress analysis. The
primary stress tensor is the Cauchy stress tensor T.

Chapter 3 presents a general definition of tensors and tensor fields in
three-dimensional Euclidean space. Based on the presentation of mechanical stress
and the stress tensor in Chap. 2, tensors in three-dimensional space are then defined
as multilinear scalar-valued functions of vectors, and the definition is independent
of a coordinate system. For example, a tensor of second order, exemplified by the
stress tensor T, is a bilinear scalar-valued function of two vectors. This definition of
tensors is inspired by the presentation of Jaunzemis [3], (the number in the brackets
[ ] refers to the reference list on page ix). The definition implies that tensors are
coordinate-invariant quantities, and directly leads to the definition of tensor
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components in Cartesian coordinate systems, as will be shown in Chap. 6, to the
definition of tensor components in general coordinate systems. Tensors are in this
book denoted by capital boldface Latin letter, e.g., A and B, with an exception for
tensors of first order for which the vector notation is kept, e.g., a and b.

The definition of tensors preferred in the present book also connects tensor
algebra and analysis to vector algebra and vector analysis as presented in Chap. 1 in
a straightforward and natural manner. In the literature, tensors are defined in dif-
ferent ways. In some presentations of tensor analysis, e.g., McConnell [6], Spain
[7], and Lawden [4], tensors are defined by their components in an n-dimensional
space without the application of the geometrical vector concept. The components
are functions of n variables or coordinates that obey certain transformation rules
when the coordinates undergo a linear transformation. Green and Zerna [1] use the
same approach to tensors in two- and three-dimensional space. In other presenta-
tions, the special concept of Cartesian tensors is introduced, e.g., Malvern [5] and
Hunter [2], restricting tensor analysis to only Cartesian coordinate systems.
Malvern [5] also defines tensors in general coordinate systems by their components
obeying linear laws of transformations when changing coordinate systems, and he
introduces tensors as polyadics. Section 3.2.2 briefly presents and discusses the
alternative definitions of tensors.

Some aspects of rigid body dynamics are given as an example of application
of the tensor analysis. The inertia tensor is introduced in this chapter.

In Chap. 4, a new family of tensors related to the deformation of continuous
materials is introduced. Examples are the strain tensor that is applied to describe the
behavior of elastic materials and the rate of deformation tensor related to the
mechanics of viscous fluids.

Chapter 5 gives a brief presentation of constitutive equations for elastic materials
and viscous fluids which are presented as tensor equations relating the tensor
concept of stress to the tensors describing deformation, rate of deformation, and
rotation.

Chapter 6 introduces general coordinate systems in three-dimensional Euclidean
space. From the general definition of tensor presented in Chap. 3, different sets of
components are defined. The algebra of tensors is now expressed through these
components. General expressions for differential operators as the gradient, the
divergence, and the rotation or curl of vectors and tensors are presented.

Chapter 7 shows how tensor equations discussed in Chaps. 4 and 5 are presented
in general coordinates.

Chapter 8 presents surface geometry in three-dimensional Euclidean space. The
surface represents a two-dimensional of non-Euclidean space called a
two-dimensional Riemannian space. The material in this chapter is inspired by the
presentation in the book by Green and Zerna [1]. The theory developed in this
chapter is suitable for analysis in the theory of elastic shells.

Chapter 9 contains the most common integral theorems in two- and
three-dimensional Euclidean space applied in continuum mechanics and mathe-
matical physics.
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Appendix: The book is supplied with an Appendix containing problems related
to the text and with solutions to these problems. Most of the problems are referred
to in the relevant chapters of the main text. The problems are meant to familiarize
the reader with the formulas and the usage of them. To show the solutions to the
problems in the main text would have made the text less readable.
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Chapter 1
Mathematical Foundation

1.1 Matrices and Determinants

A two-dimensional matrix is a table or rectangular array of elements arranged in
rows and columns. The matrix A with 2 rows and 3 columns is alternatively
presented as:

A11 A12 A13

A21 A22 A23

� �
� Aaið Þ � A ð1:1:1Þ

The elements may be numbers or functions. The symbol Aai represents an arbitrary
element for which the row number ðaÞ may take the values 1 or 2, while the column
number (i) may have any of the values 1, 2, or 3. If not otherwise specified, lower
case Greek letter indices shall represent the numbers 1 and 2, while lower case Latin
letter indices shall represent the numbers 1, 2 and 3.

In the present exposition matrices will in general be denoted by capital Latin
letters. An exception to this notation applies to matrices with one row or one
column and is presented below. Many textbooks on Matrix Analysis prefer to use
capital boldface letters for matrices. But this book reserves boldface letters for the
coordinate invariant notation of vectors and tensors.

It is convenient to let the symbol Aai represent both an element in the matrix
A and the complete matrix A itself. The table and the two other symbols for matrices
given by the identities (1.1.1), and also the symbol Aai alone, now represent four
different ways of presenting one and the same matrix. The matrix Aai, which has 2
rows and 3 columns, is called a 2 � 3 (“two by three”) matrix. The matrices Bab

(2 � 2) matrix and Cij (3 � 3 matrix) have as many columns as rows and are called
square matrices, due to the forms of their tables.

A one-dimensional matrix is an array of elements arranged in one column or one
row. A matrix with one column is called a column matrix or a vector matrix and
will in general be denoted by lower case Latin letters. For practical reasons it may
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be convenient to write the elements of a column matrix on a horizontal rather than a
vertical line, e.g.:

a � aið Þ �
a1
a2
a3

0
@

1
A � a1 a2 a3f g ð1:1:2Þ

From a two-dimensional matrix A ¼ ðAaiÞ we may construct a transposed matrix
AT ¼ ðAiaÞ by interchanging rows and columns. For a (3 � 3 matrix) C:

C ¼ Cij
� � , CT ¼ CT

ij

� �
) CT

ij ¼ Cji ð1:1:3Þ

The transposed matrix aT of a column matrix a is a row matrix:

aT � a1 a2 a3ð Þ ð1:1:4Þ

An n-dimensional matrix is represented by a set of elements with n indices. For
example will the elements Dijk represent a three-dimensional matrix. The matrix
algebra, as presented below, is designed for one- and two-dimensional matrices.

Addition of matrices is defined only for matrices of the same size. The sum of
two column matrices a and b is a column matrix c, and the sum of two 3 � 3
matrices A and B is a 3 � 3 matrix C:

aþ b ¼ c , ai þ bi ¼ ci; AþB ¼ C , Aij þBij ¼ Cij ð1:1:5Þ

The element Cij in the matrix C is obtained by adding corresponding elements Aij

and Bij in the matrices A and B. We easily see that the operation addition is both
associative and commutative. Addition also applies to n-dimensional matrices.

The product of a matrix A ¼ ðAijÞ by a term a is a matrix aA ¼ ðaAijÞ: The
matrix product Ab of square matrix A and a column matrix b is a column matrix c,
and the matrix product AB of two matrices A and B is a new matrix C, such that:

Ab ¼ c ,
X3
k¼1

Aikbk ¼ ci; AB ¼ C ,
X3
k¼1

AikBkj ¼ Cij ð1:1:6Þ

The element ci in the column matrix c is obtained as the sum of the product pairs
Aikbk of the elements in row (i) of A and the elements bk of b. The element Cij in the
matrix C is obtained as the sum of the all product pairs AikBkj of the elements in the
row (i) of A and the elements in the column ðjÞ of B.

We shall now introduce an important convention of great consequence when
dealing with matrices in the index format.

The Einstein’s summation convention: An index repeated once and only once in a term
implies a summation over the number region of that index.
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The convention is attributed to Albert Einstein [1879–1955]. By this convention we
may write:

X3
k¼1

AikBkj � AikBkj ð1:1:7Þ

The summation convention does not apply if the summation index is repeated more
than once. For example:

X3
k¼1

AikBkjak 6¼ AikBkjak ð1:1:8Þ

An index that does not imply summation is called a free index. In the inequality
(1.1.8) the index (k) on the left hand side is a summation index, while the index
(k) on the right hand side is a free index. A summation index is also called a
“dummy” index because it may be replaced by a different letter without changing
the result of the summation. For example:

AikBkj ¼ AilBlj ð1:1:9Þ

Multiplication of matrices is not a commutative operation, which is shown as
follows:

AikBkj 6¼ BikAkj , AB 6¼ BA ð1:1:10Þ

Multiplication of matrices is an associative operation. Let A;B;C;D and E be
3 � 3 matrices such that:

D ¼ AB , Dij ¼ AikBkj; E ¼ DC , Eil ¼ DijCjl

Then:

E ¼ DC ¼ ðABÞC ) Eil ¼ DijCjl ¼ AikBkj
� �

Cjl ¼ Aik BkjCjl
� � ¼ AikBkjCjl

These results are conveniently stated as: E ¼ ABð ÞC ¼ A BCð Þ ¼ ABC:

ABð ÞC ¼ A BCð Þ ¼ ABC ð1:1:11Þ

From the definition (1.1.6) it follows that:

ABð ÞT¼ BTAT ð1:1:12Þ

Note that in general bkAki 6¼ Aikbk ¼ ci ) Ab ¼ c: The product bkAki ¼ di may
alternatively be expressed as:

1.1 Matrices and Determinants 3



bkAki � Akibk ¼ ðAT
ikÞbk ¼ di , ATb ¼ d ð1:1:13Þ

Two unit matrices or identity matrices are now defined:

1 ¼ dab
� � ¼ 1 0

0 1

� �
; 1 ¼ dij

� � ¼ 1 0 0
0 1 0
0 0 1

0
@

1
A ð1:1:14Þ

The element symbols dab and dij are called Kronecker deltas, named after Leopold
Kronecker [1823–1891]. The elements have the following values:

dij ¼ 1 when i ¼ j; dij ¼ 0 when i 6¼ j ð1:1:15Þ

The effect of a unit matrix is shown in the following example.

A1 ¼ 1A ¼ A , Aikdkj ¼ dikAkj ¼ Aij

In the definition of the determinant of a matrix we need two special symbols and
matrices:

The permutation symbol eab ¼ 0; 1; or � 1; such that: eab
� �¼ 0 1

�1 0

� �
ð1:1:16Þ

The permutation symbol eijk:

¼
0 when two or three indices are equal

1 when the indices form a cyclic permutation of the numers 123

�1 when the indices form a cyclic permutaton of the numbers 321

8><
>:

eijk are elements of a three-dimensional matrix: the permutationmatrix : ðeijkÞ:
ð1:1:17Þ

For example: e122 ¼ e333 ¼ 0; e123 ¼ e231 ¼ e312 ¼ 1; e321 ¼ e213 ¼ e132 ¼ �1: It
follows from the definitions (1.1.16), (1.1.17) that: eijk ¼ ekij ¼ �ekji; eab ¼ �eba ¼
eab3: We also find that:

eijk ¼ 1
2
ði� jÞðj� kÞðk � iÞ ð1:1:18Þ

The permutation symbol eijk and the Kronecker delta dij are related through the
identity:

eijkersk ¼ dirdjs � disdjr ð1:1:19Þ

The validity of the identity (1.1.19) may be tested by selecting different sets of the
free indices i, j, r, and s on both sides of the equation.
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The determinants, det A, of 2 � 2 and 3 � 3 square matrices A are defined
respectively by:

detA � det Aab
� � � eabA1aA2b � eabAa1Ab2 ð1:1:20Þ

detA � det Aij
� � � eijkA1iA2jA3k � eijkAi1Aj2Ak3 ð1:1:21Þ

From the definitions it follows that: detAT ¼ detA; and that the determinant of a
matrix is zero when two rows or two columns are identical. For example:

A1j ¼ A2j ) detA ¼ 0

By inspection we find that:

eabAacAbk ¼ detð AÞeck; eijkAirAjsAkt ¼ detAð Þerst ð1:1:22Þ

This result may be used to prove the multiplication theorem for determinants:

det ABð Þ ¼ detAð Þ detBð Þ ð1:1:23Þ

Proof of the theorem for 3 � 3 matrices: Using formula (1.1.21) for det B, then
formula (1.1.22) for det A, and finally formula (1.1.21) for the determinant det ABð Þ
of the matrix product AB, we obtain:

detAð Þ detBð Þ ¼ detAð Þ erstBr1Bs2Bt3ð Þ ¼ detA erstð Þ Br1Bs2Bt3ð Þ ¼ eijkAirAjsAkt
� �

Br1Bs2Bt3ð Þ
¼ eijk AirBr1ð Þ AjsBs2

� �
AktBt3ð Þ ¼ det ABð Þ ) detAð Þ detBð Þ ¼ det ABð Þ

The determinant of a matrix A may be expressed as a linear function of the
elements Air in any arbitrarily chosen row or column. The coefficients in the linear
function are called the cofactors CoAir; or the algebraic complements, to the
corresponding elements Air. For instance:

detA ¼ eijkAi1Aj2Ak3 ¼ Ai1 eijkAj2Ak3
� � ¼ Ai1CoAi1 ) CoAi1 ¼ eijkAj2Ak3

By inspection we find:

CoAir ¼ 1
2
eijkerstAjsAkt ¼ @ detAð Þ

@Air
ð1:1:24Þ

CoAac ¼ eabeckAbk ¼ @ detAð Þ
@Aac

ð1:1:25Þ

detA ¼
X
i

Air CoAir ¼
X
i

Ari CoAri; r ¼ 1; 2; or 3 ð1:1:26Þ
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The cofactors are elements in the matrix Co A, and we find that:

detð AÞ1 ¼ ATCoA ¼ ACoAT ¼ CoAð ÞAT

, detAð Þdij ¼ AkiCoAkj ¼ AikCoAjk ¼ CoAikð ÞAjk
ð1:1:27Þ

If the product of two square matrices A and B is equal to the unit matrix, i.e.
1 ¼ ðdijÞ; then we call one matrix the inverse matrix to the other. The inverse matrix
to A is denoted A�1:

AA�1 ¼ A�1A ¼ 1 ð1:1:28Þ

The inverse matrix A�1 may be determined as follows. Using the formulas (1.2.27),
(1.2.28) we get:

A�1 detAð Þ ¼ A�1 detAð Þ1 ¼ A�1ACoAT ¼ 1CoAT ¼ CoAT

) A�1 ¼ 1
detA

CoAT , A�1
ij ¼ 1

detA
CoAji

ð1:1:29Þ

It follows that a condition for the inverse matrix A�1 to exist, is that the determinant
det A is not equal to zero.

Natural powers of the matrices A and A−1, where n is a natural number, are
defined by:

An ¼ AA � � � � A; A�n ¼ A�1A�1 � � � � A�1 ð1:1:30Þ

In addition to the determinant, det A, of a matrix A, we shall also need the trace,
tr A, of A and the norm of A, denoted by “norm A “or by Ak k. These quantities are
defined respectively by:

tr A � Akk ¼ A11 þA22 þA33 ð1:1:31Þ

normA � Ak k �
ffiffiffiffiffiffiffiffiffiffiffiffi
trAAT

p
¼ ffiffiffiffiffiffiffiffiffiffi

AijAij

p ð1:1:32Þ

The norm of the matrix A is also called the magnitude of the matrix A.

1.2 Cartesian Coordinate Systems. Scalars and Vectors

In order to localize physical objects in space and to define motion of bodies in
space, we need a reference body or reference frame, here for short called a refer-
ence and denoted by Rf. The reference may be the earth, a space laboratory, or the
Milky Way. A quantity that is not defined relative to a reference will be called a
reference invariant quantity, an objective quantity, or a reference invariant. The
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distance between two space points and the temperature in a body are two examples
of reference invariants. A quantity defined relative to a reference, will be called a
reference related quantity. The velocity of a body with respect to a reference frame
gives an example of a reference related quantity.

Figure 1.1 shows a reference Rf in three-dimensional space, a reference point
O fixed in Rf and three orthogonal axes xi that intersect in O. The point O and the
axes represent an orthogonal Cartesian right-handed coordinate system denoted by
Ox. The point O is called the origin of the coordinate system. The axes represent a
right-handed system in the following sense: If the right hand is held about the
x3-axis such that the fingers point in the direction of a 90�-rotation of the positive
x1-axis toward the positive x2-axis, the thumb then points to the direction of the
positive x3-axis: If the direction of one of the axes is reversed, or two of the axes are
interchanged, the new system becomes a left-handed system.

The origin O and a pair of any two coordinate axes define three orthogonal
planes: Ox1x2;Ox2x3;Ox3x1. The distances x1, x2, and x3 from these planes to a
point P in space are positive or negative according to which side of the planes the
point is. For instance, x1 is positive when P is on the same side of the Ox2x3-plane
as the positive x1-axis. The three distances xi are called the coordinates of the point
P relative to an orthogonal right-handed Cartesian coordinate system Ox. The
xi-axes are called coordinate axes. Coordinate planes are defined by x1 ¼ constant,
x2 ¼ constant, or x3 ¼ constant. The lines of intersection between these planes are
the coordinate lines. Three coordinate planes and three coordinate lines intersect in
every point P in space.

The geometry presented in the three-dimensional physical space in which a
Cartesian coordinates may be used, is called Euclidean and is based on the parallel
postulate of Euclid ½ca: 330� 275BCE�. The space is called a three-dimensional
Euclidean space E3: A plane, in which we may use an orthogonal right-handed
Cartesian coordinate system Ox1x2, Fig. 1.2, with two orthogonal axes represents a
two-dimensional Euclidean space E2. A curved surface embedded in the

3x

3x

1x

2x

1x

2x

P

O
Rf

Fig. 1.1 Cartesian
coordinate system
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three-dimensional Euclidean space E3; e.g. a spherical surface, in which we cannot
introduce a Cartesian coordinate system, is called a two-dimensional Riemannian
space R2; after Georg Friedrich Bernhard Riemann [1826–1866]. Chapter 8 Surface
Geometry presents vector and tensor analyses in two-dimensional Riemannian
space R2.

In the general exposition we shall use orthogonal Cartesian right-handed coor-
dinate systems until Chap. 6 where general curvilinear coordinate analysis is
introduced. The quantities we call scalars, vectors, and tensors are defined to be
invariant with respect to our choice of coordinate system, and they are therefore
called coordinate invariants. Reference invariant quantities are coordinate invari-
ant, but in general the opposite does not apply.

The following definition of scalars is useful and important.
A scalar invariant, or for short a scalar, is a coordinate invariant quantity

uniquely expressed by a magnitude.
Examples of scalars: the distance between two points in space, the temperature h,

and the pressure in a fluid p. Scalars will in the present exposition preferably be
denoted by Greek letters: a; b; c; the pressure p being an exception.

1.2.1 Displacement Vectors

Figure 1.2 presents Euclidean two-dimensional space E2 and a Cartesian coordinate
system Ox1x2: A small body marked as a point is at time t0 at the position or place
P0 on the plane and is displaced to position or place P on the plane at time t. The
displacement is given by the arrow u, representing a length u and a direction in the
plane. The quantity u is called a displacement vector. The figure shows the dis-
placement vector u decomposed into two component displacements vectors
u1 and u2 in either of two ways: either by the displacement vector u1 followed by
the displacement vector u2, or by the displacement u2 followed by the displacement
u1: The construction of the displacement u from the displacements u1 and u2 is

O

u

2u

1x

2x

0P

1u

P

Q

1u

2u

R φ

φ

Fig. 1.2 Two-dimensional
Euclidean space E2. Cartesian
coordinate system Ox1x2.
Resultant displacement vector
u. Component displacement
vectors u1 and u2
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also shown by the parallelogram P0QPR. The displacement u is called the resultant
of the components displacements u1 and u2. The resultant u is also called the
geometrical sum of the two components u1 and u2.

The construction presented in Fig. 1.2 is called vector addition and may be
presented as:

u1 þ u2 ¼ u2 þ u1 ¼ u ð1:2:1Þ

When the resultant displacement u is constructed by the parallelogram on the
components displacements u1 and u2; we say that displacements follow the par-
allelogram law by addition. Equation (1.2.1) may also be interpreted as a com-
position u of the two vectors u1 and u2, or as a decomposition of the vector u into
the two vectors u1 and u2.

Each of the displacement vectors u; u1; and u2 represents a magnitude given by
the length of the displacement vector and a direction. The magnitudes are presented
by:

uj j; u1j j; and u2j j ð1:2:2Þ

The magnitude uj j of the resultant displacement u may be calculated by the
cosine-formula:

uj j2¼ u1j j2 þ u2j j2 þ 2 u1j j u2j j cos/ ð1:2:3Þ

/ is the angle in Fig. 1.2 between the two component displacements u1 and u2.
It follows from Fig. 1.2 that if the two components u1 and u2 have the same

magnitude but opposite directions, then the geometrical sum has neither a magni-
tude nor a direction and is called a zero vector 0. In this case we write:

u1 þ u2 ¼ 0 ) u2 ¼ �u1 ð1:2:4Þ

The vector �u1 is interpreted as a vector of the same magnitude as u1 but in the
opposite direction of u1:

General definitions: A product of a scalar a and a vector a is a new vector
b ¼ aa with magnitude b ¼ aa; and in the direction of a when a is positive and in
the opposite direction of a if a is negative. A unit vector e in the direction of a
vector a is defined by the expression:

e ¼ a
aj j ) a ¼ aj je ð1:2:5Þ

The unit vector e defined by formula (1.2.5) is called the directional vector related
to the vector a.

1.2 Cartesian Coordinate Systems. Scalars and Vectors 9



In a plane we introduce an orthogonal Cartesian coordinate system Ox, Fig. 1.3,
with two axes: x1-axis and x2-axis. We define base vectors as directional vectors in
the positive directions of the coordinate axes:

e1 in the direction of the positive x1-axis,

e2 in the direction of the positive x2-axis
ð1:2:6Þ

In Fig. 1.3a the displacement vector u is decomposed into two vectors:
u1e1 and u2e2.

u ¼ u1e1 þ u2e2 ð1:2:7Þ

The quantities u1 and u2 are called the scalar components or the Cartesian com-
ponent s of the vector u in the coordinate system Ox. Note that in general the scalar
components may be positive or negative scalars. The magnitude uj j of the vector
u may now be expressed by the formula:

uj j ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
u1ð Þ2 þ u2ð Þ2

q
ð1:2:8Þ

Figure 1.3b presents the displacement vector u as the resultant of two dis-
placement components u1 and u2. The three vectors u; u1 and u2 are decom-
posed into components in the directions of the coordinate axes such that:

u ¼ u1e1 þ u2e2; u1 ¼ u11e1 þ u12e2; u2 ¼ u21e1 þ u22e2 ð1:2:9Þ

2 2u e

12 2u e

u
2 2u e

2e

1 1u e

u

2x 2x

22 2u e

1 1u e

21 1u e

1u

2u

1e

1x 1x
OO

P

0P0P

(a) (b)

11 1u e

21 1u e

12 2u e

P

Fig. 1.3 a Base vectors e1and e2. Scalar components u1 and u2. b Vector addition: u = u1 + u2 )
u1 = u11 + u21, u2 = u12 + u22
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From Fig. 1.3b it follows that:

u ¼ u1 þ u2 ) u1 ¼ u11 þ u21; u2 ¼ u12 þ u22 ð1:2:10Þ

The results (1.2.9) are easily generalized to additions of more then two dis-
placement components. As an example Fig. 1.4 demonstrates a geometrical sum-
mation of three displacement vectors u1; u2; and u3 to one resultant displacement
vector u:

u12 ¼ u1 þ u2; u ¼ u12 þ u3 )
u ¼ u1 þ u2 þ u3 )
u1 ¼ u11 þ u21 þ u31; u2 ¼ u12 þ u22 þ u32

ð1:2:11Þ

As is easily seen the order of geometrical summation is arbitrary. The polygon
P0QRP in Fig. 1.4 is called a vector polygon.

A generalization to a geometrical sum of n displacements vectors ui i ¼
1; 2; . . .; n to a resultant displacement u is presented as:

u ¼
X
i

ui , u1 ¼
X
i

ui1; u2 ¼
X
i

ui2 ð1:2:12Þ

In a three-dimensional Euclidian space we introduce an orthogonal Cartesian
coordinate system Ox, Fig. 1.5, with three base vectors ei as directional vectors in
the positive directions of the coordinate axes. A displacement vector u may be
represented by its vector components ui; or by its scalar components or Cartesian
components ui with respect to the coordinate system Ox:

u ¼
X
i

ui � uiei , ui ¼ uiei no summation w:r: to ið Þ ð1:2:13Þ

The vector u may also alternatively be presented as follows:

2u
u

2x
3u

12u

1u

O

P

0P

R

Q

1x

Fig. 1.4 The resultant u of
three vectors u1, u2, and u3
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u ¼ u1; u2; u3½ �; u ¼
u1
u2
u3

0
@

1
A ¼ u1 u2 u2f g ð1:2:14Þ

In the last formula u is the vector matrix related to the vector u.
Let the symbols u; eið Þ represent the angles between the vector u and the base

vector ei: Then the Cartesian components ui of the vector u in the coordinate system
Ox are:

ui ¼ uj j cos u; eið Þ ð1:2:15Þ

Because the vector components ui are orthogonal, the magnitude of the vector
u may be determined as follows:

u1 þ u2j j ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
u21 þ u22

q
; u ¼ uj j ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
u21 þ u22

q� �2

þ u23

s
)

u ¼ uj j ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
u21 þ u22 þ u23

q ð1:2:16Þ

The resultant u of n component displacement vectors ui i ¼ 1; 2; . . .; n may in
principle be determined similarly to in a plane and is demonstrated in Fig. 1.6 for three
component vectors u1; u2 and u3 and their resultant u. In Fig. 1.6 the four vectors
are projected onto an axis parallel to the x2-axis. The components u2; u12; and u22
are positive, while the component u32 is negative. It follows from the figure that:

u2 ¼ u12 þ u22 þ u32

Similarly we find:

u1 ¼ u11 þ u21 þ u31; u3 ¼ u13 þ u23 þ u33 ) ui ¼ u1i þ u2i þ u3i

u

1e

2 2 2uu e

1x
O

P

0P

2e

3e
3x

2x

1 1 2 2u ue e

3( , )u e

1 1 1uu e

3 3 3uu e

Fig. 1.5 Vector components ui and Cartesian scalar components ui of a vector u in an orthogonal
Cartesian coordinate system Ox in three-dimensional space. Base vectors ei
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The figure consisting of the four vectors u; u1; u2 and u3 is called a space polygon,
and shows the vector u as a geometrical sum of the three component vectors
u1; u2 and u3.

A generalization to a geometrical sum of n displacements vectors ui i ¼
1; 2; . . .; n to a resultant displacement u is presented as:

u ¼
X
i

ui , u1 ¼
X
i

ui1; u2 ¼
X
i

ui2; u3 ¼
X
i

ui3 ð1:2:17Þ

1.2.2 Vector Algebra

Definition of vectors:

A vector is a coordinate invariant quantity uniquely expressed by a magnitude and a
direction in space, and obeys the parallelogram law by addition of other vectors repre-
senting similar quantities.

Examples of vectors: displacements, velocities, accelerations, angular velocities,
and mechanical forces. These vectors will be introduced in Chap. 2. The addition of
vectors is exemplified by the addition of displacement components in Sect. 1.2.1.

Vectors will in the present exposition preferably be denoted by bold face lower
case Latin letters: a; b; c. . . Bold face upper case Latin letters: A, B, C …, will
primarily be reserved for quantities we define as tensors in the Chaps. 2 and 3.

In an orthogonal Cartesian coordinate system Ox a vector a is represented by its
Cartesian components ai, i.e. a ¼ aiei:

Scalar product of vectors. The scalar product of two vectors a and b, also
called the dot product, is a scalar denoted by a � b ð00a dot b00Þ and defined as the
scalar:

a � b ¼ aj j bj j cos a; bð Þ ð1:2:18Þ

u

2u

1e
2e

3e

P
3u

2u

2u

12u 22u

32u 1u

0P

Fig. 1.6 Resultant u of three
component vectors u1, u2, and
u3. The figure shows the
scalar components in the x2-
direction of the four vectors.
Note that the component u32
of the vector u3 is negative
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The symbol a; bð Þ represents the angle between the two vectors a and b. As
demonstrated in Fig. 1.7 the scalar product a � b ¼ aj j bj j cos a; bð Þ is the product of
the magnitude of the vector a and the normal projection of the vector b onto
a. Because cos a; bð Þ may be positive or negative the scalar product a � b may be
positive or negative.

It follows from this definition (1.2.18) that the scalar product is commutative:

a � b ¼ b � a ð1:2:19Þ

Figure 1.8 shows that the scalar product follows the distributive rule:

a � bþ cð Þ ¼ a � bþ a � c ð1:2:20Þ

The scalar products of the base vectors ei in a Cartesian coordinate system Ox are:

ei � ej ¼ dij ð1:2:21Þ

According to the rule (1.2.20) and formula (1.2.21) the scalar product of the two
vectors a ¼ aiei and b ¼ bjej becomes:

Fig. 1.7 The scalar product
of the vectors a and b:
a � b ¼ aj j bj j cos a;bð Þ

Fig. 1.8 The distribute rule
for the scalar product
a � bþ cð Þ ¼ a � bþ a � c
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a � b ¼ aieið Þ � bjej
� � ¼ aibj ei � ej ¼ aibjdij ¼ aibi )

a � b ¼ aibi
ð1:2:22Þ

The magnitude of a vector a, i.e. the length of the vector arrow, may now be found
from the formula:

aj j ¼ ffiffiffiffiffiffiffiffiffi
a � ap ¼ aiai ¼ a21 þ a22 þ a23 ð1:2:23Þ

Vector product of vectors. Figure 1.9 shows two vectors a and b and a third vector
p ¼ a� b (“a cross b”) normal to a and b. The magnitude jpj of the vector
p ¼ a� b is equal to the area A of the parallelogram spanned by the vectors a
and b:

pj j ¼ a� bj j ¼ A ¼ aj j bj j sin a; bð Þ ð1:2:24Þ

Here (a; b) represents the smallest angle between the vectors a and b (always less
than 180°), such that sin a; bð Þ is always positive. The direction of the vector
p ¼ a� b is determined by:
The right-hand rule: The right hand is held about the vector p with the fingers
pointing in the direction of a rotation of a to b through the angle ða; bÞ: The thumb
then points in the direction of the vector p ¼ a� b.
The vector p ¼ a� b is called the vector product, or the cross product, of the
vectors a and b. Let e be the unit vector in the direction of p ¼ a� b. Then we may
write:

p ¼ a� b ¼ Ae ¼ aj j bj j sin a; bð Þe ð1:2:25Þ

From the definition (1.2.25) of the vector product p ¼ a� b it follows that the
vector product is not commutative, i.e.:

a� b ¼ �b� a ð1:2:26Þ

Let ei be the base vectors in a right-handed orthogonal Cartesian coordinate
system Ox. Then:

Fig. 1.9 Vector product p of
the vectors a and b:
p ¼ a� b ¼ aj j bj j sin a; bð Þe
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e1 � e2 ¼ e2 � e3 ¼ e3 � e1 ¼ 1
e3 � e2 ¼ e2 � e1 ¼ e1 � e3 ¼ �1
e1 � e1 ¼ e2 � e2 ¼ e3 � e3 ¼ 0

9=
; ei � ej ¼ eijkek ð1:2:27Þ

We shall now show, applying Figs. 1.10 and 1.11, that the vector product is
distributive, which implies that for three vectors a; b and c we may write:

a� bþ cð Þ ¼ a� bþ a� c ð1:2:28Þ

Because we will emphasize the geometrical nature of vector algebra, the following
proof of the formula (1.2.28), i.e. the distributive rule for the vector product, is
strictly geometrical.

Figure 1.10a shows three vectors a, b, and �b, and a Cartesian coordinate system
Ox with the x3-axis oriented in the direction of the vector a. The vector �b is the
normal projection of the vector b onto the x1x2-plane. It is seen from the figure that
areas of the parallelograms OP1P2P3O and OP1P4P5O are equal. This implies that

(a) (b)

Fig. 1.10 Proof of the distributive rule for vector products: a� b� cð Þ ¼ a� bþ a� c:
(a) Proof of formula (1.2.29): Vector product p ¼ a� b ¼ a� �b. The vector a is directed along
the the x3-axis. The vector �b is the normal projection of vector b onto the x1 x2-plane. (b) The
vector a is directed along the the x3-axis. Vector d ¼ bþ c: Vectors �b; �c; and �d and are the
normal projections of the vectors b, c and d onto the x1 x2-plane
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the vector products a� b and a� �b are equal and are represented by a vector
p perpendicular to the three vectors a, b, and �b :

p ¼ a� b ¼ a� �b ð1:2:29Þ

Figure 1.10b shows the vectors a, b, c, d = b + c, the unit vector e ¼ a=jaj, and
the normal projections �b; �c; and �d ¼ �bþ�c of b, c, and d ¼ bþ c, onto the
x1x2-plane in a Cartesian coordinate system Ox. The x3-axis is oriented in the
direction of the vector a.

Figure 1.11 shows the x1x2-plane with the vectors �b;�c, and �d ¼ �bþ�c: The three
vectors are rotated 90� counter-clockwise and multiplied by the magnitude jaj to
give the three vectors a� �b; a� �c; and a� �d ¼ a� �bþ�cð Þ: It then follows from
the figure that:

a� �bþ�cð Þ ¼ a� �bþ a� �c ð1:2:30Þ

We apply the result (1.2.29) to each of the three vectors in this equation and obtain
the distributive rule for vector products (1.2.28).

Let three vectors a; b; and c be represented by their components in a Cartesian
coordinate system Ox:

Fig. 1.11 The arrows of the vectors �b; �c; and �d ¼ �bþ�c in the x1 x2-plane are rotated 90
�

counter-clockwise and multiplied by the magnitude aj j of the vector a. The result is a
parallelogram of three vectors: a� �b; a� �c; and a� �d ¼ a� ð�bþ�cÞ From the figure it follows
that: a� �d ¼ a� ð�bþ�cÞ ¼ a� �bþ a� �c Using the formula (1.2.29) we may conclude that:
a� ðbþ cÞ ¼ a� b; a� c This result is a proof of the distributive rule (1.2.28) for the vector
product
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a ¼ aiei; b ¼ bjej; c ¼ ckek ð1:2:31Þ

From the definition (1.2.25) of the vector product p ¼ a� b, the formulas (1.2.27),
and the distributive rule (1.2.28) it follows that:

a� b ¼ c ) aieið Þ � bjej
� � ¼ aibjei � ej ¼ aibjeijkek ¼ ckek )

a� b ¼ c ) aibjeijkek ¼ ckek ) ck ¼ aibjeijk
ð1:2:32Þ

a� b ¼ aibjeijkek ð1:2:33Þ

Using formula (1.1.21) for the determinant A of a matrix Aij
� �

, we rewrite
formula (1.2.33):

a� b ¼ det
a1 a2 a3
b1 b2 b3
e1 e2 e3

0
@

1
A ð1:2:34Þ

Scalar triple product. The scalar triple product abc½ � of the three vectors a, b, and
c, also called the box product, is defined by:

abc½ � � a� bð Þ � c ¼ a � b� cð Þ ¼ b � c� að Þ ð1:2:35Þ

Using formula (1.2.33) for the vector product and formula (1.2.22) for the scalar
product, we obtain the result:

a� b ¼ aibjeijkek; a� bð Þ � c ¼ aibjeijkck )

abc½ � ¼ eijkaibjck ¼ det

a1 a2 a3
b1 b2 b3
c1 c2 c3

0
B@

1
CA ð1:2:36Þ

The base vectors ei are related according to:

e1e2e3½ � ¼ 1; e3e2e3½ � ¼ 1 etc: , eiejek
	 
 ¼ eijk ð1:2:37Þ

This relation may be taken to define an orthogonal right-handed system of unit
vectors.

1.3 Cartesian Coordinate Transformations

Vectors and tensors, to be introduced in Chap. 2 and generally defined in Chap. 3,
are coordinate invariant quantities, which in any coordinate system we have chosen,
are represented by their components. It is important to determine the relations
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between sets of components relative to different coordinate systems. Let Ox and �O�x
denote two right-handed orthogonal Cartesian coordinate systems, see Fig. 1.12.
When the Ox-system has been given, the system �O�x is determined by the position
vector c from the origin O of the �O�x-system to the origin O and the base vectors �ei.

c ¼ ckek ¼ �ci�ei ð1:3:1Þ

�ei ¼ Qikek; ek ¼ Qik�ei; Qik ¼ cos �ei; ekð Þ ¼ �ei � ek ð1:3:2Þ

The elements Qik are called direction cosines and are elements in a matrix that is
called the transformation matrix Q for the coordinate transformation from Ox to �O�x.
The 9 elements Qik are, as will be shown below, connected through 7 relations.

Both Ox and �O�x shall be right-handed orthogonal Cartesian coordinate systems
and the base vectors ei and �ei shall be unit vectors. These requirements are sat-
isfied for �ei by the conditions:

�ei � �ej ¼ dij; �e1�e2�e3½ � ¼ 1 ð1:3:3Þ

Confer the formulas (1.2.21) and (1.2.37). Now, also using formula (1.1.21), we
obtain:

�ei � �ej ¼ ðQikekÞ � ðQjlelÞ ¼ QikQjlðek � elÞ ¼ QikQjldkl ¼ QikQjk

�e1�e2�e3½ � ¼ ½ðQ1rerÞðQ2sesÞðQ3tetÞ� ¼ Q1rQ2sQ3t½ereset� ¼ Q1rQ2sQ3terst ¼ detQ

These results show, when compared with the conditions (1.3.3), that the transfor-
mation matrix Q has to satisfy the conditions:

Fig. 1.12 Two right-handed orthogonal Cartesian coordinate systems: Ox with base vectors ei,
and �O�x with base vectors �ei. Place P defined by place vectors r and �r
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QikQjk ¼ dij , QQT ¼ 1 , Q�1 ¼ QT ; detQ ¼ 1 ð1:3:4Þ

A matrix with these properties is called an orthogonal matrix. From the formulas
(1.3.2) we see that the rows in the matrix Q represent the components in the
Ox-system of the orthogonal vectors �ei, and that the columns in Q represent the
components in the �O�x-system of the orthogonal vectors ek:

A place P in three-dimensional space may either be defined by the place vector
r from the origin O to P, or by the place vector �r from the origin �O to P. From
Fig. 1.12 we obtain:

�r ¼ cþ r ð1:3:5Þ

Let the coordinates of the place P be xk in the Ox-system and �xi in the �O�x-system.
Then:

r ¼ xkek ¼ xk Qik�eið Þ ¼ Qikxk�ei; and �r ¼ �xi�ei ð1:3:6Þ

The representation of the relation (1.3.5) in the coordinate system �O�x provides the
coordinate transformation formula:

�xi ¼ �ci þQikxk , �x ¼ �cþQx ð1:3:7Þ

The inverse transformation is easily found to be:

xk ¼ �ck þQik�xi , x ¼ �cþQT�x ð1:3:8Þ

For a vector a with the components ak in Ox and �ai in �O�x, we get:

a ¼ �ai�ei ¼ �aiQikek ¼ akek ¼ akQik�ei ¼ Qikak�ei ,
�ai ¼ Qikak , �a ¼ Qa; ak ¼ Qik�ai , a ¼ QT�a

ð1:3:9Þ

In plane, two-dimensional analysis we introduce plane Cartesian coordinate
systems Ox and �O�x with the the xa-axes and the �xa-axes in the plane, Fig. 1.13.
The �x1-axis makes the angle h with respect to the x1-axis. Then:

Q ¼ Qab

� � ¼ cos �ea; eb
� �� � ¼ cos h sin h

� sin h cos h

� �
or

Q ¼ Qikð Þ ¼ cos �ei; ekð Þð Þ ¼
cos h sin h 0

� sin h cos h 0

0 0 1

0
B@

1
CA

ð1:3:10Þ
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1.4 Curves in Space

Let the parameter p be a scalar variable and let the symbol a(p) represent a unique
vector a for every value of the parameter p. The components of the vector a in a
Cartesian coordinate system Ox are then also functions of the parameter p:

aðpÞ ¼ aiðpÞei ð1:4:1Þ

The derivative da=dp is defined by the limiting process:

da
dp

¼ lim
Dp!0

a pþDpð Þ � a pð Þ
Dp

� lim
Dp!0

Da p;Dpð Þ
Dp

ð1:4:2Þ

The following differentiation rules are easily tested:

da
dp

¼ dai
dp

ei;
d aað Þ
dp

¼ da
dp

aþ a
da
dp

d a � bð Þ
dp

¼ da
dp

� bþ a � db
dp

;
d a� bð Þ

dp
¼ da

dp
� bþ a� db

dp

ð1:4:3Þ

The function r ¼ rðpÞ ¼ xiðpÞei describes a collection of places in space that we
call a space curve. If the function rðpÞ is a continuous function of the parameter
p and has continuous first derivatives dr/dp, the curve is called a smooth curve.
Figure 1.14 illustrates the space curve in a Cartesian coordinate system Ox. Three
places are marked on the curve in Fig. 1.14: P0 for parameter value p0 and with
place vector rðp0Þ; P for parameter value p and with place vector rðpÞ; and a place
given by the place vector rðpþDpÞ:

Fig. 1.13 Transformation of plane Cartesian coordinates: from the Ox-system to the �O�x-system
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A tangent vector to the curve is defined by:

dr
dp

¼ lim
Dp!0

r pþDpð Þ � r pð Þ
Dp

� lim
Dp!0

Dr p;Dpð Þ
Dp

¼ dr
dp

¼ dxi
dp

ei ð1:4:4Þ

A curve consisting of a finite number of smooth curves is called a piecewise smooth
curve. The length s of a smooth curve between two places P0; for parameter p0,
and P for parameter p; is given by the arc length formula:

sðpÞ ¼
Zp

p0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
dr
d�p

� dr
d�p

s
d�p ¼

Zp

p0

ffiffiffiffiffiffiffiffiffiffiffiffiffi
dxi
d�p

dxi
d�p

s
d�p ð1:4:5Þ

We assume that there is a one-to-one correspondence between the parameter p and
the arc length s. The formula (1.4.5) may then be used to substitute the parameter
p by the arc length s as a new curve parameter. The space curve will now be defined
by the place vector:

r ¼ rðsÞ ¼ xiðsÞei ð1:4:6Þ

From the formulas (1.4.5) and (1.4.6) we compute:

ds
dp

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
dxi
dp

dxi
dp

s
) ds ¼ drj j; dr ¼ dxiei ð1:4:7Þ

We define the tangent vector t to the curve and at the place rðsÞ; by the unit vector:

t ¼ dr
ds

; ti ¼ dxi
ds

ð1:4:8Þ

A normal vector to the space curve at a place rðsÞ is a vector perpendicular to the
tangent vector at the place. The infinite number of such normal vectors defines the
plane of normals at the place. Two normal vectors are of special interest: the
principal normal vector n and the binormal vector b. Before defining these two

Fig. 1.14 Space curve r(p).
Tangent vector t = dr/ds
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vectors we define the curvature j and the radius of curvature q of the curve and at
the place rðsÞ:

j ¼ dt
ds

����
���� � d2r

ds2

����
����; q ¼ 1

j
ð1:4:9Þ

The principal normal vector n to the curve is now defined by:

n ¼ 1
j
dt
ds

¼ 1
j
d2r
ds2

, ni ¼ 1
j
d2xi
ds2

ð1:4:10Þ

The plane defined by the tangent vector t and the principal normal n is called the
osculating plane, Fig. 1.15. The unit vector b ¼ t� n is called the binormal vector
to the space curve:

b ¼ t� n ) bi ¼ eijktjnk ð1:4:11Þ

We can show that the vector db=ds is parallel to the principal normal vector n.

b � b ¼ 1 ) db
ds � b ¼ 0

b � t ¼ 0 )
db
ds � t ¼ �b � dtds ¼ �b � jnð Þ ¼ 0

9>=
>; )

db
ds

is perpendicular to both b and t; and therefore parallel to n

We use this result to define the torsion s of the curveby the formula:

db
ds

¼ �sn ) s ¼ �n � db
ds

ð1:4:12Þ

It follows from the formula (1.4.12)2 that the torsion s of a curve is positive if for
increasing value of the parameter s the principal normal b rotates about the tangent
vector t clockwise when observed in the direction of t.

We shall now present the three Frenet�Serret formulas for a space curve, named
after Jean Frederic Frenet [1816–1900] and Joseph Alfred Serret [1819–1885]:

Fig. 1.15 Space curve r
(s) with tangent vector t,
principal normal n, binormal
b, plane of normals, and
osculating plane
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dt
ds

¼ jn ) dti
ds

¼ jni

dn
ds

¼ sb� jt ) dni
ds

¼ sbi � jti

db
ds

¼ �sn ) dbi
ds

¼ �sni

ð1:4:13Þ

The first and the last of these formulas are given above in the formulas (1.4.10) and
(1.4.12). The second of the formulas (1.4.13) is derived as follows:

ða) b � n ¼ 0 ) b � dn
ds

¼ � db
ds

� n ¼ s

ðb) n � n ¼ 1 ) dn
ds

� n ¼ 0 ) dn
ds

þ jt
� 


� n ¼ 0

ðc) n � t ¼ 0 ) dn
ds

� tþ n � dt
ds

¼ dn
ds

� tþ n � jnð Þ ¼ 0 ) dn
ds

þ jt
� 


� t ¼ 0

The results (b) and (c) show that the vector ½dn=dsþ jt� is parallel to the binormal
b, and the result (a) shows that the magnitude of this vector is the torsion s: Hence:

dn
ds

þ jt ¼ sb ) dn
ds

¼ sb� jt ) ð1:4:13Þ2

From the result (a) we obtain the following formula for the torsion of the space
curve:

s ¼ b � dn
ds

¼ t� nð Þ � dn
ds

¼ tn
dn
ds

� 

¼ eijktinj

dnk
ds

ð1:4:14Þ

An alternative expression for the torsion s of a space curve is obtained as follows:

Fig. 1.16 Helix r ¼
ReRðhÞþ zez Tangent t.
Principal normal n. Binormal
b. Cylindrical coordinates
ðR; h; zÞ
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dn
ds

¼ d
ds

1
j
dt
ds

� �
¼ d

ds
1
j
d2r
ds2

� �
¼ �1

j2
dj
ds

d2r
ds2

þ 1
j
d3r
ds3

¼ � 1
j
dj
ds

nþ 1
j
d3r
ds3

)

s ¼ t� nð Þ � dn
ds

¼ dr
ds

� d2r
ds2

1
j

� �
� � 1

j
dj
ds

nþ 1
j
d3r
ds3

� �
¼ 1

j2
dr
ds

d2r
ds2

d3r
ds3

� 

)

s ¼ 1
j2

dr
ds

d2r
ds2

d3r
ds3

� 

ð1:4:15Þ

Example 1.1 Helix A helix is a space curve defined by the place vector rðR; h; zÞ ¼
ReRðhÞþ zez in Fig. 1.16, where we have introduced cylindrical coordinates
R; h; zð Þ as defined in detail in Fig. 1.20:

r ¼ ReRðhÞþ ze3 ¼ xiei; x1 ¼ R cos h; x2 ¼ R sin h; x3 ¼ z ¼ bhþ z0
R; b; and z0 are constant parameters

The angle h will be chosen as curve parameter p ¼ h: The arc length formula (1.4.5)
gives:

sðhÞ ¼
Zh

0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
dr
d�h

� dr
d�h

r
d�h ¼

Zh

0

ffiffiffiffiffiffiffiffiffiffiffiffiffi
dxi
d�h

dxi
d�h

r
d�h ¼

Zh

0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�R sin hð Þ2þ R cos hð Þ2 þ b2

q
d�h ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2 þ b2

p
h )

dh
ds

¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2 þ b2

p

The tangent vector t, the curvature j; the radius of curvature q; the principal normal
vector n, the binormal vector b, and the torsion s are computed from the formulas
(1.4.8), (1.4.9), (1.4.10), (1.4.11), (1.4.15):

t ¼ dr
ds

¼ dr
dh

dh
ds

¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2 þ b2

p �R sin h;R cos h; b½ �

t ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2 þ b2

p Reh þ bezð Þ

d2r
ds2

¼ 1
R2 þ b2

�R cos h;�R sin h; 0½ � ¼ �R
R2 þ b2

eR

j ¼ d2r
ds2

����
���� ¼ R

R2 þ b2
; q ¼ 1

j
¼ R2 þ b2

R

n ¼ 1
j
d2r
ds2

¼ �eR
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b ¼ t� n ¼ det
t1 t2 t3
n1 n2 n3
e1 e2 e3

0
@

1
A ) b ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

R2 þ b2
p b sin h;�b cos h;R½ �

¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2 þ b2

p Rez � behð Þ

d3r
ds3

¼ R sin h;�R cos h; 0½ � 1
R2 þ b2

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2 þ b2

p ; s ¼ 1
j2

dr
ds

d2r
ds2

d3r
ds3

� 


¼ 1
j2

det

�R sin h R cos h b

�R cos h �R sin h 0

R sin h �R cos h 0

0
B@

1
CA 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

R2 þ b2
p 1

R2 þ b2
1

R2 þ b2
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

R2 þ b2
p ) s ¼ b

R2 þ b2

1.5 Dynamics of a Mass Particle

A mass particle is a body of mass m and which is small enough for the extension of
the body to be neglected, and the position P of the body may at any time t be
localized by a place rðtÞ in space. Figure 1.17 illustrates a reference Rf, a Cartesian
coordinate system Ox, and the path of the particle as it moves from the position P0

at the time t0 to the position P at the time t. The length of the particle path from P0

to P is denoted by the path length sðtÞ:
The velocity v and the acceleration a of the particle are defined by the vectors:

v ¼ vðtÞ ¼ dr
dt

� _r; a ¼ aðtÞ ¼ dv
dt

� _v ¼ €r ð1:5:1Þ

Using the definition of the tangent vector t from the formula (1.4.8) and the
principal normal vector n from formula (1.4.10), we obtain:

v ¼ dr
dt

¼ dr
ds

ds
dt

¼ ds
dt

t � _st � vt ð1:5:2Þ

Fig. 1.17 Motion of mass
particle of mass m. Velocity v.
Acceleration a. Path length s
(t)
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a ¼ dv
dt

¼ d2s
dt2

tþ ds
dt

dt
ds

ds
dt

� �
¼ €stþ _s2

q
n ð1:5:3Þ

The acceleration vector has two distinct components:

tangential acceleration: at ¼ €s:

normal acceleration: an ¼ _s2

q
� v2

q

ð1:5:4Þ

The mass particle moves under the influence of a force given by the vector f ac-
cording to Newton’s second law of motion:

f ¼ ma ð1:5:5Þ

The equation of motion of a mass particle (1.5.5) may be decomposed into the three
directions t; n; and b :

ft ¼ mat; fn ¼ man; fb ¼ 0 ð1:5:6Þ

Example 1.2 Mass Particle Moving on a Helical Constraint
Figure 1.18 illustrates a particle with mass m on a fixed curve with the form of the
helix presented in Example 1.1. The particle moves subjected to the vertical grav-
itational force mg and two constraining forces: N in the direction of the principal
normal n and B in the direction of the binormal b. The geometry of the helix is given
in Example 1.1. We shall find expressions for the motion given by the angle hðtÞ and
the constraining forces N and B. The initial conditions are: hð0Þ ¼ h0; _hð0Þ ¼ 0:
The acceleration a consists of a tangential acceleration and a normal acceleration:

a ¼ attþ ann; at ¼ €s ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2 þ b2

p
€h

an ¼ _s2

q
¼ 1

q
ds
dh

_h

� �2

¼ R
R2 þ b2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2 þ b2

p
_h

� �2
¼ Rð _hÞ2

Fig. 1.18 Particle of mass
m moving on the helix r ¼
reRðhÞþ x3 e3: Vertical
gravitational force (−mg)e3.
Constraining forces Nn and
Bb
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Newton’s second law of motion (1.5.6) yields:

f ¼ ma )
ft ¼ mat ) ð�mge3Þ � t ¼ m

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2 þ b2

p
€h ) €h ¼ �bg

R2 þ b2
; ) _h ¼ �bg

R2 þ b2
t )

) h ¼ �bg
2 R2 þ b2ð Þ t

2 þ h0

fn ¼ man ) N þð�mge3Þ � n ¼ mRð _hÞ2 ) N ¼ mRð _hÞ2 ¼ mRb2g2

R2 þ b2ð Þ2 t
2

fb ¼ 0 ) Bþð�mge3Þ � b ¼ 0 ) B ¼ mgRffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2 þ b2

p

1.6 Scalar Fields and Vector Fields

Scalars and vectors, representing physical or geometrical quantities related to places
r in a defined region in space, are represented by fields. Here we define two kinds of
fields:

a ¼ aðr; tÞ a scalar field, a ¼ aðr; tÞ a vector field ð1:6:1Þ

The symbol t is the time. The temperature h in a body is an example of a scalar field,
while the velocity v of a particle or a body is a vector field. If the time t does not
appear as an independent variable in a field function, the field is said to be a steady
field. If the time t is the only argument in the field function, the field is called a
uniform field. The fields a ¼ aðr; tÞ and a ¼ aðr; tÞ are also denoted by:

a ¼ aðr; tÞ ¼ aðx1;x2; x3; tÞ � aðx; tÞ; a ¼ aðr; tÞ ¼ aðx1; x2; x3; tÞ � aðx; tÞ
ð1:6:2Þ

The partial derivatives of a field function f ðr; tÞ with respect to the time t and the
space coordinates xi in the Ox-system and �xi in the �O�x-system, are expressed by the
symbols:

@tf � @f
@t

; f ;i � @f
@xi

; �f ;i � @f
@�xi

; f ;i ;j � f ;ij � f ;ji � @2f
@xixj

ð1:6:3Þ

Using a comma to indicate partial derivative with respect to a space coordinate is
called the comma notation. For the partial derivatives of the vector components
aiðx; tÞ of a vector a with respect to the space coordinates xi in the Ox-system, and
the partial derivatives of the vector components �aið�x; tÞ of the vector a with respect
to the space coordinates �xi in the �O�x-system, we introduce the comma notations:
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ai;j � @ai
@xj

; �ai;j � @�ai
@�xj

ð1:6:4Þ

The equation aðr; tÞ ¼ a0ðtÞ, where a0ðtÞ is a function of time only, represents at
any time t a surface in space, see Fig. 1.19. The surface is called a level surface for
the scalar field aðr; tÞ: From the place P on the surface given by the place vector r,
we introduce an axis in an arbitrary direction given by the unit vector e ¼ eiei.
A coordinate e along the axis is introduced representing the distance from the place
P to a place P0 on the axis. The place P0 is now given by the place vector rþ ee: The
value of the scalar field a at the place P0 is equal to aðrþ ee; tÞ: The rate of change
of a at the place r for the direction e is defined by the directional derivative of a at
the place r and in the direction e, and is given by:

@a
@e

����
e¼0

¼ @a
@ xi þ eeið Þ �

@ xi þ eeið Þ
@e

� 

e¼0

¼ @a
@xi

ei � a;i ei ð1:6:5Þ

For an arbitrarily given direction e the directional derivative defined in formula
(1.6.5) is a scalar field, and it follows from formula (1.6.5) that the components
@a=@xi define a vector field: the gradient of the scalar field aðr; tÞ denoted by
grada :

grada ¼ @a
@xi

ei � a;i ei ð1:6:6Þ

The formula (1.6.5) for the directional derivative of the scalar field aðr; tÞ in the
direction e ¼ eiei may now be presented as:

Fig. 1.19 Level surface aðr; tÞ ¼ a0ðtÞ at the time t with a space curve r(s). s = the arc length of
the space curve from the reference point P0 to the point P at the place r. The gradient of the scalar
field aðr; tÞ grad a is a normal vector to the level surface
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@a
@e

����
e¼0

¼ grad að Þ � e ð1:6:7Þ

Geometrically the gradient of the scalar field aðr; tÞ represents a normal vector to
the level surface aðr; tÞ ¼ a0ðtÞ: This fact may be seen as follows. Let the function
rðsÞ ¼ xiðsÞei represent an arbitrary space curve at the time t on the surface
aðr; tÞ ¼ a0ðtÞ; see Fig. 1.19, where the parameter s is the arc length of the curve
measured from some reference point on the curve, and with as the tangent vector
t ¼ dr=ds from the formula (1.4.8) to the curve. The equation aðrðsÞ; tÞ ¼ a0 is
then satisfied for all values of s. Thus:

@a
@s

¼ @a
@xi

dxi
ds

� a;i
dxi
ds

¼ grad að Þ � dr
ds

¼ 0 ð1:6:8Þ

The vector dr/ds is a unit tangent vector to the curve and therefore a tangent to the
level surface. The result (1.6.8) shows that the vector grad a is perpendicular to the
tangent to an arbitrary curve on the surface. Hence:

The gradient to a scalar field aðr; tÞ represents a normal vector to the level surface
aðr; tÞ ¼ a0:

From formula (1.6.7) it now follows that:

The maximum value of the directional derivative of a scalar field aðr; tÞ on the level surface
aðrÞ ¼ a0 is given by the magnitude of the gradient of the scalar field aðr; tÞ. The vector
grad a points in the direction of increasing a�values:

The gradient of a scalar field aðr; tÞ may alternatively be denoted by:

grad a � @a
@r

� ra ð1:6:9Þ

The symbol ∇ is called “del” and represents an operator, the del-operator, which in
Cartesian coordinates is given by:

r � ei
@

@xi
� ei @i ð1:6:10Þ

Let aðr; tÞ be a scalar field and rðsÞ ¼ xiðsÞei any space curve with the tangent
vector t ¼ dr=ds: Then:

@a
@s

¼ @a
@xi

dxi
ds

� a;i
dxi
ds

¼ grad að Þ � t ð1:6:11Þ

The result (1.6.8) is again obtained if the curve lies on the level surface
aðr; tÞ ¼ a0ðtÞ:

The divergence of a vector field a(r, t) is a scalar field div a defined by:
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div a � r � a ¼ ei@ið Þ � akekð Þ ¼ ak;i ei � ek ¼ ak;i dik ¼ ai;i )
div a � r � a ¼ ai;i � @ai

@xi
¼ @a1

@x1
þ @a2

@x2
þ @a3

@x3

ð1:6:12Þ

The symbol ∇ � a may be interpreted as “the scalar product” of the del-operator
(1.6.10) and the vector a.

We shall show that div a is a scalar field, i.e. a coordinate invariant quantity, by
showing that the value of div a is the same in all coordinate systems. Using suc-
cessively Eqs. (1.6.4), (1.3.9), the chain rule of differentiation, and finally the result
QikQij ¼ dkj obtained from Eq. (1.3.4), we obtain:

�ai;i � @�ai
@�xi

¼ @ðQikakÞ
@xj

@xj
@�xi

¼ Qik
@ak
@xj

Qij ¼ QikQijak;j ¼ dkjak;j ¼ ak;k Q:E:D

The divergence of the gradient of a scalar field aðr; tÞ is a new scalar field of
special interest in applications, and is therefore given a special symbol:

r2a � div ðgradaÞ � r � ra ¼ a;kk � @2a
@xk@xk

¼ @2a
@�xk@�xk

ð1:6:13Þ

The symbol ∇2 is called the Laplace operator, named after Pierre-Simon Laplace
[1749–1827]. In a Cartesian coordinate system Ox the expression for the Laplace
operator is:

r2 ¼ @2

@xk@xk
� @2

@x21
þ @2

@x22
þ @2

@x23
ð1:6:14Þ

The rotation of a vector field a(r, t) is the vector:

rot a � curl a � r� a ¼ eijkak;j ei ð1:6:15Þ

The name and symbol curl is very often used in English literature. The symbol
∇ � a, read as “del cross a”, may be interpreted as a vector product of the
del-operator and the vector a. In a Cartesian coordinate system the rotation of a
vector field may be computed from a determinant of a matrix:

r� a ¼ det
@=@x1 @=@x2 @=@x3
a1 a2 a3
e1 e2 e3

0
@

1
A ð1:6:16Þ

The following identities may be derived by using the identity (1.1.19), see
Problem 1.6:
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ða) a� b� cð Þ ¼ a � cð Þb� a � bð Þ � c
ðb) r2a ¼ r r � að Þ � r � r� að Þ
ðc) a � rð Þa ¼ r� að Þ � aþr a � a=2ð Þ
ðd) r� aað Þ ¼ rað Þ � aþ a r� að Þ

ð1:6:17Þ

Cylindrical coordinates ðR; h; zÞ are defined and presented in Fig. 1.20. The unit
vectors eR; eh; and ez in direction of the coordinates may be expressed in terms of
the base vectors ei of the Cartesian coordinate system Ox:

eR ¼ cos h e1 þ sin h e2; eh ¼ � sin h e1 þ cos h e2; ez ¼ e3 ð1:6:18Þ

The del-operator r, the Laplace-operator r2, the divergence and the rotation
of a vector field aðr; tÞ in cylindrical coordinates are presented in Sect. 6.5.5 and
given by:

r ¼ eR
@

@R
þ eh

1
R

@

@h
þ ez

@

@z

r2 ¼ 1
R

@

@R
R

@

@R

� �
þ 1

R2

@2

@h2
þ @2

@z2

ð1:6:19Þ

div a � r � a ¼ 1
R

@

@R
RaRð Þþ 1

R
@ah
@h

þ @az
@z

rot a ¼ eR
1
R
@az
@h

� @ah
@z

� 

þ eh

@aR
@z

� @az
@R

� 


þ ez
1
R

@

@R
Rahð Þ � 1

R
@aR
@h

� 
 ð1:6:20Þ

Spherical coordinates ðr; h;/Þ are defined and presented in Fig. 1.21. Unit
vectors er; eh; and e/ in direction of the coordinates are expressed in terms of the
base vectors of the Cartesian coordinate system Ox:

Fig. 1.20 Cylindrical
coordinates ðR; h; zÞ
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er ¼ sin h cos/ e1 þ sin h sin/ e2 þ cos h e3
eh ¼ cos h cos/ e1 þ cos h sin/ e2 � sin h e3
e/ ¼ � sin/ e1 þ cos/ e2

ð1:6:21Þ

The del-operator, the Laplace-operator, the diver-gence of a vector field aðr; tÞ in
spherical coor-dinates are presented in Sect. 6.5.5 and given by:

r ¼ er
@

@r
þ eh

1
r
@

@h
þ e/

1
r sin h

@

@/
ð1:6:22Þ

r2 ¼ 1
r2

@

@r
r2

@

@r

� �
þ 1

r2 sin h
@

@h
sin h

@

@h

� �
þ 1

r2 sin2 h

@2

@/2 ð1:6:23Þ

div a � r � a ¼ 1
r2

@

@r
r2ar
� �þ 1

r sin h
@

@h
sin hahð Þþ 1

r sin h
@a/
@/

rot a ¼ er
1

r sin h
@

@h
sin ha/
� �� 1

r sin h
@ah
@/

� 


þ eh
1

r sin h
@ar
@/

� @

@r
ra/
� �� 


þ e/
1
r
@

@r
rahð Þ � 1

r
@ar
@h

� 
 ð1:6:24Þ

Problems 1.1–1.6 with solutions see Appendix

Fig. 1.21 Spherical
coordinates ðr; h;/Þ
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Chapter 2
Dynamics. The Cauchy Stress Tensor

This chapter introduces the concept tensors by defining the original tensor, i.e.
Cauchy’s stress tensor. However, first some basic principles of dynamics related to
continuous materials: solids, fluids, and gases, have to be presented. Dynamics,
which is the science of motion of bodies with mass and the forces that cause this
motion, is often subdivided into Kinematics and Kinetics. Kinematics is the
geometry of motion with velocity and acceleration as the most important concepts.
The kinematics of continuous materials is the subject matter in Sect. 2.1. Kinetics
treats the interrelationship between forces and the motion they cause. Continuum
mechanics is the science of motion and behaviour of continuous materials.
Section 2.2 introduces the types of forces generally considered in Continuum
Mechanics, and the equations of motion that apply to all continuous materials.
Section 2.3 Stress Analysis discusses the internal forces in a continuum. Material
models and constitutive equations are used to describe the response of continuous
materials to motion, deformation, and forces. Such models and equations are pre-
sented in Chap. 5.

2.1 Kinematics

2.1.1 Lagrangian Coordinates and Eulerian Coordinates

A portion of the continuous material we are considering is called a body. Figure 2.1
illustrates a reference Rf, to which motion will be referred, an orthogonal right—
handed Cartesian coordinate system Ox, with base vectors ei and a body at two
different times: a reference time t0 and the present time t, i.e. the time at which the
body is under investigation. A material point in the body is called a particle. At the
reference time t0 the particle is denoted P0, and localized by the place vector r0,
which we call the particle vector, or by the three coordinate Xi in the system Ox. At
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the present time t the particle is denoted P and localized by the place vector r or by
the three coordinate xi:We choose the alternative notations for a particle and for the
place of the particle at the present time t:

particle: r0; X1;X2;X3½ �; Xi; X �
X1

X2

X3

0
@

1
A � X1X2X3f g ð2:1:1Þ

place: r; x1; x2; x3½ �; xi; x �
x1
x2
x3

0
@

1
A � x1 x2 x3f g ð2:1:2Þ

The set of places that represents the body at any time is called a configuration of
the body at that time. The configuration of the body at the present time t is called the
present configuration K. The configuration of the body corresponding to the ref-
erence time t0 is called the reference configuration K0. The body has at any time t a
volume V and a surface area A. It is assumed that the body consists of the same
particles at all times and that the surface of the body is a closed material surface in
the continuum and in general consists at all times of the same particles.

The motion of the continuum may be described by functional relationships
between the place vector r and the place vector r0, and between their components
xi and Xi:

r ¼ rðr0; tÞ; xi ¼ xiðX1;X2;X3; tÞ � xiðX; tÞ ð2:1:3Þ

In Fig. 2.1 the motion of the particle is indicated by a pathline. The particle r0
moves along this space curve. The relations (2.1.3) represent a one-to-one mapping
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Fig. 2.1 Cartesian coordinate system Ox fixed in reference Rf. Body of continuous material. The
body has volume V0 and surface area A0 in a reference configuration K0, and volume V and surface
area A in the present configuration K. Particle r0 at the place r = r(r0,t) at the time t in K. Volume
element dV. Displacement vector u = u(r0,t)
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between the places r0 in K0 and the places r in K. The motion of the body may also
be represented by the displacement vector:

u ¼ u r0; tð Þ ¼ r r0; tð Þ � r0 , ui ¼ ui X; tð Þ ¼ xi X; tð Þ � Xi ð2:1:4Þ

The motion of the body from configuration K0 to configuration K will generally
lead to deformation of the body, i.e. geometrical figures will change their shapes
and sizes during the motion. Deformation is illustrated in Fig. 2.1 by material lines,
which in K0 are chosen to coincide with the coordinate lines. In K the deformed
material lines represent a curvilinear coordinate system, and an analysis of this
system would give us information about the state of deformation of the body
relative to the reference configuration K0. A coordinate system imbedded in a body,
and which deforms with it, is called a convected coordinate system. Such coordinate
systems will be analyzed and utilized in Sect. 7.5.

The body consists at any time t of the same particles. The surface of the body is a
closed material surface in the continuum and consists at any time of the same
particles.

Physical quantities are separated into extensive quantities and intensive quan-
tities. An extensive quantity is given for a body and may be a function of the
volume V or the mass m of the body. Examples are the mass itself, the linear
momentum of the body, and the kinetic energy of the body. The value of an
extensive quantity is the sum of its values for the parts into which the body may be
divided.

An intensive quantity is related to the particles in a body and independent of the
volume or the mass of the body. Examples are pressure, temperature, mass density,
and particle velocity. An intensive quantity may represent the intensity of an
extensive quantity and gives quantities per unit volume or per unit mass. For
instance, mass density is defined as mass per unit volume. In general an intensive
quantity that is given per unit volume is characterized as a density. Kinetic energy
per unit volume is thus a kinetic energy density. For short it is customary to use the
word density also when we actually mean mass density. An intensive quantity
defined per unit mass, is characterized as a specific quantity. For instance, the
velocity of a particle is also linear momentum per unit mass, and thus represents the
intensity related to the extensive quantity called the linear momentum of the body.
Velocity is therefore specific linear momentum.

An intensive physical quantity may be expressed by a field as either a particle
function f ðr0; tÞ; which is a function of the particle vector r0 and the time t, or as a
place function f ðr; tÞ, which is a function of the place vector r and the time
t. Alternatively the particle function may be expressed as a function of the particle
coordinates X and the time t, and the place function may be expressed as a function
of the place coordinates x and the time t. Thus we have the alternative forms:
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f ðr0; tÞ ¼ f ðX; tÞ � f ðX1;X2;X3; tÞ particle function ð2:1:5Þ

f ðr; tÞ ¼ f ðx; tÞ � f ðx1; x2; x3; tÞ place function ð2:1:6Þ

The form f ðr0; tÞ for a particle function rather than the form f ðX; tÞ is used when we
want to emphasize the coordinate invariant property of the quantity that the field
function represents. To get from a place function for a particle related intensive
quantity to a particle function we introduce the motion rðr0; tÞ of the particle and
write alternatively:

f ðr; tÞ ¼ f ðrðr0; tÞ; tÞ , f ðx; tÞ ¼ f ðxðX; tÞ; tÞ ð2:1:7Þ

The coordinates ðX; tÞ � ðX1; X2; X3; tÞ are alternatively called Lagrangian
coordinates, named after Joseph Louis Lagrange [1736–1813], material coordi-
nates, particle coordinates, or reference coordinates. The application of these
coordinates is called Lagrangian description or reference description.

The coordinates ðx; tÞ � ðx1; x2; x3; tÞ) are alternatively called Eulerian coordi-
nates, named after Leonhard Euler [1736–1813], or space coordinates, and their
application for Eulerian description or spacial description.

According to Truesdell and Toupin [1], the Lagrangian coordinates were intro-
duced by Euler in 1762, while Jean le Rond D’Alembert [1717–1783] was the first to
use the Eulerian coordinates in 1752. In general Continuum Mechanics Lagrangian
coordinates and the reference description are the most common. The same holds true
in Solid Mechanics. However, in Fluid Mechanics, due to the large displacements
and the complex deformations resulting from the fluid motion, it is usually necessary
and most practical to use Eulerian coordinates and spacial description.

2.1.2 Material Derivative of Intensive Quantities

Let the particle function f ðr0; tÞ; which may be a scalar or a vector, represent an
arbitrary intensive physical quantity. For a particular choice of the particle vector r0
or the particle coordinates X the function f ðr0; tÞ is connected to that particle r0 at
all times t. The change per unit time, i.e. the time rate of change, of f when attached
to the particle r0 is called the material derivative of the particle function f and is
denoted by f with a superimposed dot.

_f � df
dt

����
r0 ¼constant

¼ @f ðr0; tÞ
@t

� @tf ðr0; tÞ ,

_f � df
dt

����
X¼constant

¼ @f ðX; tÞ
@t

� @tf ðX; tÞ
ð2:1:8Þ

Other names for this quantity are the substantial derivative, the particle derivative,
and the individual derivative.
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The velocity v and the accelerationa of the particle X are defined by:

vðr0; tÞ ¼ _r ¼ @trðr0; tÞ , vðX; tÞ ¼ _r ¼ @trðX; tÞ ð2:1:9Þ

aðr0; tÞ ¼ _v ¼ €r ¼ @2
t rðr0; tÞ , aðX; tÞ ¼ _v ¼ €r ¼ @2

t rðX; tÞ ð2:1:10Þ

Using the definition (2.1.4) of the displacement vector u, we have as alternative
expressions:

v ¼ _u ¼ @tuðr0; tÞ ¼ @tuðX; tÞ; a ¼ _v ¼ €u ¼ @2
t uðr0; tÞ ¼ @2

t uðX; tÞ ð2:1:11Þ

The components of the velocity and the acceleration in the coordinate system Ox
are:

vi ¼ _ui ¼ @tuiðX; tÞ ¼ _xi ¼ @txiðX; tÞ ð2:1:12Þ

ai ¼ _vi ¼ €x ¼ @2
t xiðX; tÞ ¼ €ui ð2:1:13Þ

Let the place function f r; tð Þ ¼ f x; tð Þ represent an intensive quantity, which
may be a scalar or a vector. For any particular choice of r or coordinates x the
function is attached to the particular place r or x in space. The local change of
f r; tð Þ ¼ f x; tð Þ per unit time is:

@tf ðr; tÞ � @f ðr; tÞ
@t

, @tf ðx; tÞ � @f ðx; tÞ
@t

ð2:1:14Þ

In order to find the material derivative of the place function f r; tð Þ ¼ f x; tð Þ, we
attach the function to the particle r0 that takes the position x at time t and use the
form (2.1.7). The definition (2.1.8) of the material derivative of the field function
f xðX; tÞ; tð Þ representing an intensive quantity leads us to the result:

_f ¼ @f ðx; tÞ
@t

þ @f ðx; tÞ
@xi

@xiðX; tÞ
@t

� @tf þ f ;i@txi

The last factor in the last term represents the components vi of the particle
velocity. We then have an expression for the material derivative of a place function
f ðx; tÞ representing an intensive quantity for a particle X:

_f ¼ @tf þ vif ;i ð2:1:15Þ

We use the del-operator r from the formula (1.6.10) and introduce the operator:

v � r ¼ vi
@

@xi
ð2:1:16Þ
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This operator represents a scalar product of the velocity vector and the del-operator.
The formula (2.1.15) may now alternatively be written as:

_f ¼ @tf þðv � rÞf ð2:1:17Þ

The material derivative _f in the formula (2.1.17) contains two parts: The local
part @tf and the convective part ðv � rÞf of the material derivative. The local part
@tf registers the change of f at the place r. In Fluid Mechanics, for instance,
recording of intensive quantities like pressure, temperatures and velocities will
usually be performed with stationary instruments. A stationary instrument can
register f at a definite place r and provides values of f for the particles passing
through the place r. The recording of such an instrument can therefore only give the
local part @t f of the material derivative _f : The convective part, ðv � rÞf of the
material derivative _f represents the time rate of change of f due to the fact that the
particle, which at time t is at place r, moves to a new position in space.

The particle acceleration a may be computed from the velocity field vðr; tÞ by
application of the formula (2.1.17). We write:

a ¼ _v ¼ @tvþðv � rÞv , ai ¼ _vi ¼ @tvi þ vkvi;k ð2:1:18Þ

From the result (2.1.18) we see that the particle acceleration a consists of the local
acceleration @tv and the convective acceleration ðv � rÞv.

2.1.3 Material Derivative of Extensive Quantities

A body of continuous matter and with volume V(t) has constant mass m. This
statement is called the principle of conservation of mass. Mass per unit volume is
called the mass density, or for short, the density. Let the scalar field q ¼ qðr; tÞ
represent the density at the place r, and let dV be differential element of volume. In a
Cartesian coordinate system Ox the differential element of volume is presented as a
rectangular parallelepiped as shown in Fig. 2.2 with volume dV ¼ dx1dx2dx3. In
other coordinate systems and in general curvilinear coordinate system the volume
element is defined and presented in Sect. 9.3. The mass m of a body of volume VðtÞ
at the present time t, may then be expressed by a volume integral:

m ¼
Z
VðtÞ

qdV ð2:1:19Þ

Let f ðr; tÞ be a place function that represents an intensive quantity expressed per
unit mass, i.e. a specific quantity, and let F(t) be the corresponding extensive
quantity for a body with volume V(t):
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FðtÞ ¼
Z
VðtÞ

fqdV ð2:1:20Þ

For instance, f ðr; tÞ may be the kinetic energy per unit mass, v � v=2 ¼ vi vi=2 and
FðtÞ the total kinetic energy for the body.

The time rate of change of F(t) attached to the body is called the material
derivative _F of the extensive quantity F(t). We will find that:

_F ¼ _FðtÞ ¼
Z
VðtÞ

_fqdV ð2:1:21Þ

This result may be derived as follows. The body is considered to consist of many
small elements with volumes and mass symbolized by dV and qdV respectively. The
contribution to F(t) from the volume element dV is fqdV : The integral in (2.1.20)
represents the sum of contributions from all volume elements. The volume elements
may change both in form and size with time, but the mass q dV of any element is
constant by the principle of mass conservation. The time rate of change of the
quantity fqdV is therefore _fqdV : The time rate of change of F(t) is then the sum of
the element contributions _fqdV ; and thus equal to the integral in formula (2.1.21).

2.2 Equations of Motion

2.2.1 Euler’s Axioms

Newton’s laws for the motion of a mass particle cannot in the strict sense logically
be transferred to apply to a body of continuously distributed matter. It has been
customary in some texts to claim that this transformation is possible: From

dV

3dx
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1dx r
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2x

Fig. 2.2 Differential volume
element in a Cartesian
coordinate system
Ox : dV ¼ dx1dx2dx3
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Newton’s second law for motion of a body, originally by Newton for a mass
particle, and Newton’s third law for the interaction between mass particles, the
equations of motion for a system of mass particles are derived as two vector
equations: firstly an equation equating the resultant of all the external forces on the
system to the change in the sum of the linear momentums of the particles, and
secondly an equation equating the sum of all the moments of the external forces
about a point O to the sum of angular momentums of the particles about the same
point O. The first vector equation may be referred to as Newton’s second law for a
system of mass particles. The second vector equation may be referred to as the law
of moments for a system of mass particles. These two vector equations are then
taken to apply to a continuum. The consideration is either that the continuum is a
system of a large number of elementary particles, or as a system of infinitely many
infinitely small particles. The first method of consideration fails on the ground that
elementary particles do not obey Newtonian mechanics. Quantum mechanical
issues are involved here, and the transfer from the micro world to the macro world
must include statistical mechanics. The other method contains logical difficulties of
mathematical nature.

In Continuum Mechanics two axioms are postulated: Euler’s first axiom, which
corresponds to Newton’s second law for a system a system of particles, and Euler’s
second axiom, which has its parallel in the law of moments for a system of particles.
The two axioms are presented below as Eqs. (2.2.6) and (2.2.7). The law of action
and reaction of forces, i.e. Newton’s third law, and of couples and counter couples
for interaction between two bodies now follows as a consequence of the Eulerian
axioms. This will be demonstrated in Sect. 2.2.2.

From a continuum at time t we now consider in Fig. 2.3 the present configu-
ration K of a body having mass m, volume V, and surface A. The body is assumed to
be acted upon by two types of forces: body force b per unit mass, and contact force
t per unit area over the surface of the body. The Cartesian coordinate system Ox is
fixed in the reference Rf.

The body forces are external forces originating from sources outside of the body,
and they represent actions at a distance from the surroundings. It is for practical
reasons that all body forces are considered to be given per unit mass. Gravitation,
centrifugal forces, electrostatic and magnetic influences are examples of body
forces. The most typical body force is the gravitational force g in the parallel
constant field of gravity, with its standard value g = 9.81 N/kg. Normally it is
assumed that the body forces are independent of the state of the body, but in general
the body forces may depend upon the position in space of the particle on which they
act. At the place r we express the body force by:

b ¼ bðr; tÞ ¼ bðx; tÞ ð2:2:1Þ

If a body force is given as force per unit volume, it is called a volume force.
In a solid material the contact force represents the internal forces between the

physical particles, atoms and molecules, on both sides of the surface A separating
the body from its surroundings. Surface force and traction are other names of the
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contact force. The vector t will in the present exposition be called the stress vector.
The stress vector varies with the place r, or the particle X, on the surface, with the
time t, and with the normal n to the surface at the place r. The vector n is defined to
be a unit vector pointing out from the surface A at the place r. Alternatively we use
the expressions:

t ¼ tðr; t; nÞ ¼ tðx; t; nÞ ¼ tðro; t; nÞ ¼ tðX; t; nÞ ð2:2:2Þ

The components of the stress vector t in the direction n and in the tangent plane to
the surface A at the place r are the normal stress r and the shear stress s respec-
tively, see Fig. 2.2.

When a gas is considered as a continuous medium, the surface of a gaseous body
is a material surface. However, if we take into consideration that the gas consists of
molecules, moving about at great speeds, the surface of gaseous body is a math-
ematical surface through which molecules may pass, although the macromechanical
flow through a surface element is assumed to be zero. The motion, or rather the
momentum, of the molecules that pass through the boundary surface is in
Continuum Mechanics represented by the contact forces. Intermolecular forces in a
gas are negligible. When the boundary surface is an interface between a gas and a
liquid or a solid material, the molecular motion is represented by a pressure and
tangential forces, i.e. shear stresses, on the liquid surface or the surface of the solid
material respectively. On an interface between two liquid bodies, the contact forces
represent both intermolecular forces and molecular motion.
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Fig. 2.3 Present configuration K at the time t of a body of continuous material with volume V,
mass m, and surface area A. Density q = mass per unit volume. Reference Rf. Body force b(r,
t) = force per unit mass. Surface force, stress vector, t(r,t,n) = force per unit area. Velocity vector
v(r,t). Element of area dA. Element of volume dV. Decomposition of the stress vector t into a
normal stress r and a shear stress s
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In special situations, it becomes necessary to add to the two types of forces
introduced above, body couples, given as couple per unit mass, and surface couples
or couple stresses on the surface of the body, given as couple (moment) per unit
area. Body couples are for instance present as a result of an elastic strain wave
passing through a body exposed to an electromagnetic field. Another example of the
presence of body couples is given by the effect of the magnetic field of the earth on
the needle of a compass. Couple stresses may appear when the molecular structure
of a material is taken into consideration, and when dislocations in metals are
considered. In this book these types of mechanical actions are not considered.

The body shown in Fig. 2.3 is subjected to a resultant force f given by:

f ¼
Z
A

t dAþ
Z
V

b dV ð2:2:3Þ

The symbol dA represents a differential element of area of the surface A of the
body, and the symbol dV is the differential element of volume of the body. When a
surface is a part of a x1x2-plane in a Cartesian coordinate system Ox, the element of
area may be represented by the rectangle dA ¼ dx1dx2: The expression for the
element of area in general coordinates is defined and presented in Sect. 9.3.

The resultant moment mO about the point O of all forces acting of the body is:

mO ¼
Z
A

r� t dAþ
Z
V

r� b dV ð2:2:4Þ

The velocity of a particle r0 at the place r in the body is given by the vector
fields vðr0; tÞ or vðr; tÞ: The linear momentum p of the body and the angular
momentum lO of the body about the origin O are defined by the integrals:

p ¼
Z
V

vq dV ; lO ¼
Z
V

r� vq dV ð2:2:5Þ

Note that the velocity v may be interpreted as the specific linear momentum, i.e.
momentum per unit mass. Likewise, r � v is the specific angular momentum aboutO.

The general laws of motion for a body of mass m, which at time t has the volume
V and the surface A, are postulated as Euler’s two axioms or laws and given by:

f ¼ _p �
Z
V

_vq dV �
Z
V

aq dV Euler's first axiom ð2:2:6Þ

mO ¼ _lO ¼
Z
V

r� _vq dV �
Z
V

r� aq dV Euler's second axiom ð2:2:7Þ
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a ¼ _v is the particle acceleration. When computing the material derivative of the
extensive quantities p and lO; we have used the formula (2.1.21). Furthermore, we
have used the development:

d
dt

r� vð Þ ¼ _r� vþ r� _v ¼ v� vþ r� a ¼ r� a

Euler’s first axiom is also called the law of balance of linear momentum of a
body. Euler’s second axiom is also called the law of balance of angular momentum
of a body.

The center of mass of a body is defined by the point C that at time t is at the
place given by the place vector:

rC ¼ 1
m

Z
V

r q dV ð2:2:8Þ

The center of mass is a reference invariant point that moves with the body. The
weight of a body, which represents the resultant of the constant and parallel
gravitational field near the surface of the earth, always has its line of action through
the mass center C. The point C is therefore also called the center of gravity of the
body. The velocity vC and the acceleration aC of the center of mass are found from
the expressions:

vC ¼ _rC ¼ 1
m

Z
V

_rq dV ¼ 1
m

Z
V

vq dV ð2:2:9Þ

aC ¼ _vC ¼ €rC ¼ 1
m

Z
V

_vq dV ¼ 1
m

Z
V

aq dV ð2:2:10Þ

From the definition (2.2.5) (2.2.5)1 and the formula (2.2.9), it follows that the linear
momentum p of the body may be expressed by:

p ¼ mvC ð2:2:11Þ

Then, according to Euler’s first axiom (2.2.6) the motion of the center of mass is
governed by the equation:

f ¼ maC ð2:2:12Þ

Thus, the center of mass of a body moves as a physical particle with mass equal to
the mass m of the body, and subjected to the resultant force f on the body.
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2.2.2 Newton’s Third Law of Action and Reaction

Newton formulated his third law of action and reaction when two bodies interacted,
without taking into consideration the extent of the two bodies. Using the two
fundamental axioms of Euler, we shall derive and extend the third law to two bodies
of arbitrary shapes and extensions.

Figure 2.4 shows a body, considered to consist of two parts I and II separated by
the interface A′. The axioms (2.2.6) and (2.2.7) are now formulated for the body and
for each of the parts I and II, using the point O′ on the interface A′ as a moment
point. Subtractions of corresponding equations for the parts from the equations for
the total body give as results:

�
Z
A0;I

tðr; t; nÞ dA�
Z

A0;II

tðr; t;�nÞ dA ¼ 0 , �f12 � f21 ¼ 0

�
Z
A0;I

r0 � tðr; t; nÞ dA�
Z

A0;II

r0 � tðr; t;�nÞ dA ¼ 0 , �m12 �m21 ¼ 0

ð2:2:13Þ

The result: �f12 � f21 ¼ 0 shows that the resultant force f12 of the contact forces on
part I from part II, is equal to the resultant force f21 of the contact forces acting on
part II from part I, but with opposite signs. The result: �m12 �m21 ¼ 0 shows that
the resultant moment m12 of the contact forces on part I from part II, is equal to the
resultant moment m21 of the contact forces acting on part II from part I, but with
opposite signs. Hence:

f12 ¼ �f21; m12 ¼ �m21 ð2:2:14Þ
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Fig. 2.4 Body of mass m and density q subjected to external forces f1, f2, and f3. The body
consists of two parts I and II separated by an interface A′ . On the interface A′ on the parts I and II:
resultant forces f12, f21, and resultant moments m12, m21 about the point O′
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The resultant forces act through the moment point O, and the resultant moments are
couples. The result (2.2.14) may be interpreted as a generalization of Newton’s third
law of action and reaction: To each action ðf12or m12Þ there is a reaction
ðf21or m21Þ.

Figure 2.5 illustrates a material interface A0 with a particle P located by place
vector r, not shown in the figure. Let the area A0 shrink to zero. Then it follows from
the results (2.2.13) that:

tðr; t; nÞ ¼ �tðr; t;�nÞ ð2:2:15Þ

This result is called Cauchy’s lemma, named after Augustin Louis Cauchy [1789–
1857]. The lemma shows that the stress vectors on the two sides of a material
surface are equal but in opposite directions, as shown in Fig. 2.5.

2.2.3 Coordinate Stresses

Figure 2.6 shows the stress vectors tk on three material surfaces through the particle
P at the place r and perpendicular to the coordinate axes. The unit normals to these
surfaces are the base vectors ek: The components of the stress vectors tk are denoted
Tik: Hence:

tk ¼ Tikei , ei � tk ¼ Tik ð2:2:16Þ

The components Tik will be called the coordinate stresses in the particle P or at
the place r. The coordinate stresses are elements of the stress matrix T ¼ ðTikÞ in P,
or at r, with respect to the coordinate system Ox, or with respect to the base vectors
ei: The coordinate stresses T11; T22; and T33 are normal stresses, while the coor-
dinate stresses Tik; i 6¼ k; are shear stresses. The first index (i) of Tik refers to the
direction of the stress and the second index (k) refers to the normal vector ek to the
surface on which the stress acts. In the literature the meaning of the indices is often
reversed.
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Fig. 2.5 Cauchy’s lemma
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Figure 2.7 shows two sides of a material surface in an x1x3-coordinate plane
through a particle P. On the surface side with unit normal equal to the base vector e2
the stress vector is t2 with the three Cartesian components T2k; where T22 is a
normal stress, and T12 and T23 are shear stresses. On the side of the surface with unit
normal �e2 the stress vector is, according to Cauchy’s lemma, equal to �t2 with the
three Cartesian components �T2k; where T22 is a normal stress, and T12 and T23 are
shear stresses.

Because the normal stress on both sides of the material surface in Fig. 2.7 points
out from the surface this normal stress is called a tensile stress. A normal stress
representing a pressure on the surface is called a compressive stress.

Based on the situation in Fig. 2.7 we may state the following sign rule for
coordinate stresses:

A positive coordinate stress acts in direction of a positive coordinate axis on that side of a
material coordinate surface facing the positive direction of a coordinate axis. On the side of
the material surface facing the negative direction of a coordinate axis, the positive coor-
dinate stress acts in the direction of a negative coordinate axis.
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As will be shown in Sect. 2.2.5, the coordinate shear stresses Tik and Tki are
equal, i.e. Tik ¼ Tki; as long as we only consider the two types of forces: body
forces b and contact forces t. Normally therefore the order of the indices is not
really so important. An exception to the equality of shear stress pairs is provided
when body couples and when couple stresses are present. However, in some
derivations and applications it is advantageous to distinguish between Tik and Tki:

The literature uses a variety of symbols for coordinate stresses. When number
indices are used, the following symbols may be found.

Tik ¼ Sik ¼ rik ¼ sik ¼ �pik ð2:2:17Þ

In texts using xyz-coordinates, normal stresses are denoted as rx or rxx etc:; and
shear stresses as sxy or rxy etc:: Thus:

T ¼
T11 T12 T13
T21 T22 T23
T31 T32 T33

0
@

1
A �

rx sxy sxz
syx ry syz
szx szy rz

0
@

1
A �

rxx rxy rxz
ryx ryy ryz
rzx rzy rzz

0
@

1
A ð2:2:18Þ

Example 2.1 Uniaxial State of Stress
A rod with axis along the x1-axis in a Cartesian coordinate system Ox is subjected
to an axial force N, Fig. 2.8.

Any cross-section of area A of the rod is subjected to a normal stress r ¼ N=A:
The cross-section is free of shear stresses: T21 ¼ T31 ¼ 0: The state of stress is
given by the stress matrix:

T ¼
r 0 0
0 0 0
0 0 0

0
@

1
A; r ¼ N

A

This state of stress is called uniaxial, a term that will be explained in Sect. 2.3.1.

Example 2.2 State of Pure Shear Stress
A thin-walled tube with a mean radius r and a wall thickness of h ðh � rÞ is
subjected to a torsion moment, or torque, mt, Fig. 2.9. The resultant of the stresses
over the cross-section of the tube must be equal to the torsion moment. Due to
symmetry the cross-section will only carry a constant shear stress, which we find to
be s ¼ mt=ð2pr2hÞ: Figure 2.9 shows the state of stress on a small, approximately
plane, element of the tube wall. Related to the local Cartesian coordinate system Ox,

N

1e
3e

2e

N
A

σ =

N

area A

N

Fig. 2.8 Rod subjected to an
axial force N. Normal stress r
on a cross-section. Uniaxial
state of stress r = N/A
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shown on the element in Fig. 2.9, the non-zero coordinate stresses are the shear
stresses T12 and T21: Moment equilibrium of the element requires that:
T12 ¼ T21 ¼ s:

The state of stress in a particle P in the wall of the tube is now expressed by the
stress matrix:

T ¼
0 s 0
s 0 0
0 0 0

0
@

1
A; s ¼ mt

2pr2h

The small, approximately plane, element of the tube wall shown in Fig. 2.9 is in a
state of pure shear stress.

2.2.4 Cauchy’s Stress Theorem and Cauchy’s Stress Tensor

Figure 2.10 shows the stress vector t on a surface element dA with unit normal
n through a particle P. The element may be a part of the boundary surface of a body
or a material surface in a body. Let Tik be the coordinate stresses in the particle
related to a Cartesian coordinate system Ox with base vectors ei; and let:

t ¼ ti ei; n ¼ nk ek ð2:2:19Þ

tm tm
τ 12T

21T τ=

1x

2x

r

h

small, approximately plane, element of the tube wall

τ

τ

τ

P

Fig. 2.9 Torsion of a thin—walled tube with mean radius r and wall thickness h. The tube is
subjected to a torque mt

t

P
ndA

1e

3e

2e

Fig. 2.10 Stress vector t on a
surface element dA through a
particle P on the surface of a
body. Unit normal vector n
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Then the Cauchy’s stress theorem states that:

ti ¼ Tik nk , t ¼ T n ð2:2:20Þ

The proof of the theorem follows below.
Figure 2.11 shows a small body in the form of a tetrahedron, called a Cauchy

tetrahedron, of volume V and with a surface consisting of four triangles. Three of
the triangles are parallel to coordinate planes and have the areas Ak and are con-
nected at the P. The fourth triangular plane has the area A and a unit normal vector
n and has a distance h from particle P.

The body is subjected to a body force b, the stress vectors �tk on the areas Ak

and the stress vector t on the fourth triangle of area A. Euler’s first axiom applied to
the body results in the equations of motion:

X3
k¼1

Z
Ak

�tkð ÞdAþ
Z
A

t dAþ
Z
V

b dV ¼
Z
V

a q dV ð2:2:21Þ

If we let the vectors: �tk; t; bq; and aq represent mean values on the respective
surfaces and in the volume, the equation of motion (2.2.21) may be presented as:

�tk Ak þ tAþ b qV ¼ a qV ð2:2:22Þ

The edges of the tetrahedron in Fig. 2.11 parallel to the base vectors ek are denoted
by hk; and since n is a unit vector, we may write:

2−t

2e

3e

1e

1−t

3−t

v
b

t
n

h

1h
2h

3h

A

1A

2A

3A

P

Fig. 2.11 Cauchy
thetrahedron. Body of volume
V and mass m. Body force
b. Acceleration a. Surface
consisting of four triangles:
Three orthogonal triangles
parallel to coordinate planes
are connected at the particle
P and have and have areas Ai,
unit normals ei, and stress
vectors −ti. A fourth triangle
has area A, unit normal n, and
stress vector t
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nk ¼ cos ðn; ekÞ ¼ h=hk ð2:2:23Þ

The volume V of the tetrahedron may be expressed in four different ways as:

V ¼ A � h=3 ¼ A1 � h1=3 ¼ A2 � h2=3 ¼ A3 � h3=3

Using the result (2.2.23), we obtain the formulas:

V ¼ A � h=3; Ak ¼ A nk ð2:2:24Þ

The results (2.2.24) are substituted into the equation of motion (2.2.22), and after
division by A, we get:

�tk nk þ tþ bq h=3 ¼ a q h=3

Now we let h approach zero. Then we are left with the following relation between
the four stress vectors t and �tk on planes through the particle P:

t ¼ tk nk ð2:2:25Þ

Using the relation (2.2.16) for the components of the vectors tk; we obtain from the
formula (2.2.25) the result:

t ¼ ti ei ¼ Tik ei nk ) ti ¼ Tik nk

This completes the proof for the Cauchy’s stress theorem (2.2.20). The theorem
shows how the coordinate stresses Tik; or the stress matrix T ¼ ðTikÞ; related to a
Cartesian coordinate system Ox, completely determines the state of stress in a
particle.

The unit normal n and the corresponding stress vector t are coordinate invariant
properties. This implies that the relation (2.2.20) between the components of the
two vectors t and n has a coordinate invariant character. The stress matrix T works
as a vector operator, and we may state: The vector t is determined by the vector
n through an operator T, which in a Cartesian coordinate system Ox is represented
by the matrix T. If a new coordinate system �O�x with base vectors �ei ¼ Qik ek is
introduced, we shall find the following relation between the components �ti of the
stress vector t, the components �nk of the vector n, and the coordinate stresses �Tik in
the coordinate system �O�x:

�ti ¼ �Tik �nk , �t ¼ �T �n ð2:2:26Þ

Because the two relations (2.2.20) and (2.2.26) express the same connection
between the vectors n and t, it is appropriate to introduce a coordinate invariant
quantity, called the stress tensor T, that let us express the connection between the
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stress vector t and the surface normal n in an invariant form. We say that the
matrices T and �T define the stress tensor T in the following sense:

The stress tensor T is a coordinate invariant intensive quantity that in any Cartesian
coordinate system Ox is represented by the stress matrix T in that coordinate system. The
coordinate stresses Tik are called the components of the stress tensor in the Ox-system:

The word tensor derives from the Latin word “tensio” meaning tension and was
originally the name of the stress matrix. Chapter 3 presents the general definition of
tensors and their algebra.

The relations (2.2.20) and (2.2.26) between the components in any two Cartesian
coordinate systems Ox and �O�x of the stress vector t, the stress tensor T and the
surface normal n represent the Cauchy’s stress theorem:

Cauchy’s stress theorem: The stress vector t on a surface through a particle P is
uniquely determined by the stress tensor T in the particle and the unit normal n to
the surface through the relation:

t ¼ Tn ¼ T � n , ti ¼ Tiknk , t ¼ T n ð2:2:27Þ

The two coordinate invariant forms, Tn and T � n, in the relation (2.2.27) are
equivalent. In this book the latter form is preferred of reasons that will be given
later. The first form is sometimes chosen because it relates to the form of its matrix
representation.

The normal stress r on a surface with unit normal vector n, Fig. 2.12, is given by
the scalar product of n and the stress vector t:

r ¼ n � t ¼ n � T � n ¼ ni Tik nk ¼ nT T n ð2:2:28Þ
The shear stress s on the surface may be computed from:

s ¼ n� tj j ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t � t� r2

p
ð2:2:29Þ

The formula s ¼ n� tj j is obtained as follows:

jn� tj ¼ 1 � jtj � sinðn; tÞ ¼ jtj � ðs=jtjÞ ¼ s

t

σ
n

τ

e
P

τ

Fig. 2.12 Stress vector t,
normal stress r shear stresses
s and �s on a surface with unit
normal n through a particle P
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The projection ~s of the shear stress s in the direction given by a unit vector e in the
surface may be expressed as the scalar product of the vectors e and t:

~s ¼ e � t ¼ e � T � n ¼ ei Tik nk ¼ eT T n ð2:2:30Þ

It follows from Eqs. (2.2.28) and (2.2.30), that:

Tik ¼ ei � T � ek ð2:2:31Þ

The result (2.2.31) may be interpreted as a general relation between the stress tensor
T and its components Tik in a general Cartesian coordinate system Ox. The relation
will now be used to find the relation between the stress matrices T and �T in two
coordinate systems Ox and �O�x: The base vectors of the two systems are related
through Eq. (1.3.2): �ei ¼ Qik ek; where Q ¼ ðQikÞ is the transformation matrix for
the transformation from Ox to �O�x: Using the general relation (2.2.31), we obtain:

�Tij ¼ �ei � T � �ej ¼ Qik ekð Þ � T � ðQjl elÞ ¼ Qik Qjlek � T � el ¼ Qik Qjl Tkl )
�Tij ¼ QikQjlTkl ¼ QikTklQjl , �T ¼ QTQT ð2:2:32Þ

The two stress matrices, T and �T represent the same state of stress, i.e. the same
stress tensor T. Each matrix is the representation of the tensor T in the respective
coordinate system.

Example 2.3 Fluid at Rest. Isotropic State of Stress
In a fluid at rest all material surfaces through a fluid particle transmit the same
normal stress, which is the pressure p, and the shear stress on the surfaces is zero.
This is called an isotropic state of stress. The stress matrix related to any Cartesian
coordinate system Ox for a fluid at rest is therefore:

T ¼
�p 0 0
0 �p 0
0 0 �p

0
@

1
A ¼ �p 1 , Tik ¼ �p dik; isotropic state of stress

ð2:2:33Þ

2.2.5 Cauchy’s Equations of Motion

From the two axioms of Euler, formulas 2.2.6 and 2.2.7, field equations will be
derived that represent the laws of balance of linear and angular momentum of
particles in a continuum. Figure 2.13 shows a differential element of mass with
volume dV = dx1dx2dx3 about the particle P.
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The body in Fig. 2.13 is subjected to body forces and contact forces. The law of
balance of linear momentum for the element, i.e. Euler’s first axiom (2.2.6), yields:

ðt1;1dx1Þ � ðdx2dx3Þþ ðt2;2dx2Þ � ðdx3dx1Þ
þ ðt3;3dx3Þ � ðdx1dx2Þþ bqdV ¼ aqdV )

tk;k þ qb ¼ q a ð2:2:34Þ

The terms in this equation represents mean values over the respective surfaces and
in the volume, related to the particle P. When the expression (2.2.16) for the stress
vectors tk is substituted into Eq. (2.2.34), the following component form for the
balance of linear momentum is obtained.

Tik;k þ q bi ¼ q ai Cauchy0sequations of motion in Cartesian coordinates

ð2:2:35Þ

If we now let the volume of the element shrink to zero, Eq. (2.2.35) become field
equations related to particle P. Equation (2.2.35) is called Cauchy’s equations of
motion, Cauchy’s first law of motion, or for short the Cauchy equations.

We now introduce the concept of the divergence of a tensor of second order.
The divergence of the stress tensor is a vector, divT, with components Tik;k in the
Ox-system:

divT ¼ Tik;kei ð2:2:36Þ

The definition (2.2.36) of divT is coordinate invariant, a fact that will be demon-
strated in Sect. 3.4 on Tensor Fields. Indirectly the coordinate invariance follows
from the Cauchy equations (2.2.35): Since bi and ai are components of vectors, the

1−t

2−t P

2e

3e

1e

1 1 1 1, dx+ ⋅t t

2 2 2 2, dx+ ⋅t t

3 3 3 3, dx+ ⋅t t

a

b

3−t 2dx

3dx
1dx

dV ρ

Fig. 2.13 Differential volume element dV ¼ dx1dx2dx3 about the particle P subjected to body
force b, and surface forces ti . Density q and acceleration a. Base vectors ei in a Cartesian
coordinate system
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terms Tik;k must also be components of a vector, i.e. a coordinate invariant quantity.
The Cauchy equations may now be written in an index free form:

divTþ qb ¼ qa ¼ q€u Cauchy0s equations of motion ð2:2:37Þ

In a xyz-notation the Cauchy equations are:

@rx
@x

þ @sxy
@y

þ @sxz
@z

þ q bx ¼ q ax ¼ q€ux

@ry
@y

þ @syz
@z

þ @syx
@x

þ q by ¼ q ay ¼ q€uy

@rz
@z

þ @szx
@x

þ @szy
@y

þ q bz ¼ q az ¼ q€uz

ð2:2:38Þ

The Cauchy equations of motion in cylindrical coordinates and in spherical coor-
dinates are presented in Sect. 7.7.

Under the assumption that the forces on a body of continuous material only are
contact forces and body forces, the law of balance of angular momentum, i.e.
Euler’s second axiom (2.2.7), implies that the stress matrix is symmetric:

TT ¼ T , Tki ¼ Tik ð2:2:39Þ

This result may be proved as follows. Let the state of stress in the neighbourhood of
the particle P be given by a homogeneous state of stress given by the stress matrix
T in P plus an additional state of stress given by the stress matrix DT . Since the
matrix T now represents a homogeneous stress field and thus satisfies the Cauchy
equations: Tik;k ¼ 0; the additional stress matrix DT must satisfy the Cauchy
equations (2.2.35) and thus balance the body forces b and the acceleration
a. Figure 2.14 shows an element of volume dV ¼ dx1 dx2 dx3 that contains the
particle P. The element is subjected to the homogeneous stress field T. The law of
balance of angular momentum applied to the element provides three component
equations. The x3-component equation is:

ðT21 � dx2 dx3Þ � dx1 � ðT12 � dx1 dx3Þ � dx2 ¼ 0 ) T21 ¼ T12

Similar results are obtained for the other component equations. The results prove the
statement (2.2.39). The symmetry of the stress matrix is a coordinate invariant
property, and we therefore say that the stress tensor is symmetric. The result (2.2.39)
may be interpreted as the law of balance of angular momentum for a particle and is
also called Cauchy’s second law of motion. Normally the symmetry of the stress
matrix is assumed a priori such that the matrix is considered to contain only six
independent elements rather then nine. Thus the laws of motion for a particle are the
three Cauchy equations of motion (2.2.35) or the vector Eq. (2.2.37).

From the symmetry (2.2.39) of the coordinate stresses we may extract the fol-
lowing statement, see Fig. 2.15:
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Fig. 2.14 Volume element
dV ¼ dx1dx2dx3 about the
particle P subjected to a
homogeneous state of stress
T. The shear stresses T31 and
T32 are not shown on the
element

τ
τ

P

Fig. 2.15 Equal shear
stresses s on two orthogonal
surfaces

On two orthogonal surfaces through a particle the shear stress components normal to the
line intersecting the surfaces are equal.

The truth of the statement follows from the fact that according to the result (2.2.39),
the statement is true for the shear stress components normal to the line intersecting
any two coordinate planes through the particle.

Example 2.4 Pressure in a Fluid at Rest
Figure 2.16 shows a vessel containing a homogeneous liquid of constant density q.
The fluid is at rest and is subjected to the constant gravitational force g in the
negative x3-direction: The state of stress in the fluid is represented by the stress
matrix (2.2.33) in Example 2.3, i.e. Tik ¼ �pdik: The pressure p is generally a
function of the position coordinates xi: For a fluid at rest the Cauchy equa-
tions (2.2.35) are reduced to:

ð�p dikÞ;k þ q bi ¼ 0 )

�p;i þ q bi ¼ 0 , �rpþ qb ¼ 0 ð2:2:40Þ

Equation (2.2.40) is called the equilibrium equation for a fluid. In this example:

b3 ¼ �g; b1 ¼ b2 ¼ 0;

and Eq. (2.2.40) yield:

@p
@x1

¼ 0;
@p
@x2

¼ 0;
@p
@x3

¼ �qg
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Partial integrations of these equations and use of the boundary condition: p ¼ pa;
the atmospheric pressure, for z ¼ h on the free liquid surface, provide the following
expression for the pressure in the liquid:

pðx3Þ ¼ pa þ q g ðh� x3Þ

2.3 Stress Analysis

2.3.1 Principal Stresses and Principal Stress Directions

Let us assume that the stress tensor is known in a particle, and let the unit vector
n be a normal vector to a plane through the particle. In Sect. 2.2.4 we have seen that
using the Cauchy stress theorem we may compute the stress vector, the normal
stress, and the shear stress on the plane. We shall now show that in general there are
three orthogonal planes through the particle that are free of shear stress. In
Sect. 2.3.3 we show that the normal stresses on these planes include the maximum
and the minimum normal stress on planes through the particle. The result of the
investigation may be formulated in the following theorem.

The principal stress theorem: For any state of stress there exists, through a
particle, three orthogonal planes free of shear stresses. The planes are called the
principal stress planes, the three unit normals ni to the planes are the principal
stress directions, and the normal stresses ri on the planes are the principal stresses
in the particle. The principal stresses include the maximum normal stress and
minimum normal stress on planes through the particle.

First we will show that planes without shear stress through the particle do exist.
We search for a plane, defined by its unit normal vector n, on which the stress
vector t is parallel to n. This unit normal vector has to satisfy the relation:

t ¼ T � n ¼ r n ð2:3:1Þ

The normal stress r is the principal stress on the plane. Equation (2.3.1) may be
rewritten in the matrix format:

∇
ap

g
h

1x

3x

O

ρ

Fig. 2.16 Fluid of density q
at rest in a vessel. Body force
b = − ge3. Atmospheric
pressure pa
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ðr1� TÞ n ¼ 0 , ðr dik � TikÞ nk ¼ 0 ð2:3:2Þ

This is a set of three linear, homogeneous equations for the three unknown com-
ponents nk:

The condition that the set of Eq. (2.3.2) has a solution for nk is that the deter-
minant of the coefficient matrix for nk is equal to zero.

det r1� Tð Þ ¼ 0 ) det
r� T11 �T12 �T13
�T21 r� T22 �T23
�T31 �T32 r� T33

0
@

1
A ¼ 0 )

r3 � Ir2 þ IIr� III ¼ 0 ð2:3:3Þ

The three coefficients I, II, and III are called the principal stress invariants and are
expressed by:

I ¼ Tkk ¼ tr T

II ¼ 1
2
Tii Tkk � Tik Tik½ � ¼ 1

2
tr Tð Þ2� norm Tð Þ2

h i
III ¼ det T

ð2:3:4Þ

The fact that the three coefficients I, II, and III are coordinate invariant quantities,
will formally be shown later. But from a physical point of view we may conclude
that if the cubic Eq. (2.3.3) has a solution, this solution cannot depend upon the
coordinate system applied to find it. Thus, if the solution of Eq. (2.3.3) is coordinate
invariant, the coefficients in the equation from which the solution is found, must
also be coordinate invariant. It will be shown that the cubic Eq. (2.3.3), called the
characteristic equation of the stress tensor, has three real roots: r1; r2; and r3:

The mathematical problem related to Equations (2.3.1–2.3.4) is known as an
eigenvalue problem: ri are the eigenvalues and the corresponding ni are the
eigenvectors of the tensor T.

Any cubic equation has at least one real root, which we shall denote by r3. The
corresponding principal direction is denoted by n3. If we now choose a coordinate
system Ox for which the base vector e3 is equal to n3; the stress vector t3 will be
equal to r e3 and the shear stress components Ta3 ¼ 0: The stress matrix in this
coordinate system is then:

T ¼
T11 T12 0
T21 T22 0
0 0 r3

0
@

1
A ð2:3:5Þ
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To find the two other principal stresses r1 and r2, and the corresponding principal
directions n1 and n2 the three Eq. (2.3.2) must be solved. These equations are now
reduced to:

r dab � Tab
� �

nb ¼ 0; r� r3ð Þ n3 ¼ 0 ð2:3:6Þ

The principal stress r is either r1 and r2: Let us first assume that r 6¼ r3. Then it
follows from the last of Eq. (2.3.6) that n3 ¼ 0. Thus the corresponding principal
stress direction n is parallel to the x1 x2-plane and therefore normal to the principal
direction n3. Figure 2.17 shows a particle P and a material surface normal to the
principal direction n. Let / be the angle between n and the x1-axis: Then:

n ¼ cos/; sin/; 0½ �

The first two of Eq. (2.3.6) become:

r� T11ð Þ cos/� T12 sin/ ¼ 0

� T21 cos/þ r� T22ð Þ sin/ ¼ 0
ð2:3:7Þ

For this set of linear equations to have a solution for the angle / the determinant of
the coefficient matrix has to be zero. Thus:

r� T11ð Þ r� T22ð Þ � T12 T21 ¼ 0 )

r2 � T11 þ T22ð Þ rþ T11 T22 � T12 T21 ¼ 0 ð2:3:8Þ

The solution of this quadratic equation is, when the symmetry property of the
matrix T is utilized:

r1
r2

¼ T11 þ T22
2

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T11 � T22

2

� �2

þ T12ð Þ2
s

ð2:3:9Þ

n
P φ

σ

1e

2e

principal stress surfaceFig. 2.17 Principal stress
surface with principal stress r
and principal direction n

60 2 Dynamics. The Cauchy Stress Tensor



The radicand can never be negative, which means that the two roots r1 and r2 are
real. The angle / which determines the principal stress directions are determined
from Eq. (2.3.7), from which we find the results:

tan/1 ¼
r1 � T11

T12
ðfor r ¼ r1Þ; tan/2 ¼

r2 � T11
T12

ðfor r ¼ r2Þ
ð2:3:10Þ

If any two principal stresses are unequal, for instance r1 6¼ r2, the corresponding
principal directions n1 and n2 are orthogonal. This result may be demonstrated
using Eqs. (2.3.10) and (2.3.9). Another way of proving that the principal directions
n1 ¼ n1a ea and n2 ¼ n2a ea are orthogonal if r1 6¼ r2 is as follows. From
Eq. (2.3.6) we obtain:

r1dab � Tab
� �

n1b n2a ¼ 0; r2 dab � Tab
� �

n2b n1a ¼ 0

The two sets of equations are subtracted and due to the symmetry of the stress
matrix T, we get:

r1 � r2ð Þ n1a n2a ¼ r1 � r2ð Þ n1 � n2 ¼ 0

Since r1 6¼ r2, it follows that n1 � n2 ¼ 0. This result proves that the principal stress
directions n1 and n2 are orthogonal if r1 6¼ r2.

We have now in fact proved that the three roots in the cubic Eq. (2.3.3) are real,
and that if the three roots are all different, the principal stress directions are
orthogonal. Of physical reasons it is clear that the principal stresses and the prin-
cipal stress directions are coordinate invariant properties of the stress tensor.

The stress vectors on the principal stress planes are given by:

ti ¼ ri ni ð2:3:11Þ

Because the principal stress planes, by definition, are free of shear stress, the stress
matrix with respect to a Cartesian coordinate system Ox with base vectors ei
coinciding with the principal stress directions ni; is a diagonal matrix:

T ¼
r1 0 0
0 r2 0
0 0 r3

0
@

1
A ð2:3:12Þ

The principal stress invariants (2.3.4) now take the simple forms:

I ¼ r1 þ r2 þ r3; II ¼ r1 r2 þ r2 r3 þ r3r1; III ¼ r1r2r3 ð2:3:13Þ
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The result shows that I, II, and III are coordinate invariant properties, i.e. they are
scalars. The principal directions of stress ni are also called the principal axes of
stress in the particle.

The two roots in Eq. (2.3.9) coincide only if T12 = 0 and T11 = T22. In that case:

r1 ¼ r2 ¼ T11 ¼ T22

From Eq. (2.3.7) it follows that the angle / in that case becomes indeterminate.
This means that any direction in a plane parallel to the x1x2-plane is a principal
direction, and that the stress on any plane parallel to the x3-axis, is a principal stress
equal to r1 ¼ r2: The situation is called a plane-isotropic state of stress, see
Example 2.5 below.

We now return to Eq. (2.3.6) and consider the possibility that the principal stress
r1 is equal to r3: We may still choose n3 ¼ 0 and obtain the solution given by
Eqs. (2.3.9–2.3.10), but if r ¼ r1 ¼ r3; we obviously shall find that any direction
n in the plane parallel to the x1x3-plane is a principal direction of stress with
principal stress r ¼ r1 ¼ r3.

If all three roots are equal: r1 ¼ r2 ¼ r3; all directions are principal stress
directions. The stress matrix will be the same in all coordinate systems and equal to
the scalar r multiplied by the unit matrix:

Tik ¼ r dik , T ¼ r 1 ð2:3:14Þ

In this case the stress tensor T is called an isotropic tensor, and we have an
isotropic state of stress. Because the state of stress in a fluid at rest is isotropic, with
the pressure p as the principal stress, see Example 2.3 and the stress matrix (2.2.33),
and because water is the most typical fluid, and is called “hydro” in Latin (=hudor
in Greek), the state of stress (2.3.14) is also called a hydrostatic state of stress.

Equation (2.3.2), that determine the principal directions ni; do not determine the
direction of the arrow of the vectorsni: Ifni is a principal direction so is the vector�ni:

The general case when all the principal stresses are different from zero is called a
triaxial state of stress. If only two of the principal stresses in a particle are different
from zero, the particle is in a biaxial state of stress. This is also called plane state of
stress; see Example 2.5 below. A uniaxial state of stress has only one non-zero
principal stress, as in Example 2.1.

Example 2.5 Biaxial State of Stress
The container shown in Fig. 2.18 has a thin-walled circular cylindrical main
part. The mean radius of the cylinder is r and the wall thickness is h � r: The
container is subjected to an internal pressure p. We shall present expressions for the
stresses in the cylindrical wall.

With respect to the local Cartesian coordinate system shown on the small element
of the container wall in Fig. 2.17, the non-zero coordinate stresses are the normal
stresses T11; T22 and T33: The normal stress T33 on the element surface representing
the outside of the container is zero, while the normal stress T33 on the element
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surface representing the inside if the container is equal to T33 ¼ �p: The normal
stress T11 on cross-sections of the container and the normal stress T22 on planes
through the axis of the container may be found by equilibrium consideration to be:

T11 ¼ r
2h

p; T22 ¼ r
h
p ð2:3:15Þ

Because t � r; the absolute value of the stress T33 is much smaller than
T11 and T22 from the formula (2.3.15). The state of stress in the cylindrical wall
may therefore be represented by the stress matrix:

T ¼
T11 0 0
0 T22 0
0 0 T33

0
@

1
A 	

1 0 0
0 2 0
0 0 0

0
@

1
A r

2h
p ð2:3:16Þ

The state of stress represented by the stress matrix (2.3.16), with T33 ¼ 0; is an
example of a plane state of stress and a biaxial state of stress.

When a thin-walled spherical shell with middle radius r and wall thickness
hð� rÞ is subjected to an internal pressure p, the normal stress on any meridian
plane through the shell is:

r ¼ r
2h

p ð2:3:17Þ

On a small element of the wall of the shell analogous to the element in Fig. 2.18 for
the cylindrical container, the state of stress may approximately be given by the
stress matrix:

T ¼
T11 0 0
0 T22 0
0 0 T33

0
@

1
A 	

1 0 0
0 1 0
0 0 0

0
@

1
A r

2h
p ð2:3:18Þ

This special kind of plane state of stress is called plane-isotropic state of stress.

p

h r=

r

22T

33T p=

small element of the container wall

22T

22T

11T

22T

2x

1x
3x

11T
11T

Fig. 2.18 Circular thin—walled cylindrical container with internal pressure p. Mean radius r and
wall—thickness h
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Example 2.6 Principal Stresses in a State of Pure Shear Stress
The state of stress in a thin-walled tube subjected to a torsion moment M has been
presented in Example 2.2. The shear stresses on a small, approximately plane,
element of the tube wall are again presented here in Fig. 2.19.

Based on the stress matrix presented in Example 2.2 and the formulas (2.3.9) and
(2.3.10) we obtain the results:

r1
r2

¼ T11 þ T22
2

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T11 � T22

2

� �2

þ T12ð Þ2
s

¼ s

�s

tan/1 ¼
r1 � T11

T12
¼ s

s
¼ 1 ) /1 ¼ 45


Figure 2.19 illustrates the results by the principal stresses on a small plane element
of the tube wall. With respect to the local Cartesian coordinate system with the
�xa-axes parallel to the principal stress directions, stress matrix is:

�T ¼
1 0 0
0 �1 0
0 0 0

0
@

1
As

Both matrices T and �T in this example represent the same state of stress: a state of
pure shear stress.

2.3.2 Stress Deviator and Stress Isotrop

The stress matrix T may uniquely be decomposed into a trace-free matrix T 0 and an
isotropic matrix To:

T ¼ T 0 þ To; To ¼ 1
3
tr T

� �
1; T 0 ¼ T � To; tr T 0 ¼ 0 ð2:3:19Þ

12T

21T τ=

1x
2x

small plane elements of the tube wall

1σ τ=
2σ τ= −

φ

45oφ =

2x 1x

Fig. 2.19 Principal stresses
r1 and r2, and principal
directions in a thin—walled
tube subjected to a torque M
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The matrix T 0 represents a stress tensor T0 which we shall call the stress deviator,
while the matrix To represents a stress tensor To which we shall call the stress
isotrop:

T ¼ T0 þTo; To ¼ 1
3
tr T

� �
1; T0 ¼ T� To; trT0 ¼ 0 ð2:3:20Þ

Another name for the tensor To is the hydrostatic stress tensor. Related to the
principal axes of stress, all the matrices T; T 0; and To have diagonal form. The stress
deviator is represented by the matrix:

T 0 ¼
r01 0 0
0 r02 0
0 0 r03

0
@

1
A; r0i ¼ ri � 1

3
r1 þ r2 þ r3ð Þ

Because the tensors T and T0 have coinciding principle directions, we say that the
tensors T and T0 are coaxial tensors.

The principal deviator stresses are determined from the characteristic Eq. (2.3.3)
for the stress deviator T0. Since the first principal invariant of T0 by its definition in
the formulas (2.3.19) is equal to zero, i.e. I 0 ¼ tr T 0 ¼ 0; the characteristic equation
is reduced to:

r0ð Þ3 þ II 0r0 � III 0 ¼ 0 ð2:3:21Þ

II′ and III′ are the second and third principal invariants of the stress deviator T0:

II 0 ¼ � 1
2
T 0
ik T

0
ik ¼ � 1

2
norm T 0ð Þ2 � 0; III 0 ¼ det T 0 ð2:3:22Þ

Decomposition of the Stress Deviator T0

The matrix T 0 of the stress deviator T0 in a general Cartesian coordinate system Ox
may be decomposed into five matrices each representing a state of pure shear stress.
First we write:

trT0 ¼ T 0
11 þ T 0

22 þ T 0
33 ¼ 0 ) T 0

22 ¼ �T 0
11 � T 0

33 ð2:3:23Þ

The matrix T 0 may then be presented by the decomposition:
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T 0 ¼
T 0
11 T 0

12 T 0
13

T 0
21 T 0

22 T 0
23

T 0
31 T 0

32 T 0
33

0
B@

1
CA ¼ T 0

11

1 0 0

0 �1 0

0 0 0

0
B@

1
CAþ T 0

33

0 0 0

0 �1 0

0 0 1

0
B@

1
CA

þ T 0
12

0 1 0

1 0 0

0 0 0

0
B@

1
CAþ T 0

23

0 0 0

0 0 1

0 1 0

0
B@

1
CAþ T 0

31

0 0 1

0 0 0

1 0 0

0
B@

1
CA

ð2:3:24Þ

When the five matrices on the right-hand side are compared with the stress matrices
presented in Example 2.2 and Example 2.6, we see that they all five represent states
of pure shear stress.

Applications of the decomposition (2.3.20) will be demonstrated in Sect. 5.2.1
for isotropic, linearly elastic materials and in Sect. 5.3.3 for linearly viscous fluids.

2.3.3 Extreme Values of Normal Stress

The three principal stresses in a particle represent the extreme values for normal
stress on planes through the particle. To show this we first choose a coordinate
system Ox-system with base vectors ei parallel to the principal stress directions ni.
The stress matrix in this coordinate system is the diagonal matrix (2.3.12) having
the elements:

Tik ¼ ri dik ð2:3:25Þ

For convenience the principal stresses ri are now ordered such that:

r3 � r2 � r1 ð2:3:26Þ

The normal stress r on a plane with unit normal n is given by formula (2.2.28):

r ¼ n � T � n ¼
X
i;k

ni ri dik nk ¼ r1 n
2
1 þ r2 n

2
2 þ r3 n

2
3 ð2:3:27Þ

Due to the arrangement (2.3.26) and because n is a unit vector, i.e.:
n � n ¼ n21 þ n22 þ n23 ¼ 1, we find from the result (2.3.27) that:

r3 n21 þ n22 þ n23
� �� r� r1 n21 þ n22 þ n23

� � )
r3 � r� r1 ð2:3:28Þ
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From this result it follows that when the principal stresses are arranged as in
(2.3.26), then:

rmax ¼ r1; rmin ¼ r3 ð2:3:29Þ

The largest principal stress is therefore the maximum normal stress in the particle
on planes through the particle, and the smallest principal stress is the minimum
normal stress in the particle on planes through the particle.

2.3.4 Maximum Shear Stress

The shear stress s on a material plane with unit normal n is given by formula
(2.2.29). The normal projection ~s of the stress vector t onto the direction e in the
plane is determined by formula (2.2.30): ~s ¼ e � t ¼ e � T � n ¼ ei Tik nk. From
Fig. 2.20 it follows that ~s� s. The equality sign applies when the unit vector e lies
in the plane through t and n.

We shall determine the unit vectors n and e such that ~s becomes a maximum.
Once again, we choose the representation (2.3.25) for the elements of the stress
matrix and the principal stresses are arranged according to (2.3.26). Then:

~s ¼ e � T � n ¼
X
i;k

ei ri dik nk ¼ r1 e1 n1 þ r2 e2 n2 þ r3 e3 n3

Now, since e and n are orthogonal vectors:

e � n ¼ e1n1 þ e2n2 þ e3n3 ¼ 0 ) e2n2 ¼ �e1n1 � e3n3:

Hence we may write:

~s ¼ r1 � r2ð Þe1n1 þ r2 � r3ð Þ �e3 n3ð Þ ð2:3:30Þ

The terms r1 � r2ð Þ and r2 � r3ð Þ are both non-negative. In order to make ~s as
large as possible we must make the terms e1 n1 and � e3 n3 as large as possible.

σ

τ

τ

e

t

P

material plane

Fig. 2.20 Stress vector t,
normal stress r, and shear
stresses s and ~s on a material
plane through a particle P
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The vectors e and n are unit vectors, and the absolute values of e1; e3; n1 ; and n3
become largest if we set: e2 ¼ n2 ¼ 0: This means that we should choose e and n in
a plane parallel to the principal directions n1 and n3, as shown in Fig. 2.21. Since
the figure plane is a principal stress plane, the stress vector t has no component in
the n2-direction. This implies that ~s ¼ s, i.e. the shear stress on the plane according
to formula (2.2.29). From Fig. 2.21 we find that: n1 ¼ �e3 ¼ cos/; n3 ¼ e1 ¼
sin/; and Eq. (2.3.29) gives:

~s ¼ s ¼ r1 � r2ð Þ sin/ cos/þ r2 � r3ð Þ cos/ð Þ sin/ )
s ¼ 1

2
r1 � r3ð Þ sin 2/

From this result we conclude that the maximum shear stress is:

smax ¼ r1 � r3
2

for 2/ ¼ p
2

) / ¼ 45
:

Thus we have found that:

smax ¼ 1
2

rmax � rminð Þ ð2:3:31Þ

The maximum shear stress acts on planes that are inclined 45° with respect to the principal
directions of the largest and the smallest principal stresses.

There are four such planes. Figure 2.22 shows the orientation of one of these planes
and how the maximum shear stress smax acts on that plane.

Figure 2.22a shows a small volume element about a particle P, with sides
parallel to the initial coordinate surfaces, and with coordinate stresses Tik.
Figure 2.22b shows an element about P with sides parallel to the principal stress
planes of the stress tensor T. Figure 2.22c shows a triangular prism about P with
the maximum shear stress smax on a surface that is inclined 45o with respect to the
principal axes corresponding to rmax and rmin.

n

1n

3n
τ τ=

σ

φ

t

P
e

material plane

Fig. 2.21 Stress vector t,
normal stress r and shear
stress ~s ¼ s on a material
plane through a particle
P. The unit vectors e and
n are parallel to the principal
directions n1 and n3
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2.3.5 State of Plane Stress

If a surface free of stress exists through a particle, the particle is in a state of plane
stress, or a state of biaxial stress. This is often the case in engineering problems and
especially where the stresses are at their extreme values. For instance, the surface of
machine parts and structural elements may be free of loads, but the stresses in the
surface may be very high.

Let the plane state of stress in a particle P be defined by the condition: Ti3 ¼ 0,
which implies that the plane normal to the x3-axis is stress free at the particle. The
state of stress in the particle P is illustrated in Fig. 2.23a and is determined by the
three coordinate stresses T11; T22; and T12. The stress free plane through P normal
to the x3-direction is a principal stress plane with the principal stress r3 ¼ 0. When
discussing plane stress we do not use the ordering r3 � r2 � r1 for the three
principal stresses.

The two other principal stresses, r1 and r2; are given by formula (2.3.9),
repeated here:

r1
r2

¼ T11 þ T22
2

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T11 � T22

2

� �2

þ T12ð Þ2
s

ð2:3:32Þ

The principal directions are represented by the angles /1 and /2, see Fig. 2.23b.
From Eq. (2.3.10) we obtain:

tan/1 ¼
r1 � T11

T12
; tan/2 ¼

r2 � T11
T12

ð2:3:33Þ

minσ

intσ

33T ( )max min
1
2

σ σ−

22T

3n

21T
31T

11T

23T

maxτ

intσ

maxσ

minσ2n

1n

maxσ

(a) (b) (c)

Fig. 2.22 a Coordinate stresses Tik . b Principal stresses: rmax, rmin, rint. c Plane with maximum
shear stress smax
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Since r1 and r2 may both be positive, both be negative, or have different signs, we
must remember that the third principal stress, r3 ¼ 0, may represent either
rmax or rmin:

Formulas for stresses on planes perpendicular to the stress free plane, i.e. planes
parallel to the x3-direction, will now be developed. Figure 2.24 presents the situ-
ation. The unit normal n to the plane and the unit vector e in the plane are given by:

n ¼ cos/; sin/; 0½ �; e ¼ sin/;� cos/; 0½ � ð2:3:34Þ

/ is the angle between the direction of the normal n and the x1-direction:
The components of the stress vector t on the plane are obtained from Cauchy’s

stress theorem (2.2.20) with T21 ¼ T12:

ta ¼ Tab nb ¼ t1 ¼ T11 cos/þ T12 sin/
t2 ¼ T12 cos/þ T22 sin/

�

The normal stress r and the shear stress s on the plane are then:

P

22T(a)

21T

12T

11T

(b)

P

2σ

1σ

1φ

⇔

2φ

1x

2x

O
material plane

principal stress planes
material plane

Fig. 2.23 State of plane stress. a Coordinate stresses. b Principal stresses
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⇔
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τ

material plane

material coordinate
planes

Fig. 2.24 State of plane stress. Normal stress r and shear stress s on a materialplane through a
particle P and with unit normal n
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r ¼ n � t ¼ na ta ¼ T11 cos2 /þ T22 sin2 /þ 2T12 sin/ cos/

s ¼ e � t ¼ ea ta ¼ T11 � T22ð Þ sin/ cos/� T12 cos2 /� sin2 /
� �

Using the trigonometric formulas:

sin 2/ ¼ 2 sin/ cos/; cos 2/ ¼ cos2 /� sin2 / ð2:3:35Þ

we may transform the expressions for r and s to:

rð/Þ ¼ 1
2

T11 þ T22ð Þþ 1
2

T11 � T22ð Þ cos 2/þ T12 sin 2/ ð2:3:36Þ

sð/Þ ¼ 1
2

T11 � T22ð Þ sin 2/� T12 cos 2/ ð2:3:37Þ

The extreme values of r and s in the formulas (2.3.36) and (2.3.37) may be
determined as follows. First we develop an expression for r� T11 þ T22ð Þ=2½ � from
formula (2.3.36). We then add the square of this expression and the square of s
obtained from formula (2.3.37). The result is:

rð/Þ � T11 þ T22
2

	 
2
þ sð/Þ½ �2¼ T11 � T22

2

	 
2
þ T12½ �2 ð2:3:38Þ

From this equation we see that the normal stress r obtains its extreme values when
the shear stress s ¼ 0, and that the extreme values are given by the formulas
(2.3.32). The extreme values of the shear stress s occur when r ¼ T11 þ T22ð Þ=2
and are:

s ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T11 � T22

2

	 
2
þ T12½ �2

s
¼ � r1 � r2ð Þ ð2:3:39Þ

It is clear from the discussion above that the maximum shear stress in the particle
P is in general not given by this result, but only when the two principal stresses
r1 and r2 have opposite signs.

2.3.6 Mohr-Diagram for State of Plane Stress

The stress analysis of plane stress may be illustrated graphically in a diagram. This
graphic method has many important applications and gives a concentrated pre-
sentation of all aspects of the state of plane stress. The graphic method is also
applicable in the analysis of any symmetric tensor of second order in two dimen-
sions, e.g. the strain tensor for small deformation in a surface in Sect. 4.3.7.
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Let us first assume that the principal stresses and principal stress directions are
known. In a coordinate system with axes parallel to the principal directions,
Eqs. (2.3.36–2.3.38) become:

rð/Þ ¼ 1
2

r1 þ r2ð Þþ 1
2

r1 � r2ð Þ cos 2/; sð/Þ ¼ 1
2

r1 � r2ð Þ sin 2/ ð2:3:40Þ

rð/Þ � r1 þ r2
2

h i 2
þ sð/Þ½ �2¼ r1 � r2

2

h i 2
ð2:3:41Þ

In a plane Cartesian coordinate system with r and s as coordinates, see Fig. 2.25,
Eq. (2.3.41) describes a circle of radius r1 � r2ð Þ=2 and with center C on the
r-axis at a distance r1 þ r2ð Þ=2 from the origin O. This circle is called Mohr’s
stress circle after Otto Mohr [1835–1918]. Figure 2.25 will be called a
Mohr-diagram. The points on the circle will be called stress points.

The stress point S having coordinates r; sð Þ � rð/Þ; sð/Þð Þ represents the
stresses on the physical plane that makes the angle / with the principal direction for

2yσ σ=

1xσ σ=

1 2

2
σ σ− 1 1

2
R σ σ−=

1 2

2
σ σ+

( )σ σ φ=

( )τ τ φ=

σ

τ

2φ

( )( ), ( )S σ φ τ φ

O ( )2 ,0Y σ C
( )1,0X σ

D

( )τ τ φ=

( )σ σ φ=

( )PoleP =

1σ

2σ

1 2

2
σ σ−

φ

Fig. 2.25 Mohr—diagram for state of plane stress. Pole P of normals. Principal stresses r1 and
r2. Stresses r /ð Þ and s /ð Þ on planes perpendicular to the stress free plane with unit normal
n ¼ ½cos/; sin/; 0�
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r1: The central angle between the r-axis and the radius CS is equal to 2/. This may
be seen as follows. From the Mohr-diagram we derive the formulas:

sin 2/ ¼ 2 s
r1 � r2

; cos 2/ ¼ 2r� r1 þ r2ð Þ
r1 � r2

ð2:3:42Þ

and these formulas are confirmed by the formulas (2.3.40).
The stresses, r0 and s0; on a plane with a normal making the angle /þ p=2 with

the r1-direction, i.e. a plane perpendicular to the plane defined by the angle /, are
by formula (2.3.40) given as:

r0 ¼ 1
2

r1 þ r2ð Þþ 1
2

r1 � r2ð Þ cos 2 /þ p
2

� �h i
¼ 1

2
r1 þ r2ð Þ � 1

2
r1 � r2ð Þ cos 2/

s0 ¼ 1
2

r1 � r2ð Þ sin 2 /þ p
2

� �h i
¼ � 1

2
r1 � r2ð Þ sin 2/ ¼ �s

The point Y r2; 0ð Þ in the Mohr-diagram Fig. 2.25 also represents a pole of
normals to the planes parallel to the x3-direction: From the figure we see that the
line from the pole P ¼ Y r2; 0ð Þ to the stress point S makes an angle / with the
x1-direction: The periphery angle XYS is half of the central angle XCS. The line YS
is therefore parallel to the normal to the plane with the stresses r ¼ rð/Þ and s ¼
sð/Þ: Using this property of the pole we can include all information about the
stresses on planes parallel to the x3-direction in the Mohr-diagram. Figure 2.25
shows how this may be presented.

The Mohr-diagram may also be constructed in the more general case of plane
stress when the state of stress is given by the coordinate stresses T11; T22; and T12:
In a plane Cartesian coordinate system with r ¼ rð/Þ and s ¼ sð/Þ as coordi-
nates, Eq. (2.3.38) describes a circle of radius r and center C:

r ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T11 � T22

2

	 
2
þ T12½ �2

s
; C ¼ T11 � T22

2
; 0

� �
ð2:3:43Þ

The coordinates for each point on the circle represent the normal stress and shear
stress on a plane through the particle and parallel to the x3-axis: Two points on the
circle are known from the coordinate stresses:

Y ¼ Y T22; T12ð Þ; X ¼ X T11;�T21ð Þ

Figure 2.26 shows this Mohr-diagram. The stress point X ¼ ðT11; T12Þ represents
the stresses on the plane normal to the x1-direction, i.e. the plane for which / ¼ 0:
The stress point Y ¼ ðT22; T12Þ represents the stresses on the plane normal to the
x1-direction, that is the plane for which / ¼ p=2: The two points X and Y lie on the
a diameter of the stress circle that makes the angle 2/ with the r-axis; measured in
the clockwise direction from the r-axis:
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From the Mohr-diagram in Fig. 2.26 we may derive the formula 2.3.33 and the
results:

/1 ¼
1
2
arctan

2T12
T11 � T22

; /2 ¼ /1 þ
p
2

ð2:3:44Þ

Problem 2.1–2.4 with solutions see Appendix.
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Chapter 3
Tensors

3.1 Definition of Tensors

In Sect. 2.2.4 the Cauchy stress tensor T was defined. The stress tensor is the
“original” tensor as the word tensor means stress. We shall use the definition of the
stress tensor as an introduction to the general concept of tensors.

We consider a body of continuous material and a material surface A in the body.
At a place r a positive side of the surface is defined by a unit vector n as a normal
pointing out from the surface. In a Cartesian coordinate system Ox with base
vectors ek the normal vector n has the components: nk; i.e. n ¼ nkek: The contact
force on the positive side of the surface is represented by the stress vector t with
Cartesian components: ti; i.e. t ¼ tiei: The contact forces on positive coordinate
surfaces through the place r are the stress vectors tk with Cartesian components
Tik; i.e. tk ¼ Tikei: The components Tik are called the coordinate stresses. The
Cauchy stress theorem by Eq. (2.2.27) states that:

t ¼ T � n ð3:1:1Þ

ti ¼ Tiknk; t ¼ Tn ð3:1:2Þ

We may interpret the symbol T in the relation (3.1.1) as a function with the vector
n as an argument and the vector t as the value of the function: For any value of the
argument n the relations (3.1.1), or (3.1.2), produce a vector t. We may express this
fact by stating that the tensor T represents a vector-valued function of a vector. The
component version (3.1.2) of the relation (3.1.1) shows how the function
T operates.

It follows that if we substitute the argument vector n in the relation (3.1.1) by an
arbitrary vector a, we will again get a vector c ¼ T � a as the value of the function.
If we let the vector a be equal to the sum of two vectors d and h, i.e. a ¼ dþ g; we
find that:
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T � a ¼ T � ðdþ gÞ ¼ T � dþT � g, Tikak ¼ Tikðdk þ gkÞ ¼ Tikdk þ Tikgk
ð3:1:3Þ

The symbol T therefore represents a linear function of the vector argument a. The
relationship c ¼ T � a is called a linear mapping of vectors or a linear transfor-
mation of vectors. Both names are used in the literature. The tensor T represents in
Eq. (3.1.1) a linear vector-valued function of a vector.

The normal stress r on the positive side of the surface A and the shear stress ~s in
an arbitrary direction e on the positive side of the surface A are given by; see
Fig. 2.11 and Eqs. (2.2.28) and (2.2.30):

r ¼ n � t ¼ n � T � n; ~s ¼ e � t ¼ e � T � n ð3:1:4Þ

In the Ox-system Eq. (3.1.4) have the representations:

r ¼ niTiknk ¼ nTTn; ~s ¼ eiTiknk ¼ eTTn ð3:1:5Þ

In the relations (3.1.4) T represents a function of two vector arguments n and n, or
e and n, and with the scalars r and ~s as function values. The function T is linear
with respect to both argument vectors. We may state that the tensor T represents a
bilinear scalar-valued function of two vectors. The relations (3.1.5) show how the
function operates. The coordinate stresses Tik are called the components of the
stress tensor T in the coordinate system Ox.

In Continuum Mechanics and in field theory in general, the properties we call
tensors appear primarily in relations between scalars and vectors, as shown in
Eqs. (3.1.1) and (3.1.4), and secondarily, as we shall see, in relations between
already established tensors. Among the many possible definitions of the tensor
concept, this book chooses the following general and completely coordinate
invariant definition:

A tensor A of order n is a multilinear scalar-valued function of n argument vectors.

The word multilinear means that the function is linear in every argument vector.
The value of the function is a scalar. Based on this definition we see from
Eq. (3.1.4) that the stress tensor T is a bilinear scalar-valued function of two
argument vectors.

To see the implications of the general definition of tensors, we start to investigate
the properties of a tensor of first order. Let a = a[b] be a linear scalar-valued
function of a vector b. Then a is a tensor of first order. In a Cartesian coordinate
system Ox with base vectors ei we may compute the function values:

ai ¼ a½ei� ð3:1:6Þ

Due to the linear property of the tensor a, the scalar value a for an arbitrarily chosen
argument vector b ¼ biei may be computed thus:
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a ¼ a½b� ¼ a½biei� ¼ bia½ei� ¼ biai ð3:1:7Þ

We see that the three function values ai represent the tensor a in the Ox-system. For
this reason the function values ai are called the components of the tensor a in the
Ox-system. The matrix a = {a1 a2 a3} is the tensor matrix of the tensor a in the Ox-
system.

We shall now develop a relation between the components of the tensor a in two
different Cartesian coordinate systems Ox and �O�x, for which the base vectors
ej and�ei are connected through the transformation matrix:

Q ¼ Qij
� �

; Qij ¼ cosð�ei � ejÞ; �ei ¼ Qijej; ej ¼ Qij�ei ð3:1:8Þ

In the two coordinate systems the tensor of first order a is represented by the
component sets:

aj ¼ a½ej�; �ai ¼ a½�ei� ð3:1:9Þ

We find that:

a½�ei� ¼ a½Qijej� ¼ Qija½ej� )

�ai ¼ Qijaj , �a ¼ Qa, a ¼ QT�a ð3:1:10Þ

This is also the transformation formula for the components of a vector a. We may
therefore make the statement that vectors are tensors of first order. From the
expressions (3.1.7) it follows that the scalar-valued function a[b] is equal to the
scalar product of the two vectors a and b.

a ¼ a½b� ¼ a½biei� ¼ bia½ei� ¼ biai ¼ b � a ð3:1:11Þ

In accordance with the general definition of tensors given above, it is convenient
to consider scalars as tensors of zero order.

Let A½b; c� be a bilinear scalar-valued function of two vectors b and c. The value
of the function is a scalar a, and the function is linear in each vector argument
vector.

a ¼ A½b; c�; A½b b; cc� ¼ bcA½b; c� ð3:1:12Þ

We say that A is a tensor of second order. The symbol for tensors will in this book
in general be denoted by capital bold face Latin letters. Exceptions are for tensors of
zero order, i.e. scalars, for which we prefer small Greek letters, and for tensors of
first order, for which we prefer lower case bold letters in accordance with what has
been decided previously for vectors.
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The components of the second order tensor A in a Cartesian coordinate system
Ox with base vectors ei are defined as the following values of the tensor A:

Aij ¼ A½ei; ej� ð3:1:13Þ

The scalar value a for two arbitrarily chosen argument vectors:

b ¼ biei; c ¼ cjej ð3:1:14Þ

may now be computed as follows. The second order tensor A is a bilinear function
of two vectors b and c. Thus, according to the formulas (3.1.12)2:

A½b; c� ¼ A½biei; cjej� ¼ bicjA½ei; ej� )

a ¼ A½b; c� ¼ bicjAij ¼ bTAc ð3:1:15Þ

The 32 = 9 tensor components Aij, or the tensor matrix A = (Aij), represent the
tensor A in the Ox-system.

The expressions (3.1.4) for the normal stress r on a surface with unit normal
n and the shear stress ~s in a direction e on the surface may now be written as:

r ¼ T½n; n� ¼ ninjTij ¼ nTTn; ~s ¼ T½e; n� ¼ einjTij ¼ eTTn ð3:1:16Þ

The coordinate stresses Tij are components of the stress tensor T in the Ox-system.
The relation between the tensor components Aij and �Aij in two Cartesian coor-

dinate systems Ox and �O�x with base vectors related through the formulas (1.3.2) by
the transformation matrix Q, are found as follows. By definition:

�Aij ¼ A½�ei;�ej�; Akl ¼ A½ek; el� ð3:1:17Þ

Now:

A½�ei;�ej� ¼ A½Qikek;Qjlel� ¼ QikQjlA½ek; el� )
�Aij ¼ QikQjlAkl , �A ¼ QAQT ð3:1:18Þ

The inverse transformation is:

Akl ¼ QikQjl�Aij , A ¼ QT �AQ ð3:1:19Þ

In some presentations in the literature the relations (3.1.18) and (3.1.19) are used
to define a tensor of second order:

A tensor of second order is an invariant quantity which in every Cartesian coordinate
system Ox is represented by a two-dimensional matrix A ¼ ðAijÞ; such that the tensor
matrices in any two coordinate systems Ox and �O�x are related by the formulas (3.1.18) and
(3.1.19).
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This definition is the most practical one in n-dimensional spaces in which the
concept of vectors is abstract since it is not possible to use geometrical figures in the
same fashion as in the three-dimensional Euclidian space E3. The definition chosen
in the present exposition, that a tensor is a multilinear scalar-valued function of
vectors, is preferred because the definition is obviously coordinate invariant, and
because it is the most convenient definition when we want to introduce tensor
components in general curvilinear coordinate systems E3; as we shall see in Chap. 6
.

For convenience we shall let all the symbols A, A, and Aij represent one and the
same tensor of second order. The bold face notation A is preferred when it is
important to emphasize the coordinate invariance of the property described by the
tensor. For a tensor of first a, i.e. a vector, we use alternatively the symbols a, a, and
ai.

An isotropic tensor is a tensor represented by the same matrix in all Cartesian
coordinate systems. Isotropic tensors of second, third, and fourth order will be
presented below.

The unit tensor of second order is denoted by the tensor symbol 1 and is defined
by the scalar product of the two argument vectors b and c:

a ¼ 1½b; c� ¼ b � c ð3:1:20Þ

The components of the unit tensor 1 in a Cartesian coordinate system Ox are given
by a Kronecker delta:

dij ¼ 1½ei; ej� ¼ ei � ej , 1 ¼ dij
� � ð3:1:21Þ

It follows from this result, and also from the transformation formula (3.1.18) for
components of second order tensors, that �1 ¼ Q1QT ¼ 1. The unit tensor is rep-
resented by the unit matrix in all Cartesian coordinate systems and is thus an
isotropic tensor of second order.

A tensor of third order C is in a Cartesian coordinate system Ox represented by
33 = 27 components:

Cijk ¼ C½ei; ej; ek� ð3:1:22Þ

which may be considered to be the elements in a three-dimensional matrix C. The
relation between the tensor components Cijk in the Ox-system and the tensor
components �Crst in another Cartesian coordinate system �O�x is:

�Crst ¼ Qri Qsj Qtk Cijk ð3:1:23Þ
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The derivation of this result follows the development of the relation (3.1.18).
The scalar triple product of three vectors a, b, and c defined by the formulas

(1.2.35) and (1.2.36):

a ¼ ½abc� ¼ a� bð Þ � c ¼ eijkaibjck ð3:1:24Þ

may be represented by a third order isotropic tensor P called the permutation
tensor, such that:

a ¼ ½abc� ¼ P a; b; c½ � ð3:1:25Þ

From the formulas (1.2.37) it follows that the components of P in a Cartesian
coordinate system Ox are the permutation symbols eijk:

P ei; ej; ek
� � ¼ eiejek

� � ¼ eijk ð3:1:26Þ

Defining the permutation tensor P by its Cartesian components (3.1.25), we obtain:

a ¼ P a; b; c½ � ¼ ai bj ckP ei; ej; ek
� � ¼ ai bj ckeijk ¼ ½abc�

Because the components of the tensor P will be the same in any Cartesian coor-
dinate system, the permutation tensor P is an isotropic tensor of third order.

A tensor A of order n is in a Cartesian coordinate system Ox represented by 3n

components:

Aij�� ¼ A½ei; ej; ��� ð3:1:27Þ

The Aij�� components may symbolically be presented by an n-dimensional matrix
A. The relations between the components Aij�� and the components �Ars�� in an
�O�x-system are:

�Ars�� ¼ QriQsj ��Aij�� , Aij�� ¼ QriQsj �� �Ars�� ð3:1:28Þ

These relations may be used in an alternative definition of a tensor of order n:

A tensor A of order n is a coordinate invariant quantity, which in every Cartesian coor-
dinate system is represented by an n-dimensional matrix, such that the components in two
Cartesian coordinate systems Ox and �O�x are related by formula (3.1.28).

A tensor A of order n (>1) is symmetric/antisymmetric with respect to two
argument vectors, or two component indices, if:

A½�; ��; a; �; b; �� ¼ �A½�; ��; b; �; a; �� ,
A½�; ��; ei; �; ej; �� ¼ �A½�; ��; ej; �; ei; �� , A���i�j� ¼ �A���j�i�

ð3:1:29Þ

The signs (±) imply symmetry/antisymmetry respectively.
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The tensor A is completely symmetric/antisymmetric if the symmetry/
antisymmetry property applies to any two argument vectors, or any two compo-
nent indices. The stress tensor T is an example of a symmetric tensor of second
order. With reference to Eq. (3.1.17):

T½e; n� ¼ T½n; e� , T½ei; ej� ¼ T½ej; ei�; Tij ¼ Tji , T ¼ TT

The unit tensor 1 is a symmetric tensor of second order: dij ¼ dji: A completely
symmetric tensor S of third order has components that satisfy the conditions:

Sijk ¼ Sikj ¼ Sjki ¼ Sjik ¼ Skij ¼ Skji ð3:1:30Þ

The number of distinct components different from zero is reduced from 27 for a
general third order tensor S, to 10 for a completely symmetric third order tensor
S. A completely antisymmetric tensor of third order has only one distinct compo-
nent a different from zero, such that the tensor is a product of a scalar a and the
permutation tensor P. The proof of this statement is given as Problem 3.1.

3.2 Tensor Algebra

Tensors of the same order n may be added or subtracted, and the results are new
tensors of order n. The sum of two second order tensors A and B is defined by:

AþB ¼ C, A½a; b� þB½a; b� ¼ C½a; b� ð3:2:1Þ

This means that the scalar value of C for some argument vectors a and b, is
obtained by adding the scalar values of A and B for the same argument vectors. It
follows that:

AþB ¼ C, AijþBij ¼ Cij , AþB ¼ C ð3:2:2Þ

The difference A� B ¼ D is defined similarly. Addition and subtraction of tensor
of other orders are defined analogously.

If the scalar value of tensor A is equal to the negative scalar value of a tensor
B of the same order for all sets of the same argument vectors, we write:

A ¼ �B, A ¼ �B ð3:2:3Þ

The sum A + B is then a zero tensor O with all components equal to zero in any
Cartesian coordinate system.

Tensor Product
The tensor product of a tensor A of order m and a tensor B of order n is a tensor
C of order (m + n), and defined by:
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A� B ¼ C, A½a; ���B½b; �� ¼ C½a; ��; b; �� , Ai��Bj� ¼ Ci��j� ð3:2:4Þ

The tensor product is a multilinear scalar-valued function of all the argument
vectors of the two factor tensors such that the scalar value of the tensor product is
the product of the scalar values of the factor tensors. In general A� B 6¼ B� A, i.e.
the tensor product is not commutative. However, tensor products are distributive.
For example, for a tensor A of order m and two tensors B and C of order n we find:

A� ðBþCÞ ¼ A� BþA� C ð3:2:5Þ

The tensor products c ⊗ d and d ⊗ c of two vectors c and d are tensors of second
order and are called dyadic products, or for short dyads, of the two vectors:

c� d ¼ E, c½a�d½b� ¼ E½a; b� , cidj ¼ Eij , E ¼ cidj
� �

d� c ¼ F, d½a�c½b� ¼ F½a; b� , dicj ¼ Fij , F ¼ dicj
� � ¼ ET ð3:2:6Þ

We see that E = FT. Tensor products of many vectors are called polyads, for
example the triad:

c� d� f ¼ ðc� dÞ � f ¼ c� ðd� fÞ

In some presentations, see for instance Malvern [1], the multiplication symbol⊗
in the tensor product is omitted. The tensor product in (3.2.4) is then denoted:
AB = C. In the present book the product AB ð6¼A� BÞ is defined only for second
order tensors and is called the composition of the two second order tensors, and
defined by the relation (3.2.23) below.

The tensor product of a scalar a, i.e. tensor of order zero, and a tensor B of order
n is a tensor C of order n:

aB ¼ C, aB½a; ��� ¼ C½a; ��� , aBi�� ¼ Ci�� , aB ¼ C ð3:2:7Þ

It may be shown that an isotropic tensor of second order, I � I2, always is the
product of a scalar a and the unit tensor 1.

I � I2 ¼ a1 ð3:2:8Þ

The proof of this is given as Problem 3.2. It may also be shown that the general
isotropic tensor of third order, denoted by I3; is a product of a scalar a and the
permutation tensor P.

I3 ¼ aP ð3:2:9Þ
Contraction
A contraction of a tensor of order n is an operation on the matrix of the tensor
leading to a new tensor of order ðn� 2Þ: As an example, let C be a tensor of order 3

82 3 Tensors



for which the components in two Cartesian coordinate systems Ox and �O�x are
related according to the formulas (3.1.23):

�Crst ¼ Qri Qsj Qtk Cijk

Then the component sets: Cirr; Crjr; andCrrk represent three different tensors of
order (3 – 2 = 1), in this case three different vectors. These operations are called
contractions: two indices in the tensor matrix are set equal and a summation is
implied over the region for this index. That the result of a contraction represents
components of a new tensor of order two less then the original tensor will now be
shown for the contraction Crrk of the tensor C. In the component relation above we
set s = r and perform the summation with respect to the index r:

�Crrt ¼ ðQri QrjÞQtk Cijk ¼ dij Qtk Cijk ) �Crrt ¼ Qtk Ciik Q.E.D

Let B be a tensor of second order with components Bij and �Bkl in two Cartesian
coordinate systems. The contraction Bii ¼ tr B results in a new tensor of order (2–
2) = 0, i.e. a scalar. This scalar is called the trace of B and is denoted trB: The
value of the scalar is equal to the trace of the tensor matrix in any Cartesian
coordinate system.

trB ¼ tr B ¼ Bii ¼ tr �B ¼ �Bii ð3:2:10Þ

As an example: The trace of the stress tensor T is equal to the sum of the normal
coordinate stresses on any set of three orthogonal planes:

trT ¼ tr T ¼ Tii ¼ T11þ T22þ T33 ¼ r1þ r2þ r3 ð3:2:11Þ

Thus: the sum of normal stresses on three orthogonal planes is independent of the
coordinate system. This fact is already shown in Sect. 2.3.1 by the formulas (2.3.4)
and (2.3.13).

Inner Products or Dot Products
The scalar product of two tensors A and B of second order is defined as the scalar:

a ¼ A : B ¼ Aij Bij ð3:2:12Þ

The following reasoning proves that the expression A : B is coordinate invariant.
The tensor product of A and B is a tensor of order (2 + 2) = 4 with components
AijBkl: Two contractions leading to AijBij reduce the order of the tensor to
(4 – 2 − 2) = 0, i.e. a tensor of order zero, or a scalar, and thus a coordinate
invariant quantity.

The following results are easily proved for tensors of second order:
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A : B ¼ B : A; A :ðBþCÞ ¼ A : BþA : C ð3:2:13Þ

In the literature, e.g. Malvern [1], two different scalar products are introduced for
tensors of second order:

A : B ¼ AijBij; A��B ¼ AijBji ð3:2:14Þ

The latter scalar product is given an alternative presentation by formula (3.3.2)
below.

Linear mappings of a vector a onto another vector, b or c, are given by a second
order tensor A:

A � a ¼ b) Aij aj ¼ bi , A a ¼ b ð3:2:15Þ

a � A ¼ c) ai Aij ¼ cj , aTA ¼ cT ð3:2:16Þ

To see that the components bi and cj represent proper vectors, we argue as follows:
The tensor product A� a is a tensor order 3 with components Aij ak: The con-
traction: Aij aj leads to a tensor of order (3 − 2) = 1, i.e. to the vectors Aij aj ¼ bi:
Similar arguments prove that aiAij represents the components of a proper vector.

The linear mapping in (3.2.15) is alternatively written as:

Aa ¼ b ð3:2:17Þ

This notation is attractive because it is analogous to notation for the related matrix
product: Aa = b of the matrices representing the tensors. In the present exposition
the notation A � a is preferred because it fits in with the general definition of the dot
product given in the formulas (3.2.22) below, but also because of the symmetry it
provides in the following expression (3.2.18). Using the formulas (3.1.13–3.1.15)
we find that:

a ¼ A½b; c� ¼ bicjAij ¼ biAijcj ¼ bTA c ¼ b � A � c ð3:2:18Þ

This notation has already been used to express the normal stress and the shear stress
on a surface by the stress tensor. See the formulas (3.1.4) and (3.1.5). A special
application of the notation expressed in (3.2.18) is:

Aij ¼ A½ei; ej� ¼ ei � A � ej ð3:2:19Þ

Let C be a fourth order tensor. This tensor provides linear mappings of a tensor
of second order A onto another tensor of second order, B or D, by:

C : A ¼ B, Cijkl Akl ¼ Bij; A : C ¼ D, Aij Cijkl ¼ Dkl ð3:2:20Þ
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The scalar product of B, or D, obtained from the formulas (3.2.20), and a second
order tensor E are the scalars:

a ¼ B : E ¼ E : B ¼ E : C : A ¼ Eij Cijkl Akl

b ¼ D : E ¼ E : D ¼ A : C : E ¼ Aij Cijkl Ekl
ð3:2:21Þ

The scalar product of two vectors, the scalar product of two tensors of second
order, and the products in the linear mapping in the formulas (3.2.15), (3.2.16), and
(3.2.20) are all called inner products or dot products.

We now generalize the concept of dot products. Let A be a tensor of order (n)
and B a tensor of order (m). We define the dot product C of A and B and the double
dot product D of A and B by the operations:

dot product:A � B ¼ C, Ai::kBk:::j ¼ Ci:::::j tensor of order ðnþm� 2Þ
double dot product:A : B ¼ D, Ai::klBkl:::j ¼ Di:::::j tensor of order ðnþm� 4Þ

ð3:2:22Þ

The dot product of two tensors A and B of second order is a tensor C of second
order and is called a composition of the two second order tensors.

A � B ¼ C, AikBkj ¼ Cij , AB ¼ C ð3:2:23Þ

Due to the matrix form of this type of product the composition is alternatively
presented as:

A � B � AB ¼ C, AB ¼ C composition of second order tensors ð3:2:24Þ

In general: AB 6¼ BA. It follows that:

ðABÞC ¼ AðBCÞ; presented as ABC

AðBþCÞ ¼ ABþAC; ðAþBÞC ¼ ACþBC
ð3:2:25Þ

The following operations for the tensor product, the scalar product, and linear
mapping of vectors are easily verified by their component versions.

ða� bÞ � c ¼ aðb � cÞ; c � ða� bÞ ¼ ðc � aÞb
ða� bÞ:ðc� dÞ ¼ ða � cÞðb � dÞ ¼ ai bj ci dj
a � ðb� cÞ � d ¼ ða � bÞðc � dÞ ¼ aibicjdj

ð3:2:26Þ

In Sect. 3.1 we have defined the stress tensor alternatively as a linear
vector-valued function of a vector, by Eq. (3.1.3), and as a bilinear scalar-valued
function of two vectors, by Eqs. (3.1.4) and (3.1.5). In the present exposition the
general definition of a tensor of order n is as a multilinear scalar-valued functions
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of n vectors. The formulas (3.2.20) express the fourth order tensor C as two linear
tensor-valued functions of a second order tensor A:

B ¼ C : A and D ¼ A : C;

while the formulas (3.2.21) may be interpreted as expressing the fourth order
tensors C as a bilinear scalar-valued function of two second order tensors E and A.

The Quotient Theorem
In the presentation of the Cauchy stress theorem (2.2.27) we have derived a set of
linear equations between the components in a Cartesian coordinate system Ox of the
stress vector t on a material surface in a material particle and the unit normal vector
n on the surface:

ti ¼ Tik nk ð3:2:27Þ

The coefficients Tik in these equations are the coordinate stresses. The component
relation (3.2.27) is valid in any Cartesian coordinate system. By the formulas
(2.2.32) we found the relations between the coordinate stresses in two different
Cartesian coordinate systems:

�Tij ¼ QikQjlTkl , �T ¼ QTQT ð3:2:28Þ

According to the general definition (3.1.19) of tensors of second order the result
(3.2.28) shows that the matrices T and �T represent a tensor of second order.

Let us generalize to the following situation. Suppose that we have developed
linear relations between the components of two tensors of first order a and b in two
Cartesian coordinate systems Ox and �O�x :

ai ¼ Cijbj , a ¼ Cb; �ar ¼ �Crs
�bs , �a ¼ �C�b ð3:2:29Þ

The two coordinate systems are related through the transformation matrix Q, such
that:

�ar ¼ Qri ai; bj ¼ Qsj �bs ð3:2:30Þ

We assume that for any choice of tensor b the outcome of the relations (3.2.29) is
the components of a tensor of first order a. We can then prove that the “quotients”
C and �C in the relations (3.2.29) represent the components of a second order tensor
C in the respective coordinate systems, such that:

�Crs ¼ Qri Qsj Cij ð3:2:31Þ
Proof We start with the relations (3.2.29)2, then apply the relations (3.2.30)1,
(3.2.29)1, (3.2.30)2, and finally the relations (3.2.29)2:
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�Crs�bs ¼ �ar ¼ Qri ai ¼ Qri Cij bj
� � ¼ Qri Cij Qsj �bs

� �) �Crs � Qri QsjCij
� �

�bs ¼ 0

ð3:2:32Þ

This result is to be valid for all choices of the argument tensor b, which means that
the components �bs may be chosen freely. That implies that the term ð�Crs �
Qri QsjCijÞ must be zero, and the relations (3.2.31) are proved, i.e. the matrices
C and �C represent a second order tensor C.

The example above is generalized to:

The quotient theorem: Given a linear tensor-valued function of a tensor B with the value
A such that in any Cartesian coordinate system Ox the component matrices B of B and A of
A are related through the coefficient matrix C, and such that A represents a tensor for any
choice of the tensor B, then the matrix C represents the components in Ox of a tensor C.

Another example of application of the quotient theorem may be as follows. Let
B be a tensor of second order and a a tensor of first order. Suppose that we have
developed the following linear relation between the matrices of the tensors B and a:

ai ¼ Cijk Bjk ð3:2:33Þ

The relation is to be valid in any Ox-system and for any argument tensor B. Then
the “quotient” elements Cijk in the relations (3.2.33) are the components of a tensor
of third order C. The component relation (3.2.33) may be generalized to the
coordinate invariant form:

a ¼ C : B ð3:2:34Þ
Tensor Equations
A tensor equation is a coordinate invariant equation of tensors. All terms in the
equation have to be tensors of the same order. In the component format all terms
must contain the same free indices. An example of a tensor equation is:

AijþCijk bk ¼ Bijþ ai cj , AþC � b ¼ Bþ a� c ð3:2:35Þ

It often is convenient to develop physical or geometrical equations in a special
Cartesian coordinate system. If such an equation can be identified as a tensor
equation, it automatically is valid in any other coordinate system. In Chap. 6 we
shall see how the components of tensors are defined in general curvilinear coor-
dinates, and how a tensor equation is written in any general coordinate system. We
should always try to formulate equations between physical or geometrical quantities
that are represented by scalars, vectors, and tensors in a coordinate invariant format,
which in fact means that the equations should be tensor equations.
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3.2.1 Isotropic Tensors of Fourth Order

In this section we present four special isotropic tensors of fourth order and a general
fourth order isotropic tensor. First, we see that because dij represents the compo-
nents of an isotropic second order tensor, i.e. the second order unit tensor 1 � 12;
the components dij dkl represent a fourth order isotrop tensor which is the tensor
product of 1 by itself: 1 ⊗ 1. Two other isotropic tensors of fourth order are defined
by their components: (1) the fourth order unit tensor denoted 14 � 1�1 with
components in Cartesian coordinate systems:1ijkl ¼ dik djl; and (2) a tensor denoted
1 ¼ 1�1with components in Cartesian coordinate systems: 1ijkl ¼ dil djk: The three
fourth order isotropic tensors are then:

1� 1, dij dkl; 14 � 1�1, 1ijkl ¼ dik djl; 1 � 1�1, 1ijkl ¼ dil djk

ð3:2:36Þ

The fourth order unit tensor 14 has the symmetry properties:

1ijkl ¼ 1kjil ¼ 1ilkj ¼ 1klij ð3:2:37Þ

The reason for the name unit tensor for the tensor 14 � 1�1 becomes apparent in
the dot product of the tensor 14 and any second order tensor B:

14:B ¼ B, 1ijkl Bkl ¼ dik djl Bkl ¼ Bij

B : 14 ¼ B, Bij 1ijkl ¼ Bij dik djl ¼ Bkl
ð3:2:38Þ

The fourth order unit tensor 14 may be decomposed into a symmetric part 1s4 and an
antisymmetric part 1a4:

14 � 1�1 ¼ 1s4þ 1a4 ð3:2:39Þ

1s4 ¼
1
2

1�1þ 1�1ð Þ , 1sijkl ¼
1
2

dik djlþ dil djk
� � ¼ 1sjikl ¼ 1sijlk ¼ 1sklij ð3:2:40Þ

1a4 ¼
1
2

1�1� 1�1ð Þ , 1aijkl ¼
1
2

dik djl � dil djk
� � ¼ �1ajikl ¼ �1aijlk ¼ 1aklij

ð3:2:41Þ

The tensor product 1 ⊗ 1 has the following property in a dot product with a
second order tensor B:

ð1� 1Þ:B ¼ ðtrBÞ 1, dij dkl Bkl ¼ Bkk dij ð3:2:42Þ

It may be shown that the general isotropic tensor of fourth order is given by:
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I4 ¼ 2l 1s4þ 2h 1a4þ k ð1� 1Þ ,
I4ijkl ¼ l dik djlþ dil djk

� �þ h dik djl � dil djk
� �þ k dij dkl

ð3:2:43Þ

The parameters l; h; and k are three scalars. The dot product of the general isotropic
tensor of fourth order I4 and a symmetric second order tensor E is a symmetric
second order tensor:

T ¼ I4:E, Tij ¼ I4ijkl Ekl ð3:2:44Þ

Because the tensor E is symmetric, the antisymmetric part 1a4 of the isotropic tensor
I4 does not contribute in the dot product. Thus:

T ¼ I4:E ¼ Is4:E ¼ 2l 1s4þ k 1� 1
� �

:E; Is4 ¼ 2l 1s4þ k 1� 1 ð3:2:45Þ

The tensor Is4 is the symmetric part of the isotropic tensor I4 and has the symmetry
property:

Is4ijkl ¼ Is4jikl ¼ Is4ijlk ¼ Is4klij ð3:2:46Þ

From Eqs. (3.2.43) and (3.2.45) it follows that:

T ¼ 2lEþ kðtrEÞ 1, Tij ¼ 2lEijþ kEkk dij ð3:2:47Þ

In Sect. 5.2 we identify T as the stress tensor, E as the strain tensor for small
deformations, defined in Sect. 4.3, and furthermore the formula (3.2.47) as the
generalized Hooke’s law for an isotropic, linearly elastic material, confer the
formula (5.2.17). The scalars l and k are then called the Lamé constants, after
Gabriel Lamé [1795–1870], and are related to the modulus of elasticity η and
Poisson’s ratio v for the material. The parameter l is the shear modulus, and the
parameter k is equal to j� 2l=3; where j is the bulk modulus of elasticity, confer
the formulas (5.2.9), (5.2.11), and (5.2.19).

In Sect. 5.3 the formula (3.2.47) represents the stress contribution T due to the
viscosity in a Newtonian fluid if E is replaced by the rate of deformation tensor D,
also called the rate of strain tensor, confer the formulas (5.3.11). The tensor D is
defined in Sect. 4.4. The parameter l is now the dynamic viscosity also called the
shear viscosity and k ¼ j� 2l=3; where j is the bulk viscosity.

The tensor equation (3.2.47) has also other applications when we want to
describe the state of stress in isotropic viscoelastic materials.

3.2.2 Tensors as Polyadics

The polyads ei � ej of the base vectors ei in a coordinate system Ox and the polyads
�ek � �el of the base vectors �ek in a coordinate system �O�x may be interpreted as
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tensors of second order. The relations between the two sets of base vectors ei and�ek
are:

Qki ¼ cosð�ek; eiÞ , �ek ¼ Qki ei , ei ¼ Qki �ek

Then the components of the tensors ei � ej are:

dki dlj in Ox and Qki Qlj in �O�x

The components of the tensor �ek � �el are:

Qki Qlj in Ox and dki dlj in �O�x

Let B be any tensor of second order with components:

Bij in Ox and �Bkl in �O�x, �Bkl ¼ Qki Qlj Bij; Bij ¼ Qki Qlj �Bkl

Then the tensors Bijei � ej and �Bkl �ek � �el are both identical to the tensor B. In order
to see this, we evaluate the components of the two tensors in the two coordinate
systems.

Bij ei � ej ) Bij dki dlj ¼ Bkl inOx and Bij Qki Qlj ¼ �Bkl in �O�x
�Bkl �ek � �el ) �Bkl Qki Qlj ¼ Bij inOx and �Bkl dki dlj ¼ �Bij in �O�x

Thus we may write:

B � Bij ei � ej � �Bkl �ek � �el ð3:2:48Þ

A linear combination of dyads of vectors is called a dyadic. The formula (3.2.48)
shows how a second order tensor may be expressed as a dyadic.

It is easy to see how this tensor representation may be extended to tensors of
order n by using polyadics, i.e. linear combinations of polyads. For tensors of first,
second and third order the polyadic representations are:

a � ai ei; B � Bij ei � ej; C � Cijk ei � ej � ek ð3:2:49Þ

A contraction in a tensor may now be performed by replacing a tensor multi-
plication by a dot multiplication, which is indicated by replacing the sign (⊗) by a
dot (�) in the polyadic representation of the tensor. For example:

Cijk ei � ej � ek ¼ Cijkðei � ejÞ � ek ) Cijkðei � ejÞ � ek ¼ Cijk dij ek ¼ Ciik ek
ð3:2:50Þ

We now have three alternative definitions of tensors: (1) as scalar-valued mul-
tilinear functions of vectors, (2) as coordinate invariant quantities defined in
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Cartesian coordinate systems by components that are related by the formulas
(3.1.28), and (3) as polyadics. In general curvilinear coordinate systems vectors and
tensors are represented by more than one set of components. This will be
demonstrated in Sect. 6.3 for vectors and in Sect. 6.4 for tensors.

3.3 Tensors of Second Order

Most of the important tensors relevant in continuum mechanics are of second order,
the prominent example being the stress tensor T. It is therefore natural to give
second order tensors special attention and to investigate their properties thoroughly.

Related to a tensor A of second order we define the transposed tensor AT by:

AT , AT ½b; c� ¼ A½c; b� , ðATÞij ¼ Aji ð3:3:1Þ

The matrix of AT is the matrix AT. The second scalar product in (3.2.14) may now
be presented as:

A��B ¼ A : BT ¼ AijBji ð3:3:2Þ

A tensor B of second order is symmetric/antisymmetric if it is symmetric/
antisymmetric with respect to the argument vectors:

SymmetricB:B½b; c� ¼ B½c; b� , Bij ¼ Bji , B ¼ BT , B ¼ BT

AntisymmetricB:B½b; c� ¼ �B½c;b� , Bij ¼ �Bji , B ¼ �BT , B ¼ �BT

ð3:3:3Þ

Any second order tensor B may uniquely be linearly decomposed into a sym-
metric tensor S and an antisymmetric tensor A:

B ¼ SþA; S ¼ ST ¼ 1
2

BþBT
� �

; A ¼ �AT ¼ 1
2

B� BT
� �, ð3:3:4Þ

S ¼ ST ¼ 1
2

BþBT
� �

; Sij ¼ Sji ¼ 1
2

BijþBji
� � � BðijÞ

A ¼ �AT ¼ 1
2

B� BT
� �

; Aij ¼ �Aji ¼ 1
2

Bij � Bji
� � � B½ij�

ð3:3:5Þ

The tensor B is specified when values for the 9 components Bij in an Ox-system are
given. The symmetric part S of B contains 6 distinct components Sijð¼SjiÞ; while
the antisymmetric part A of B contains 3 distinct components Aij: Together the two
tensors S and A contain the same information as the original second order tensor B.

To any vector a there is an antisymmetric tensor A of second order that contains
the same information as the vector. The vector a and the tensor A are called dual
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quantities, and with the permutation tensor P, the dual tensor A to a vector a is
defined by:

A ¼ �P � a ¼ �a � P, Aij ¼ �eijkak ¼ �akekij , A ¼
0 �a3 a2
a3 0 �a1
�a2 a1 0

0
@

1
A

ð3:3:6Þ

It follows that:

a ¼ � 1
2
P : A ¼ � 1

2
A : P,

ai ¼ � 1
2
eijkAjk ¼ � 1

2
Ajkejki , a ¼ � A23 A31 A12gf

ð3:3:7Þ

In some presentations in the literature the vector a and the transposed tensor AT are
defined as dual quantities.

When the vector a and the antisymmetric second order tensor A are dual
quantities, we may express the vector product a with any other vector b by:

a� b ¼ A � b, b� a ¼ b � A ð3:3:8Þ

These relations are easily checked by writing out their component versions. These
alternative expressions for vector products are convenient in tensor equations and in
their matrix representations.

Three important scalar invariants related to a tensor A of second order are
defined by:

the trace of A : trA ¼ tr A ¼ Akk ð3:3:9Þ

the determinant of A : detA ¼ det A ð3:3:10Þ

the norm of A : normA � Ak k ¼
ffiffiffiffiffiffiffiffiffiffiffi
A : A
p

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tr ðAATÞ

q
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tr ðAATÞ

p
¼ ffiffiffiffiffiffiffiffiffiffiffi

Aij Aij

p
ð3:3:11Þ

It follows from their definitions that tr A and norm A are coordinate invariant
quantities. Now we shall demonstrate that the determinant of A, det A, also is an
invariant and thus a scalar. Let Q be the transformation matrix in a coordinate
transformation from a system Ox to a system �O�x: Then since det Q = det QT = 1,
we obtain from the multiplication theorem for determinants in formula (1.1.23):

det �A ¼ det QAQT
� � ¼ detQð Þ detAð Þ detQT

� � ¼ detA

If detA 6¼ 0; we may determine the inverse tensor A−1 of A from the tensor
equation:
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A�1A ¼ 1 ¼ AA�1; A�1A ¼ 1 ¼ AA�1 ð3:3:12Þ

A tensor A is called an orthogonal tensor of second order if:

AT ¼ A�1 and detA ¼ 1) ATA ¼ AAT ¼ 1,
ATA ¼ AAT ¼ 1, Aik Ajk ¼ dij; and detA ¼ 1

ð3:3:13Þ

It follows from the definition (3.3.13) that the matrix A of an orthogonal tensor A is
an orthogonal matrix. This implies that the columns, or rows, of the matrix of an
orthogonal tensor represent the components of an orthogonal set of unit vectors,
which is called an orthonormal set of vectors. In the same order as they appear in
the matrix they form a right-handed system of three vectors in the same sense as the
base vectors in a Cartesian right-handed coordinate system form a right-handed
system. In the linear vector mapping a = A � b, where A is an orthogonal tensor, the
tensor A represents a rotation of the argument vector b, such that ∣a∣ = ∣b∣. This
property will be further discussed in Sect. 3.7 Q-Rotation of Vectors and Tensors of
Second Order.

The following rules may be directly transferred from matrix algebra. For any two
second order tensors A and B:

ABð ÞT¼ BTAT ; ABð Þ�1¼ B�1A�1 ð3:3:14Þ

The cofactor Co A of the matrix A of a second order tensor A represents a tensor
Co A, the cofactor tensor. From the formulas (1.1.29), noting that A�T ¼ ðA�1ÞT ;
we obtain:

CoA ¼ A�T detA ð3:3:15Þ

The formulas (1.1.24) imply that:

CoA ¼ @ detAð Þ
@A

, CoAij ¼ @ detAð Þ
@Aij

ð3:3:16Þ

3.3.1 Symmetric Tensors of Second Order

Let S be a symmetric tensor of second order and a and b two orthogonal unit
vectors. Referring to Fig. 3.1, we define the vector s of the tensor S for the direction
a, the projection r of this vector on the direction a, and the projection s of the
vector s on b:
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s ¼ S � a, si ¼ Sikak , s ¼ Sa ð3:3:17Þ

r ¼ a � s ¼ a � S � a ¼ ai Sik ak ¼ aTS a ð3:3:18Þ

s ¼ b � s ¼ b � S � a ¼ bi Sik ak ¼ bTS a ð3:3:19Þ

r and s are respectively called the normal component of the tensor S for the
direction a, and the orthogonal shear component of the tensor S for the orthogonal
directions a and b. The names “normal component” and “shear component” are
taken from the corresponding quantities related to the stress tensor T, confer the
formulas (2.2.27), (2.2.28), and (2.2.30). Note that the three vectors a, b and s do
not necessarily lie in one and the same plane.

We may also write:

r ¼ S½a; a�
s ¼ S½b; a� ¼ S½b; a� ð3:3:20Þ

If we choose a ¼ e1 and b ¼ e2; we get:

r ¼ S½e1; e1� ¼ S11; s ¼ S½e2; e1� ¼ S21 ð3:3:21Þ

Hence in the matrix S the elements on the diagonal represent normal components,
while the off-diagonal elements are shear components.

Any symmetric second order tensor has mathematically the same properties as
the stress tensor T. In two dimensions we may analyze the properties in a Mohr–
diagram and otherwise use the formulas developed in Sects. 2.3.5 and 2.3.6. In the
general three-dimensional case the three principal values r ¼ ri and the three
principal directions a ¼ ai of the tensor S are determined from the condition:

s ¼ S � a ¼ r a ð3:3:22Þ

This equation is organized into the algebraic equations:

a

σ

τ

b

Fig. 3.1 Vector s of the
tensor S for the direction
a. Normal component r of the
tensor S for the direction
a. Shear component s of the
tensor S for the directions
a and b

94 3 Tensors



r1� Sð Þ � a ¼ 0, r1� Sð Þa ¼ 0 ð3:3:23Þ

A solution of these three equations requires that the determinant of the coefficient
matrix ðr1� SÞ is zero:

det ðr1� SÞ ¼ 0) r3 � Ir2þ IIr� III ¼ 0 ð3:3:24Þ

This equation is called the characteristic equation of the tensor second order S. The
coefficients I, II, and III are the principal invariants of the tensor S:

I ¼ tr S ¼ r1þ r2þ r3

II ¼ 1
2

tr Sð Þ2�tr S2
h i

� 1
2

tr Sð Þ2� normSð Þ2
h i

¼ r1 r2þ r2 r3þ r3 r1

III ¼ det S ¼ 1
6

tr Sð Þ3�3tr S tr S2þ 2tr S3
h i

¼ r1 r2 r3

ð3:3:25Þ

These formulas are obtained directly from the formulas (2.3.4), except for the
second variation in the formula for the invariant III, where an application of the
formula (3.3.36) has been utilized. The three principal values ri are determined
from Eq. (3.3.24), and the three principal directions ai are then determined from
Eq. (3.3.23). The following properties and results, also demonstrated for the stress
tensor T in Sect. 2.3.1, apply to all symmetric second order tensors S. The principal
values are real, and if they are all different, the principal directions are orthogonal. If
two principal values are equal, but different from the third principal value, then all
directions normal to the principal direction related to the third principal value, are
principal directions. If all three principal values are equal, the tensor is isotropic,
and any direction is a principal direction. The three principal directions ai are said
to represent the principal axes of the tensor S. The principal values ri are also
called the eigenvalues and the principal direction ai the eigenvectors to the sym-
metric tensor S. The mathematical problem related to Eqs. (3.3.23–3.3.25) is an
eigenvalue problem.

In a Cartesian coordinate system Ox with base vectors ei � ai the symmetric
second order tensor S has the matrix representation:

S ½ai; aj�
� � ¼ r1 0 0

0 r2 0
0 0 r3

0
@

1
A ¼ ri dij

� � ð3:3:26Þ

The principal values of the tensor represent extreme values for normal components.
If the principal values are ordered such that: r3	 r2	 r1; then:

rmax ¼ r1; rmin ¼ r3 ð3:3:27Þ

The maximum value of the orthogonal shear component is:
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smax ¼ 1
2

rmax � rminð Þ for a ¼ �ða1þ a3Þ=
ffiffiffi
2
p

; b ¼ �ða1 � a3Þ=
ffiffiffi
2
p

ð3:3:28Þ

Let the elements aki be the components in the Cartesian coordinate system Ox of
the principal directions ak:

ak ¼ akiei , aki ¼ ak � ei ) ei ¼ akiak ð3:3:29Þ

Then we may write:

Sij ¼ S½ei; ej� ¼ S½aki ak; alj al� ¼ S½ak; al�aki alj ¼
X
k;l

rk dkl aki alj )

Sij ¼
X
k

rk aki akj , S ¼
X
k

rkak � ak ð3:3:30Þ

This formula also follows directly from formula (3.2.48) when we choose ak as base
vectors.

Powers of a tensor A of second order is defined by:

An ¼ AA � � �A ðn compositions) ð3:3:31Þ

It may be shown that for a symmetric tensor of second order S the result (3.3.30)
implies that, see Problem 3.3:

Sn ¼
X
k

ðrkÞnak � ak; n ¼ 1; 2; 3; ��� ð3:3:32Þ

The tensors Sn and S have the same principal directions and are therefore called
coaxial tensors. Note that the exponent n is a natural number.A symmetric second
order tensor is called a positive definite tensor if:

c � S � c[ 0 for all vectors c 6¼ 0 ð3:3:33Þ

From the definition (3.3.33) it follows that the principal values and the principal
invariants of a positive definite symmetric tensor all are positive, see Problem 3.4. It
also follows that the trace, the determinant, and the norm of a positive definite
tensor S are positive.

For any real number a we define real powers of a positive definite tensor S by:

Sa ¼
X
k

ðrkÞa ak � ak; a is a real number ð3:3:34Þ
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The tensors Sa are positive definite tensors, and Sa and S are coaxial tensors.
The inverse tensor S�1 is obtained from formula (3.3.34) when a ¼ �1. For the
special case a ¼ 1=2; we write:

S1=2 ¼
ffiffiffi
S
p

ð3:3:35Þ

All powers with exponents n ¼ 1; 2; 3; . . . of a symmetric tensor S of second
order may be expressed by S, S2; and the principal invariants I, II, and III of the
tensor. In order to see this, we first prove the following theorem.

Cayley–Hamilton Theorem A symmetric tensor S of second order satisfies its
own characteristic equation (3.3.24), such that:

S3 � I S2þ II S� III1 ¼ 0 ð3:3:36Þ

The theorem is named after Arthur Cayley [1821–1895] and William Rowan
Hamilton [1805–1865]. Proof of the theorem: The characteristic equation (3.3.24)
of the tensor S is satisfied by the principal values rk of the tensor. If we multiply
Eq. (3.3.24) by the tensor product ak � ak and sum with respect to the index k, we
obtain:

X
k

rkð Þ3ak � ak � I rkð Þ2ak � ak þ IIrk ak � ak � III ak � ak
h i

¼ 0

This result is directly transferred to Eq. (3.3.36) through application of formula
(3.3.32), and the Cayley–Hamilton theorem is proved. By Eq. (3.3.36) all powers
of S with natural number exponents may be expressed by the tensors S and S2, and
the principal invariants I, II, and III of S.

3.3.2 Alternative Invariants of Second Order Tensors

The following sets of alternative invariants of a symmetric tensor of second order
sometimes appear in the literature. The moment invariants:

�I ¼ tr S ¼ I; �I�I ¼ 1
2
tr S2 ¼ 1

2
I2 � II; �I�I�I ¼ 1

3
tr S3 ð3:3:37Þ

The trace invariants:

~I ¼ tr S ¼ 1 : S ¼ I;

~I~I ¼ tr S2 ¼ S : S ¼ I2 � 2II
~I~I~I ¼ tr S3 ¼ S : ðSSÞ ¼ 3IIIþ I3 � 3I � II

ð3:3:38Þ

3.3 Tensors of Second Order 97



3.3.3 Deviator and Isotrop of Second Order Tensors

A symmetric second order tensor S may be decomposed uniquely in a trace free
deviator S0 and an isotrop So:

S ¼ S0 þ So ð3:3:39Þ

So ¼ 1
3

tr Sð Þ1, Soij ¼
1
3
Skk dij isotrop ð3:3:40Þ

S0 ¼ S� So; tr S0 ¼ 0 deviator ð3:3:41Þ

S0 and S are coaxial tensors, i.e. the two tensors have the same principal directions.
The principal invariants and principal values of S0 are:

I 0 ¼ 0;

II 0 ¼ � 1
2
tr ðS0Þ2 ¼ II � 1

3
I2;

III 0 ¼ det S0

ð3:3:42Þ

r0i ¼ ri � 1
3
I , r01 ¼

1
3

2r1 � r2 � r3ð Þ etc: ð3:3:43Þ

It has been shown in Sect. 2.3.2 that the stress deviator T0 may be decomposed into
five states of shear. This type of decomposition is possible for any deviator S0 of a
second order tensor S.

3.4 Tensor Fields

Tensors in continuum mechanics represent often intensive quantities or properties
related to particles or places in space at a given time t. This means that these tensors
really are tensor fields. A tensor A which is a tensor field is denoted by either
Aðr0; tÞ where r0 represents a particle, or by Aðr; tÞ; where r represent a place in
space. At each place r and at the time t the symbol Aðr; tÞ represents a tensor. The
tensor fields AðrÞ andAðr0Þ are called steady tensor fields, and the tensor fields
AðrÞ andAðr0Þ are called uniform tensor fields. Time and space derivatives of
tensor fields are defined below as new tensor fields. In this section we shall
introduce some of the most important of these derived tensors fields.

The local time derivative of a tensor field A r; tð Þ is a tensor field @tA with
components @tAi�� in an Ox-system:
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@tA, @tAi�� ¼ @Ai��
@t

ð3:4:1Þ

The definitions of the gradient, the divergence, and the rotation of a tensor field
may vary somewhat in the literature, and this may lead to confusion. In the present
exposition these quantities will first be defined in an analogous manner to how the
corresponding quantities were presented for scalars and vectors in Sect. 1.6. Then
the del-operator will be introduced, which together with the dyadic representation
will indicate two possible definitions of the gradient, the divergence, and the
rotation of a tensor field.

3.4.1 Gradient, Divergence, and Rotation of Tensor Fields

The gradient of a scalar field aðr; tÞ has been defined by formula (1.6.6). The
divergence and rotation of a vector field aðr; tÞ are defined by the formulas (1.6.12)
and (1.6.15) respectively. The divergence of a second order tensor is defined by the
formula (2.2.36). These results will now be generalized.

Let Aðr; tÞ be a tensor field of order n with components Ai::j in a Cartesian
coordinate systems Ox with base vectors ei: The components of the tensor field in
another Cartesian coordinate system �O�x with base vectors �er are denoted �Ar::s such
that:

�Ar��s ¼ Qri��QsjAi��j; Qri ¼ @�xr
@xi
¼ @xi

@�xr
¼ �er � ei ð3:4:2Þ

It follows that:

@�Ar��s
@�xt

¼ Qri��Qsj
@Ai::j
@xk

@xk
@�xt
¼ Qri��Qsj

@Ai::j
@xk

Qtk )
@�Ar��s
@�xt

¼ Qri��QsjQtk
@Ai��j
@xk

, �Ar��s;t ¼ Qri��QsjQtkAi��j;k
ð3:4:3Þ

We use this result to define the gradient of a tensor field Aðr; tÞ of order n as a
tensor field of order ðnþ 1Þ with the components:

@Ai��j
@xk

� Ai��j;k in theOx-system;
@�Ar��s
@�xt

� �Ar��s;t in the �O�x-system ð3:4:4Þ

This tensor is denoted alternatively by grad A and @A=@r: If the tensor field A is
presented as a polyadic, the gradient of A may be presented as follows:
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A ¼ Ai��jei � �� � ej ) grad A � @A
@r
¼ Ai��j;kei � �� � ej � ek ð3:4:5Þ

For a tensor field of order 0, i.e. a scalar field aðr; tÞ, this formula agrees with the
formula (1.6.6): grad a ¼ a;iei: The gradient of a vector field aðr; tÞ ¼ aiðx; tÞei is a
second order tensor with components ai;k in the Cartesian coordinate system Ox:

grad a ¼ ai;kei � ek ð3:4:6Þ

Let rðsÞ ¼ xiðsÞ ei represent a space curve, where s is the arc length parameter
along the curve. The unit tangent vector to the curve is defined by the formula
(1.4.8):

t ¼ dr
ds
¼ dxi

ds
ei ¼ tiei ð3:4:7Þ

A tensor field Aðr; tÞ of order n becomes a function of the arc length parameter
s along the curve rðsÞ ¼ xiðsÞ ei, and we may compute the tensor field @A=@s of
order ðn� 1Þ:

@A
@s
¼ Ai::j;k

dxk
ds

ei � �� � ej ) @A
@s
¼ gradAð Þ � t, @Ai::j

@s
¼ Ai::j;ktk ð3:4:8Þ

The divergence of a tensor field Aðr; tÞ of order n, with the components Ai::rj, is
defined as the tensor field “div A” of order ðn� 1Þ with components Ai::rk;k.

A ¼ Ai::rjei � �� � er � ej ) divA ¼ Ai::rk;kei � �� � er ð3:4:9Þ

From this general definition it follows that the divergence of a vector field aðr; tÞ
is the scalar ak;k , in agreement with formula (1.6.12), and that the divergence of a
second order tensorA is a vector a ¼ div A:

a ¼ akek ) div a � r � a ¼ ak;k
A ¼ Aijei � ej ) divA ¼ Aik;kei ¼ a) ai ¼ Aik;k

ð3:4:10Þ

The del-operatorr has been introduced by the formula (1.6.10), and the divergence
of a second order tensor has already been introduced in formula (2.2.36) in con-
nection with the development of the Cauchy equations of motion in Sect. 2.2.5.

The divergence of the gradient of a tensor field A ¼ Ai::jei � �� � ej of order n,
i.e. div grad A; becomes:

div gradA ¼ Ai::j;k;kei � �� � ej ¼ Ai::j;kkei � �� � ej ¼ Ai::jei � �� � ej
� �

;kk

¼ r2A)
div gradA ¼ Ai::j;kkei � �� � ej ¼ r2A

ð3:4:11Þ
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The symbol r2 is the Laplace-operator defined by the formula (1.6.14).
The gradient of the divergence of a tensor field A of order n, i.e. grad divA; is:

grad divA ¼ Ai::k;k;lei � �� � el ¼ Ai::k;klei � �� � el ð3:4:12Þ

The rotation of a tensor field Aðr; tÞ of order n with components Ai::rk in a
Cartesian coordinate system Ox, is a tensor “rot A” of order n, also denoted “curl
A”. The tensor is defined by its components eijkAi::rk;j:

A ¼ Ai::rkei � �� � er � ek ) rotA ¼ curlA ¼ eijkAi::rk;jei � �� � er ð3:4:13Þ

The rotation of a vector a ¼ aiei is the vector eijkak;jei; in agreement with the
formula (1.6.15):

a ¼ aiei ) rot a � curl a � r� a ¼ eijkak;jei ð3:4:14Þ

The gradient, the divergence, and the rotation of a tensor field Aðr0; tÞ related to
the place r0 in the reference configuration K0 of a continuum, are defined in similar
manners as above but are denoted respectively as Grad A, Div A, and Rot A.

3.4.2 Del-Operators

The definitions of gradient, divergence, and rotation of tensors fields are not uni-
versal. The literature defines for any tensor field the following tensors fields:
right-gradient, left-gradient, right-divergence, left-gradient, right-divergence,
left-divergence, right-rotation, and left-rotation. For instance, in the books by
Malvern [1] and Jaunzemis [2], the following vector operators are introduced:

r � @
 
k ek right�operator; r! � r � ei~@i left�operator ð3:4:15Þ

The first operator is called a right-operator because it operates from the right. Note
that the left-operator is identical to the del-operator defined by formula (1.6.10).
Applying the operators in (3.4.15) to a tensor field A of order n, we obtain:

A�r ¼ ðAi::jei � �� � ejÞ � @
 
kek ¼ Ai::j;kei � �� � ej � ek right�gradient

r! � A ¼ ei ~@i � ðAj::kej � �� � ekÞ ¼ Aj::k;iei � ej � �� � ek left�gradient
ð3:4:16Þ

The two tensors defined by the expressions (3.4.16) are represented by the same
components, but the components are organized differently. The tensor defined in
Sect. 3.4.1 as grad A, i.e. the gradient of the tensor field A by the formula (3.4.5), is
now seen to be the right-gradient of the tensor field A:
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gradA � A�r ¼ Aij;kei � ej � ek ð3:4:17Þ

The right- and left-gradient of a vector a are second order tensors where one tensor
is the transposed of the other:

right-gradient: grad a ¼ a�r ¼ ai;kei � ek ) ðar
 Þik ¼ @kai � ai;k � � �

ð3:4:18Þ

grad r! � a ¼ grad að ÞT¼ ak;iei � ek ) ðr
!
aÞik ¼ @iak � ak;i ð3:4:19Þ

The right-divergence and left–divergence of a tensor field A are defined
respectively by:

A � r ¼ ðAi::jei � �� � ejÞ � ð@
 
kekÞ ¼ Ai::j;kei � ��ðej � ekÞ )

A � r ¼ Ai::k;kei � �� right�divergence
ð3:4:20Þ

r! � A ¼ ðek~@kÞ � ðAj::iej � �� � eiÞ ¼ Aj::i;kðek � ejÞ�� � ei )
r! � A ¼ Ak::i;k�� � ei left�divergence

ð3:4:21Þ

We see that the definition (3.4.9) of the divergence of a second order tensor field
A is a right-divergence:

divA ¼ A � r ð3:4:22Þ

For a vector a the right-divergence and the left-divergence are identical, and we
may skip the arrow over the “del” symbol r.

div a ¼ a � r ¼ r! � a ¼ r � a ¼ ai;i ð3:4:23Þ

The divergence of the gradient of a tensor field A of second order may be given
by:

div gradA � A�r 
� �

� r ¼ Aij;kei � ej � ek
� � � @

 
rer

� �
¼ Aij;krei � ej � ek � er )

div gradA ¼ Aij;kkei � ej ¼ ðAijei � ejÞ;kk ¼ r2A

ð3:4:24Þ

The result agrees with the formula (3.4.11).
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3.4.3 Directional Derivative of Tensor Fields

Let the unit vector e define an axis originating from a place r. The distance from the
place r to a position on the axis is given by a local coordinate s. We consider the
tensor field Aðrþ se; tÞ and define the directional derivative of the components of
the tensor field Aðr; tÞ at the place r and in the direction e by:

@Ai::j xk þ sek; tð Þ
@s

				
s¼0
¼ @Ai::j

@ xk þ sekð Þ
@ xk þ sekð Þ

@s


 �
s¼0
¼ Ai::j;kek ð3:4:25Þ

The directional derivative of the tensor field Aðr; tÞ at the place r and in the
direction e is defined as the tensor:

@A rþ se; tð Þ
@s

				
s¼0
¼ gradAð Þ � e, gradAð Þ � e½ �i::j Ai::j;kek ð3:4:26Þ

3.4.4 Material Derivative of Tensor Fields

A particle, i.e. material point, in a continuum is identified by the place vector r0 in
the reference configuration K0 of the continuum. The motion of the continuum is
then given by the place vector rðr0; tÞ for the particle r0 in the present configuration
K of the continuum.

The material derivative of a tensor field of order n is a new tensor field of order
n. For the tensor field Aðr0; tÞ the material-derivative is:

_A ¼ @tA ¼ @tAðr0; tÞ , _Ai::j ¼ @Ai::j
@t
� @tAi::j ð3:4:27Þ

For the tensor field Aðr; tÞ we introduce the motion r ¼ rðr0; tÞ, such that
A ¼ Aðrðr0; tÞ; tÞ. Then:

_A ¼ @tAþ @A
@r
� @r
@t
¼ @tAþ gradAð Þ � @r

@t
, _Ai::j ¼ @tAi::jþAi::j;kvk ð3:4:28Þ

Alternatively we may write:

_A ¼ @tAþA�r � v ð3:4:29Þ
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We introduce the operator:

v � rð Þ ¼ vkekð Þ � ei
@

@xi

� 

¼ vk

@

@xi
ek � ei ¼ vk

@

@xi
dki ¼ vk

@

@xk
)

v � rð Þ ¼ vk
@

@xk

ð3:4:30Þ

The formula (3.4.29) may now be expressed by:

_A ¼ @tAþ v � rð ÞA ð3:4:31Þ

3.5 Rigid-Body Dynamics. Kinematics

All material bodies are deformable and will in general be deformed when subjected
to forces. However, when the deformations are small enough we may treat the body
as rigid. Then subsequently, when the dynamics has been determined, the defor-
mations of the body are taken into consideration. In the present section and the one
to follow we shall include some fundamental aspects of rigid-body dynamics.

Rigid-body kinematics plays an important part in deformation analysis in
Chap. 4, especially when large deformations are considered in Sect. 4.5.
Rigid-body kinetics in the next section provides us with an example of an important
symmetric second order tensor, the inertia tensor.

3.5.1 Pure Rotation About a Fixed Axis

Figure 3.2 shows a rigid body in two configurations: a reference configuration K0 at
time t0and the present configuration K at time t[ t0: The Cartesian coordinate
system Ox is fixed in a reference Rf. The x3-axis is perpendicular the plane of the
figure. The rigid body rotates about the x3-axis: The Cartesian coordinate system O�x
with base vectors �ei and with the �x3-axis coinciding with the x3-axis is fixed in the
body and coincides with the Ox-system at time t0:

The rotation of the body and of the body fixed coordinate system O�x with respect
to the reference Rf is given by an angle of rotation hðtÞ: A particle r0 in the body
has the place P0 at the reference time t0 and the place P at the present time t. These
places are also given by the place vectors r0 and r:

r0 ¼ �xi�ei � Xi�ei; r ¼ xiei ð3:5:1Þ

The coordinates in the O�x-system are also representing reference coordinates for
particles in the body, i.e. �xi � Xi:
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The coordinate systems Ox and O�x are related through the transformation
matrix Q:

x ¼ QT�x � QTX , xi ¼ QkiXk ð3:5:2Þ

QikðhÞ ¼ cos �ei; ej
� �) QðhÞ ¼

cos h sin h 0
� sin h cos h 0

0 0 1

0
@

1
A; h ¼ hðtÞ ð3:5:3Þ

The motion of the body is a rigid-body rotation about a fixed axis, i.e. the x3-axis,
and will be described by the place vector function rðr0; tÞ:

r r0; tð Þ ¼ RðtÞ � r0 ) x X; tð Þ ¼ RðtÞX ð3:5:4Þ

RðtÞ is a second order tensor called the rotation tensor of rigid-body rotation about
a fixed axis. By comparing the component relation (3.5.4)2 with Eq. (3.5.2), we see
that:

RðtÞ ¼ QTðtÞ , RikðtÞ ¼ QkiðtÞ ð3:5:5Þ

Because the transformation matrix Q is an orthogonal matrix it follows that the
rotation tensor is an orthogonal tensor:

RRT ¼ 1; detR ¼ 1 ð3:5:6Þ

1x

1x2x

2x

θ

O

0r

1e

2e

1e

r

( ) ( ) 00 , t = − ⋅u r R 1 r

oP

P

0 0,K t

,K t

Rf

θ2e

θ

Fig. 3.2 Rigid body rotation about a fixed x3-axis perpendicular to the plane of the figure. Present
configuration of K of the rigid body. Reference configuration K0 of the body. The Cartesian
coordinate system Ox with base vectors ei is attached to the reference RF. The Cartesian coordinate
system O�x with base vectors �ei is fixed in the body. Displacement vector
uðr0; tÞ ¼ r� r0ðR� 1Þ � r0
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The displacement of the particle r0 is given by the displacement vector:

u ¼ u r0; tð Þ ¼ r� r0 ¼ RðtÞ � 1ð Þ � r0 ) u X; tð Þ ¼ x X; tð Þ � X ¼ ðRðtÞ � 1ÞX
ð3:5:7Þ

3.5.2 Pure Rotation About a Fixed Point

Figure 3.3 shall illustrate a general rotation of a rigid body about a point O fixed in
a reference Rf. The coordinate system Ox is fixed in the reference Rf. The rigid body
is shown in its configuration K at the present time t and in a reference configuration
K0 at a reference time t0: The coordinate system O�x is fixed in the body and moves
with it, and at the reference time t0 the two coordinate systems Ox andO�x coincide.

A particle r0 in the body moves from its position P0 at the reference time to to
the present position P, given by the place vector r, at the present time t. Let xi be the
coordinates of the position P in the Ox-system, and let �xi be the coordinates of the
position P0 in the O�x-system: The coordinates of the particle r0 are then:

xi ¼ xiðtÞ at the present time t in theOx-system

Xi � �xi at the reference time to in theO�x-system
ð3:5:8Þ

3x

1x

2xO

Rf

( ) ( ) 00 , t = − ⋅u r R 1 r

w

P

0P0r

axis of rotation

( )te

0= ⋅r R r

instantaneous axis of rotation
,K t

2x

1x

3x

0 0,K t

Fig. 3.3 Rigid body rotation about a fixed point O. Present configuration of K of the rigid body.
Reference configuration K0 of the rigid body. The Cartesian coordinate system Ox is attached to
the reference Rf. The Cartesian coordinate system O�x is fixed in the body. Displacement vector
uðr0; tÞ ¼ ðR� 1Þ � r0
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The two coordinate systems Ox andO�x are related through the relations:

x ¼ QT�x � QTX ð3:5:9Þ

Q(t) is the transformation matrix relating the base vectors of the two systems:

Q tð Þ ¼ �ei � ekð Þ ¼ cos �ei; ekð Þð Þ ð3:5:10Þ

The motion of the body is a rigid-body rotation about a fixed point O, and is
described by the place function rðr0; tÞ; where:

r r0; tð Þ ¼ RðtÞ � r0 ) x X; tð Þ ¼ RðtÞX ð3:5:11Þ

The function RðtÞ is a second order tensor called the rotation tensor of the
rigid-body rotation about the fixed point O. By comparing Eqs. (3.5.9) and (3.5.11),
we see that:

RðtÞ ¼ QTðtÞ , RikðtÞ ¼ QkiðtÞ ð3:5:12Þ

As was the case for rigid body rotation about a fixed axis, we understand that the
rotation tensor RðtÞ is an orthogonal tensor. It also follows that:

Rðt0Þ ¼ 1 and x X; t0ð Þ ¼ X ð3:5:13Þ

The motion (3.5.11) may also be described by the displacement vector uðr0; tÞ as
shown in Fig. 3.3:

uðr0; tÞ ¼ r� r0 ¼ R� 1ð Þ � r0 , u X; tð Þ ¼ x X; tð Þ � X ð3:5:14Þ

Let A and B be two particles in the rigid body given respectively by the place
vectors rA ¼ rAðtÞ and rB ¼ rBðtÞ at the present time t, and the place vectors
rA0 ¼ rA0ðt0Þ and rB0 ¼ rB0ðt0Þ at the reference time t0: For a vector c ¼ cðtÞ
moving with the body and connecting the two particles A and B we write:

c ¼ c tð Þ ¼ rA tð Þ � rB tð Þ; c0 ¼ c t0ð Þ ¼ rA t0ð Þ � rB t0ð Þ ð3:5:15Þ

It now follows from Eq. (3.5.11) that:

c ¼ c tð Þ ¼ RðtÞ � rA0 � RðtÞ � rB0 ¼ RðtÞ � rA0 � rB0ð Þ )
c ¼ c tð Þ ¼ R tð Þ � c0; c0 ¼ c t0ð Þ

ð3:5:16Þ

We shall use the expression: the vector c is the R�rotation of the vector c0: It
follows that the place vector r is the R�rotation of the place vector r0:

It will now be demonstrated that at any time t there exists a material straight line
in the body through the fixed point O which has the same position referred to Rf at
the time t as it has at the reference time t0: The line is called the axis of rotation
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related to the rotation RðtÞ: Material particles on the line may have moved during
the time interval from the time t0 to the time t but with no resulting displacement.
A unit vector eðtÞon the axis of rotation must satisfy Eq. (3.5.14) for zero
displacement:

R � e ¼ e, R� 1ð Þ � e ¼ 0 ð3:5:17Þ

The condition for this equation to have a solution for eðtÞ is:

det R� 1ð Þ ¼ 0 ð3:5:18Þ

To prove that this condition is satisfied we use the fact that the rotation tensor RðtÞ
is orthogonal: detR ¼ 1 andRTR ¼ 1. We write: R� 1 ¼ R� RTR ¼
1� RT
� �

R ¼ � RT � 1
� �

R: Now we use the multiplication theorem (1.1.23) for
determinants and obtain:

det R� 1ð Þ ¼ � det RT � 1
� �

detR ¼ � det R� 1ð Þ ) det R� 1ð Þ ¼ 0,
ð3:5:18Þ

Thus we have shown that the unit vector e(t), which may be determined from
Eq. (3.5.17), defines the axis of rotation related to the rotation RðtÞ of the body
about the point O.

Note that the motion rðr0; tÞ ¼ RðtÞ � r0 of the rigid body when it moves from
the reference configuration K0 to the present configuration K, is not in general a
rotation about a reference fixed axis of rotation defined at the present time t by the
vector e(t). However, what has been demonstrated is that it is possible to get the
body from K0 to K by a pure rotation about this axis as defined by the vector eðtÞ:
The axis of rotation will in general change its position both relative to the rigid
body and to the reference Rf.

The angle of rotation hðtÞ that the body must rotate about the axis of rotation
may be determined as follows. We choose an Ox-system such that the base vector
e3 is parallel to the axis of rotation, i.e. e3 ¼ eðtÞ: This means that the transfor-
mation matrix QðtÞ is given by the formula (3.5.3) and the rotation matrix RðhÞ ¼
QTðhÞ is given by:

RðhÞ ¼
cos h � sin h 0
sin h cos h 0
0 0 1

0
@

1
A; h ¼ hðtÞ ð3:5:19Þ

From this result we obtain: tr R ¼ 2 cos hþ 1: Because R is a tensor the trace is an
invariant and we have arrived at the coordinate invariant formula:

108 3 Tensors



cos hðtÞ ¼ 1
2

trRðhÞ � 1ð Þ; h ¼ hðtÞ ð3:5:20Þ

This formula gives the angle of rotation in any chosen coordinate system.
We now continue to discuss the rotation of a rigid body about a fixed pointO. The

velocity v of the particle r0 when the particle is in the place rðr0; tÞ; is found to be:

v ¼ _r ¼ _R � ro ¼ _R � RT � r� � ¼ _RR
T

� �
� r)

v ¼ _r ¼ _RR
T

� �
� r ¼W � r

ð3:5:21Þ

Here we have introduced the rate of rotation tensor WðtÞ defined by:

W ¼ _RR
T ð3:5:22Þ

The rate of rotation tensor is an antisymmetric tensor, as may be seen from the
following development, applying the formula (1.1.12):

RRT ¼ 1) _RR
T þR _R

T ¼ 0) _RR
T ¼ �R_RT ¼ �ð _RRTÞT )W ¼ �WT :

From the formula (3.5.21) we obtain:

vi ¼ Wijxj ) vi;k ¼ Wijxj;k ¼ Wijdjk ¼ Wik )
Wik ¼ vi;k

ð3:5:23Þ

The dual vector w of the antisymmetric tensor W is by formula (3.3.7):

w ¼ � 1
2
P : W ¼ � 1

2
W : P) wi ¼ 1

2
eijkWkj ¼ 1

2
eijkvk;j; w ¼ 1

2
rot v

ð3:5:24Þ

P is the permutation tensor. The vector w represents physically the same as the
tensor W and is called the angular velocity vector or the rotational velocity vector.
The first name is most common, although it is only when the body rotates about a
fixed axis that is possible to associate the rotation of the body with a real angle of
rotation. The inverse of the relation (3.5.24) is:

W ¼ �P � w, Wij ¼ �Wji ¼ �eijkwk , W ¼
0 �w3 w2

w3 0 �w1

�w2 w1 0

0
@

1
A ð3:5:25Þ

The formula (3.3.7), relating the dual vector and tensor quantities, can be used to
develop the following alternative velocity distribution formulas from the result
(3.5.21):
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v ¼ _r ¼W � r, vi ¼ _xi ¼ Wik xk; v ¼ _r ¼ w� r, vi ¼ _xi ¼ eijkwj xk
ð3:5:26Þ

The acceleration a of a particle r0 at the place r becomes:

a ¼ _v ¼ _r ¼ _W � rþW � _r ¼ _w� rþw� _r)
a ¼ _WþW2� � � r ¼ _w� rþw� w� rð Þ , ai ¼ eijk _wjxk þ eijkekstwjwsxt

ð3:5:27Þ

The tensor _WðtÞ is called the angular acceleration tensor and the vector _wðtÞ is
called the angular acceleration vector. In general the angular velocity and the
angular acceleration are non-parallel vectors.

The velocity distribution formula (3.5.26) shows that particles on a straight line
through the point of rotation O and parallel to the angular velocity vector w are at
the present time t instantaneously at rest. The straight line is called the instanta-
neous axis of rotation and is shown in Fig. 3.3. In the general case the instanta-
neous axis of rotation and the axis of rotation, defined by Eq. (3.5.17), do not
coincide. The instantaneous axis of rotation will in general change its position both
relative to the rigid body and to the reference Rf. Only when the rigid body is
constrained to rotate about an axis fixed with respect to the reference Rf, as dis-
cussed in Sect. 3.5.1, will the instantaneous axis of rotation and the axis of rotation
be one and the same axis at any time t.

We shall now introduce alternative expressions for the velocity and acceleration
of a particle in body in rigid-body rotation about a fixed point. First we define the
dual antisymmetric tensor Z to the position vector r ¼ x1; x2; x3½ � :

Z ¼ �P � r, Zij ¼ �Zji ¼ �eijkxk , Z ¼
0 �x3 x2
x3 0 �x1
�x2 x1 0

0
@

1
A ð3:5:28Þ

We use the formula (3.3.8)1 to write:

w� r ¼ �r� w ¼ �Z � w ð3:5:29Þ

From the formulas (3.5.25) and (3.5.28) we obtain:

w� w� rð Þ ¼W � w� rð Þ ¼W � �Z � wð Þ ¼ � WZð Þ � w)
w� w� rð Þ ¼ � WZð Þ � w ð3:5:30Þ

The particle velocity v from the formula (3.5.26) and the particle acceleration
a from the formulas (3.5.27) may now be expressed by the alternative formulas:
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v ¼ _r ¼ �Z � w, vi ¼ _xi ¼ �Zijwj ¼ eijkwjxk ð3:5:31Þ

a ¼ _v ¼ €r ¼ �Z � _w� WZð Þ � w, ai ¼ eijk _wjxk þ eijkekstwjwsxt ð3:5:32Þ

The formulas (3.5.31) and (3.5.32) are convenient when rigid-body kinematics is
presented or analyzed in a matrix format.

3.5.3 Kinematics of General Rigid-Body Motion

Figure 3.4 illustrates a rigid body in a general motion from a reference configu-
ration K0 at the time t0 to the present configuration K at the present time t. A particle
in the body moves from its position P0 at the time t0 to the present position P at the
present time t. The coordinate system Ox is fixed in the reference Rf, while the
coordinate system �O�x moves rigidly with the body and coincides with the
Ox-system at the reference time t0: The particle is denoted by the place vector r0 or
by the reference coordinates X in the coordinate system Ox. Let uðr0; tÞ be the
displacement of the particle r0: The motion of the particle is given by:

rðr0; tÞ ¼ r0þ uðr0; tÞ ) xiðX; tÞ ¼ Xiþ uiðX; tÞ ð3:5:33Þ

The origin �O of the body–fixed coordinate system �O�x moves according to the
displacement vector u0ðtÞ: Figure 3.4 illustrates that the motion (3.5.33) may be
considered to be a combination of translation u0ðtÞ by which all particle of
the body are given the same motion, and a pure rotation �r0 ¼ RðtÞ � ro about the
point �O.

rðr0; tÞ ¼ u0ðtÞþRðtÞ � r0 ð3:5:34Þ

The displacement uðr0; tÞ of the particle r0 may now be expressed by:

uðr0; tÞ ¼ u0ðtÞþ RðtÞ � 1ð Þ � r0 ð3:5:35Þ

To the general rigid-body motion (3.5.34) the translation u�OðtÞ contributes with a
velocity and acceleration, representing the motion of the reference point �O:

v�O ¼ _u�OðtÞ; a�O ¼ _v�O ¼ €u�OðtÞ ð3:5:36Þ

To find velocity and acceleration contribution from the pure rotation �r0 ¼ RðtÞ � ro
about the point �O we follow the developments from the formulas (3.5.21) to the
resulting formulas (3.5.26) and (3.5.27). With the rate of rotation tensor W from
formula (3.5.22) and the angular velocity vector (3.5.24) we obtain:
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v ¼ _r ¼ _uðtÞ ¼ v�OþW � �r0 ¼ v�Oþw� �r0 ð3:5:37Þ

a ¼ a�Oþ _WþW2� � � �r0 ¼ a�Oþ _w� �r0þw� w� �r0ð Þ ð3:5:38Þ

The tensor _WðtÞ is called the angular acceleration tensor and _WðtÞ and the
vector _wðtÞ is called the angular acceleration vector of the general rigid-body
motion.

Let P and Q be two points fixed in a rigid body, and let rQ=P be the position
vector from point P to point Q. Then the formulas (3.5.37) and (3.5.38) may be
used to relate the velocities and accelerations of the two points. The results are:

vQ ¼ vPþW � rQ=P ¼ vPþw� rQ=P ð3:5:39Þ

aQ ¼ aPþ _WþW2
� � � rQ=P ¼ aPþ _w� rQ=Pþw� w� rQ=P

� � ð3:5:40Þ

These formulas are respectively called the velocity distribution formula and the
acceleration distribution formula for the motion of a rigid body.

The material derivative of a vector cðtÞ that rigidly follows the motion of the
body is:

_c ¼W � c ¼ w� c ð3:5:41Þ

In order to see this let c ¼ rQ=P ¼ rQ � rp: Then:
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Fig. 3.4 Rigid-body motion from the reference configuration K0 at the time t0 to the present
configuration K at the time t. The Cartesian coordinate system Ox is attached to the reference Rf.
The Cartesian coordinate system �O�x moves with the body. The motion consists of a sum of a
translation u0ðtÞ and a pure rotation r0 ¼ RðtÞ � r0 about the point �O
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_c ¼ _rQ=P ¼ _rQ � _rp ¼ vQ � vp ¼W � rQ �W � rP ¼W � ðrQ � rpÞ
¼W � rQ=P ¼ w� rQ=P )

_c ¼W � c ¼ w� c

Example 3.1 Rotating Circular Plate on a Rotating Arm
Figure 3.5 illustrates a system consisting of a thin circular plate with radius r, mass
m, and mass center C that rotates about its horizontal axis with a constant angular
velocity x3 with respect to an arm OC. The arm rotates with constant angular
velocity x2 about a vertical axis. We shall determine the angular velocity vector
w and the angular acceleration vector _w for the plate, and the velocities and
accelerations of the two points A and B on the plate.

To describe the motion of the ensemble we select the coordinate system Cx fixed
to the rotating arm and shown in Fig. 3.5. The x3-axis coincides with the symmetry
axis of the plate, and the x2-axis is vertical. The angular velocities of the arm and
the plate are now:

wa ¼ x2e2 for the arm; w ¼ x2e2þx3e3 for the plate

The angular acceleration for the arm _wa and for the plate _w becomes:

_wa ¼ x2 _e2 ¼ x2wa � e2 ¼ x2x2e2 � e2 ¼ 0

_w ¼ x2 _e2þx3 _e3 ¼ x2wa � e2þx3wa � e3
¼ x2x2e2 � e2þx3x2e2 � e3 ) _w ¼ x3x2e1

The mass center of the plate C moves with the corresponding point on the arm and
the velocity of C is:

g

C
A

c

3x

C

2x

2ω
3ω

O

r

1x

B

3 3ω e

aw

rotating plate

rotating arm

m

O
1x

Fig. 3.5 Thin plate with radius r, mass m, and mass center C rotates about its horizontal axis, i.e.
the x3-axis, with constant angular velocity x3 with respect to an arm OC. The arm rotates with
constant angular velocity x2 about a vertical axis

3.5 Rigid-Body Dynamics. Kinematics 113



vC ¼ wa � rC=O ¼ x2e2ð Þ � ce1ð Þ ¼ �x2ce3

For the velocities of the points A and B on the plate we find, using formula (3.5.37):

vA ¼ vC þw� rA=C ¼ �x2ce3þ x2e2þx3e3ð Þ � r e1ð Þ
vB ¼ vC þw� rB=C ¼ �x2ce3þ x2e2þx3e3ð Þ � r e2ð Þ

�
)

vA ¼ �x2 cþ rð Þe3þx3re2; vB ¼ �x2ce3 � x3re1

The acceleration of the point C as a point on the arm is, using formula (3.5.38):

aC ¼ _wa � rC=0þwa � wa � rC=0
� � ¼ 0þ x2e2ð Þ � x2e2 � ce1ð Þ ) aC

¼ �x2
2ce1

For the acceleration of the point A on the plate we use formula (3.5.38):

aA ¼ aC þ _w� rA=Cþw� w� rA=C
� �

For the last two acceleration terms we obtain:

_w� rA=C ¼ x3x2e1ð Þ � re1ð Þ ¼ 0

w� rA=C ¼ x2e2þx3e3ð Þ � re1ð Þ ¼ �x2re3þx3re2 )
w� w� rA=C

� � ¼ x2e2þx3e3ð Þ � �x2re3þx3re2ð Þ ¼ � x2
2þx2

3

� �
re1

Thus the acceleration of the point A on the plate is:

aA ¼ � x2
2 cþ rð Þþx2

3r
� �

e1

For the acceleration of the point B on the plate we use formula (3.5.38):

aB ¼ aC þ _w� rB=Cþw� w� rB=C
� �

For the last two acceleration terms we obtain:

_w� rB=C ¼ x3x2e1ð Þ � re2ð Þ ¼ x3x2re3
w� rB=C ¼ x2e2þx3e3ð Þ � re2ð Þ ¼ �x3re1 )

w� w� rA=C
� � ¼ x2e2þx3e3ð Þ � �x3re1ð Þ ¼ x2x3re3 � x2

3re2

Thus the acceleration of the point B on the plate is:

aB ¼ �x2
2c e1 � x2

3r e2þ 2x2x3r e3

Note that the expressions for the velocities and accelerations for the points A and B on
the plate are only valid when the two points are in the positions shown in Fig. 3.5.

The kinetics of the ensemble in Fig. 3.1 will be discussed in Example 3.2 below.
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3.6 Rigid-Body Dynamics. Kinetics

3.6.1 Rotation About a Fixed Point. The Inertia Tensor

The center of mass C of a body of mass m is defined by formula (2.2.8). For a rigid
body the mass center is a point fixed with respect to the body, but does not
necessarily coincide with a material point or particle in the body. The motion of the
center of mass is governed by the equation of motion (2.2.12):

f ¼ maC ð3:6:1Þ

The vector f represents the resultant force on the body and aC is the acceleration
of the center of mass. The vector equation (3.6.1) represents three component
equations.

A rigid body in free motion has six degrees of freedom. The motion of the center
of mass is governed by the three coordinate functions of time. The rotation of the
body may be described by three angles of rotations as three time functions. In
Fig. 3.6 the coordinate system Cx1x2x3 is fixed relative to a reference that translates
with the center of mass C. The coordinate system CX1X2X3 is fixed in the rigid
body. The rotation of the body may be described t by the following procedures. The
body is in the position with OX1X2X3 ¼ Ox1x2x3: Then the body is rotated by an
angle /ðtÞ, the precession angle, about the x3-axis. The body fixed coordinate
system is now in the position OX1X2X3 ¼ O~x1~x2x3: Next the body is rotated by an
angle hðtÞ, the nutation angle, about the ~x1-axis: The body fixed coordinate system
is now in the position OX1X2X3 ¼ O~x1�x2X3: Finally the body is rotated by an angle

Fig. 3.6 Rotation of a rigid body about the center of mass C. Four coordinate systems: Cx1x2x3 is
fixed relative to a reference that translates with the mass center C, CX1X2X3 is fixed in the rigid
body, C~x1~x2x3 is obtained from Cx1x2x3 by a rotation angle /(t), the precession angle, about the
x3-axis, C~x1�x2x3 is obtained from C~x1~x2X3 by a rotation angle h(t) from C~x1~x2X3 by a rotation
angle h(t), the nutation angle, about the ~x1-axis, CX1X2X3 is obtained from C~x1~x2X3 by a rotation
angle w(t), the spin angle, about the X3-axis
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wðtÞ; the spin angle, about the X3-axis: The body fixed coordinate system is now in
its final position. The three angles /ðtÞ; hðtÞ; wðtÞ are called the Eulerian angles.

The additional three equations of motion are provided by the law of balance of
angular momentum, i.e. Euler’s second axiom (2.2.7). These additional equations
of motion suitable for a body in rigid-body motion will now be developed.

We shall start by considering a rigid body that rotates about a fixed point O as
shown in Fig. 3.7. First we compute the angular momentum lO of the body about
the point O from the definition formula (2.2.5)2:

lO ¼
Z
V

r� vqdV ð3:6:2Þ

We use the formula (3.5.28) to represent the particle velocity by: v ¼ �Z � w; and
the formula (3.3.8)1 for the dual quantities r and Z to write: r� v ¼ Z � v: Then we
obtain:

r� v ¼ Z � v ¼ Z � �Z � wð Þ ¼ �Z2 � w ð3:6:3Þ

By inspection we find that:

Z2 ¼ r� r� r � rð Þ1, ðZ2Þij ¼ xixj � xkxkdij ð3:6:4Þ

The angular momentum of the body about O, Eq. (3.6.2), then becomes:

lO ¼
Z
V

r� vqdV ¼
Z
V

r� w� rð ÞqdV ¼
Z
V

�Z2� �
qdV

2
4

3
5 � w)

lO ¼
Z
V

r� w� rð ÞqdV ¼ I � w ¼ Iijwjei

ð3:6:5Þ

The quantity I is a symmetric tensor of second order defined by the formula:

Fig. 3.7 Rotation of a rigid
body about a fixed point
O. Volume V. Mass m. Center
of mass C. Volume element
dV. Element of mass qdV.
Particle velocity v. Angular
velocity w. The Cartesian
coordinate system Ox is
attached to the reference Rf
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I ¼
Z
V

�Z2� �
qdV ¼

Z
V

�r� rþ r � rð Þ1½ �qdV ,

Iij ¼
Z
V

�xixjþ xkxkdij
� �

qdV
ð3:6:6Þ

The tensor I is called the inertia tensor of the body with respect to the point O. The
inertia tensor is symmetric and the six distinct components of the tensor in the Ox-
system are three moments of inertia with respect to the three coordinate axes:

I11 ¼
Z
V

x2x2þ x3x3½ �q dV ; I22 ¼
Z
V

x3x3þ x1x1½ �q dV ;

I33 ¼
Z
V

x1x1þ x2x2½ �q dV
ð3:6:7Þ

and three products of inertia with respect to the axes xi- and xj:

Iij ¼ Iji ¼ �
Z
V

xixjq dV ; i 6¼ j ð3:6:8Þ

Because the inertia tensor is a symmetric tensor of second order, there exist three
orthogonal axes through the point O with respect to which the products of inertia
are zero. These axes are the principal axes of inertia of the body with respect to
the point O. The corresponding moments of inertia are the principal moments of
inertia Ii:

The following rules apply:

1. An axis of symmetry through the point O is a principal axis of inertia.
2. An axis normal to a plane of symmetry through O is a principal axis of inertia.
3. If two orthogonal axes through the point O are principal axes of inertia then the

axis through O normal to the plane defined by the two orthogonal axes is a third
principal axis of inertia.

Table 3.1 presents the moments of inertia of some characteristic homogeneous
bodies of mass m with respect to principal axes of inertia. In general, an axis of
symmetry and an axis normal to a plane of symmetry are principal axes of inertia.

If the coordinate axes coincide with the principal axes of inertia, the angular
momentum vector (3.6.5) takes the form:

lO ¼ I � w ¼ I1w1 e1þ I2w2 e2þ I3w3 e3 ð3:6:9Þ
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The Euler’s second axiom, (2.2.7), equates the resultant moment mO about the
point O of the forces on the body and the material derivative of the angular
momentum of the body about the point O:

Table 3.1 Moment of inertia of some homogeneous bodies

Homogeneous slender bar of mass m and length l
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2

1
12
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z

z
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I ml

=

=

Thin rectangular plate of mass m, length  b, and width a
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yx
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mO ¼ _lO ð3:6:10Þ

The material derivative of the angular momentum lO about O, from Eq. (3.6.5),
becomes:

_lO ¼ I � _wþ _I � w ð3:6:11Þ

The inertia tensor is constant when referred to the rigid body, i.e. all the elements Iij
in the formulas (3.6.7) and (3.6.8) are time-independent when referred to a coor-
dinate system that follows the motion of the body. However, in a coordinate system
fixed to the reference Rf to which the motion of the rigid body is referred, the
components Iij of the inertia tensor I are time–dependent. That means that the
inertia tensor I is a time–dependent tensor when referred to the reference Rf. In
order to find a suitable expression for the material derivative _I of the inertia tensor I,
we may argue as follows. Let a and b be two vectors that move rigidly with the rigid
body. By the formula (3.5.41):

_a ¼W � a; _b ¼W � b ð3:6:12Þ

Because I is a second order tensor, the product a � I � b is a time-independent scalar.
We now compute:

a ¼ a � I � b) _a ¼ _a � I � bþ a � _I � bþ a � I � _b ¼ 0)
Wað Þ � I � bþ a � _I � bþ a � I � Wbð Þ ¼ 0

ð3:6:13Þ

W is an antisymmetric tensor, i.e. WT ¼ �W) Wji ¼ �Wij; and therefore it
follows that for the first and the last terms on the left–hand side of Eq. (3.6.13) we
may write:

Wað Þ � I � b ¼ Wijaj
� �

Iikbk ¼ �WjiajIikbk ¼ �ajWjiIikbk ¼ �a � WIð Þ � b
a � I � Wbð Þ ¼ aiIik Wkjbj

� � ¼ ai IikWkj
� �

bj ¼ a � IWð Þ � b

Equation (3.6.13) may now be rewritten to:

�a � WIð Þ � bþ a � _I � bþ a � IWð Þ � b ¼ a � �WIþ _Iþ IW
� � � b ¼ 0

Because this result is valid for any choice of the vectors a and b; we conclude that
the term in the parenthesis is a zero tensor of second order, i.e. �WIþ _Iþ IW ¼ 0.
Thus we have found the material derivative of the inertia tensor to be:

_I ¼WI� IW, _Iij ¼ WikIkj � IikWkj ð3:6:14Þ

3.6 Rigid-Body Dynamics. Kinetics 119



Note that the result (3.6.14) is valid for the material derivative of any tensor of
second order that is constant in the body, not necessarily symmetric, i.e. for any
body–invariant tensor of second order.

We now return to Euler’s second axiom, (3.6.10), which by Eqs. (3.6.11) and
(3.6.14), yields the balance of angular momentum equation:

mO ¼ _lO ¼ I � _wþ _I � w ¼ I � _wþWI � w� IW � w

We shall now show that the vector IW � w is zero. The formulas (3.5.25) and the
antisymmetric property of the permutation symbol ekjl; i.e. ekjl ¼ �eljk; is used to
write:

ðIWÞ � w ¼ IijWjkwkei ¼ IijðekjlwlÞwkei ¼ IijðekjlwlwkÞei ¼ 0

The Euler’s second axiom, i.e. the balance of angular momentum equation,
therefore takes the form:

mO ¼ I � _wþWI � w, mOi ¼ Iij _wjþWikIklwl ¼ Iij _wjþ eijkwjIklwl ð3:6:15Þ

The three component equations are called Euler’s equations of motion for a rigid
body.

If the coordinate axes xi are chosen to be parallel to the principal axes of inertia
of the body with respect to the point O, the Euler equations become:

mO1 ¼ I1 _w1þ I3 � I2ð Þw3w2

mO2 ¼ I2 _w2þ I1 � I3ð Þw1w3

mO3 ¼ I3 _w3þ I2 � I1ð Þw2w1

ð3:6:16Þ

I1; I2; and I3 are the principal moments of inertia.

3.6.2 General Rigid-Body Motion

For a general motion of a rigid body the expression of the angular momentum about
a fixed point O is developed as follows. Figure 3.8 shows a rigid body of mass
m and with the center of mass C. The position vector from the fixed point O to a
particle P in the body is expressed by the vector sum rC þ r; where rC is the place
vector from O to the mass center C, and r is the place vector from C to the particle.
The velocity of the particle is given by the formula (3.5.37), with reference to
Fig. 3.8, and by use of the alternative form (3.5.29) for w� r:
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v ¼ vC þw� r ¼ vC � Z � w ð3:6:17Þ

The angular momentum of the rigid body about the fixed point O is according to
Fig. 3.8, the formula (3.6.2), and the formula (3.6.17) for the velocity field:

lO ¼
Z
V

r� vqdV ¼
Z
V

rC þ rð Þ � vqdV ¼ rC �
Z
V

vqdV þ
Z
V

rqdV

2
4

3
5� vC

þ
Z
V

r� w� rð Þ qdV )

lO ¼ rC �
Z
V

vqdV þ
Z
V

rqdV

2
4

3
5� vC þ

Z
V

r� w� rð ÞqdV

ð3:6:18Þ

The three integrals on the right-hand side of Eq. (3.6.18) are as follows: The first
integral is equal to the linear momentum mvC of the rigid body, confer the formulas
(2.2.9) and (2.2.10). The second integral vanishes due to the definition (2.2.8) of the
center of mass C. The third integral is denoted lC and is called the central angular
momentum. The angular momentum of the rigid body about the fixed pointO is then:

lO ¼ rC � m vC þ lC ð3:6:19Þ

Note that the central angular momentum also represents the angular momentum of
the body about a fixed point that at time t coincides with the center of mass, i.e.
O ¼ C at time t.

The central angular momentum may be developed similarly to the derivation of
the momentum in formula (3.6.5). Thus we may write:

Fig. 3.8 General rigid body
motion. Volume V and mass
m. Center of mass C. Volume
element dV. Element of mass
qdV. Particle velocity
v. Velocity vC and
acceleration aC of the mass
center of mass. Angular
velocity w and angular
acceleration _w of the body
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lC ¼
Z
V

r� w� rð ÞqdV ¼ IC � w ð3:6:20Þ

The quantity IC is the inertia tensor of the body with respect to the mass center
C. With reference to the formulas (3.6.5) and (3.6.6), and a Cartesian coordinate
system Cx fixed in the body and with origin in C, not shown in Fig. 3.7, we write:

IC ¼
Z
V

�r� rþ r � rð Þ1½ �qdV , ICij ¼
Z
V

�xixjþ xkxkdij
� �

qdV ð3:6:21Þ

The law of balance of angular momentum (3.6.10) now takes the form:

mO ¼ _lO ¼ _rC � mvC þ rC � m _vC þ _lC )
mO ¼ _lO ¼ rC � maC þ _lC

ð3:6:22Þ

The last term on the right-hand side may be transformed using the result (3.6.15).

_lC ¼ I � _wþWI � w, _lC ¼ Iij _wjþWikIklwl
� �

ei ¼ Iij _wjþ eijkwjIklwl
� �

ei ð3:6:23Þ

Example 3.2 Rotating Circular Plate on a Rotating Arm
For the ensemble presented in Example 3.1 we shall find the force fa and the torque
mt, see Fig. 3.9, which must be supplied to the plate in order to obtain the
prescribed motion. When the ensemble is at rest the plate is only subjected to its
weight mg.

The acceleration of the mass center C of the plate is found in Example 3.1:
aC ¼ �x2

3ce1: From symmetry it follows that the coordinate axes are principal axes
of inertia and from the table of moments of inertia we get:

3 3 3I ω e

2 2 2I ω e

3 3ω e

3ω

mg tmCa

Ca

C

Cl

af

Fig. 3.9 Free-body diagram
of the rotating plate
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I11 ¼ I1 ¼ I22 ¼ I2 ¼ 1
4
mr2; I33 ¼ I3 ¼ 1

2
mr2

The central angular momentum of the plate becomes:

lC ¼ I2x2e2þ I3x3e3 ¼ 1
4
mr2x2e2þ 1

2
mr2x3e3

This vector is constant relative to rotating arm, and the angular velocity or the arm
is wa ¼ x2e2:The fundamental laws of motion applied to the plate are now:

f ¼ maC )

fa � mg e2 ¼ m �x2
3ce1

� �
¼ m g e2 � x2

3ce1
� �

mC ¼ _lC ¼ wa � lC )
mt ¼ x2e2ð Þ � I2x2e2þ I3x3e3ð Þ )
mt ¼ I3x3x2e1 ¼ 1

2
mr2x3x2e1

The Euler equations (3.6.16) in this case yield:

mC1 ¼ I1 _w1þ I3 � I2ð Þw3w2 ¼ I1w3w2þ I3 � I2ð Þw3w2 ¼ I3w3w2

mC2 ¼ I2 _w2þ I1 � I3ð Þw1w3 ¼ 0þ 0 ¼ 0

mC3 ¼ I3 _w3þ I2 � I1ð Þw2w1 ¼ 0þ 0 ¼ 0

9>=
>;)

) mt ¼ I3x3x2e1 ¼ 1
2mr

2x3x2e1

3.7 Q-Rotation of Vectors and Tensors of Second Order

Let Q be an orthogonal tensor of second order and a a vector. It follows from
Eq. (3.5.16) that the vector b ¼ Q � a represents a rotation of the vector a, such that
the two vectors a and b have the same magnitude:

b ¼ Q � a, bj j ¼ aj j ð3:7:1Þ

We call the vector b the Q-rotation of the vector a. It follows from the discussion in
Sect. 3.5.2 that there exists a direction given by the unit vector e such that:

Q � e ¼ e ð3:7:2Þ

The unit vector e represents the axis of rotation related to the tensor Q. The vector
mapping (3.7.1) represents a rotation of all vectors a, as if they were fixed in a rigid
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body rotating an angle h about an axis of rotation parallel to the unit vector e. We
use the formula (3.5.20) to express the rotation angle h:

cos h ¼ 1
2

trQ� 1ð Þ ð3:7:3Þ

Let A be a tensor of second order. The second order tensor B ¼ QAQT is called
the Q-rotation of the tensor A:

B ¼ QAQT the Q-rotation of the tensor A ð3:7:4Þ

We shall investigate the properties of the tensor B if the tensor A is either an
orthogonal tensor or a symmetric tensor.

Theorem 3.1 If A is an orthogonal tensor that represents a rotation / with an axis
of rotation parallel to a unit vector a, then the Q-rotation of A is a new orthogonal
tensor B = QAQT with the same rotation / as A, and with an axis of rotation
parallel to the unit vector b ¼ Q � a. The proof of the theorem is given as Problem
3.5.

Theorem 3.2 If A is a symmetric tensor with principal values ak and principal
directions ak . Then the Q-rotation of A is a new symmetric tensor B = QAQT with
the same principal values ak as A and with principal directions given by
bk ¼ Q � ak. The proof of the theorem is given as Problem 3.6.

3.8 Polar Decomposition

A second order tensor F is called non-singular if the determinant of F is non-zero,
i.e. det F 6¼ 0.

The polar decomposition theorem states that:

A non-singular second order tensor F having a positive determinant, i.e. det F > 0, can
always be expressed as a composition of an orthogonal tensor R and a positive definite
symmetric tensor U, or as a composition of a positive definite symmetric tensor V and the
same orthogonal tensor R:

F ¼ RU ¼ VR ð3:8:1Þ

The tensors R, U, and V are uniquely determined by F through the relations:

U ¼
ffiffiffiffiffiffiffiffiffi
FTF

p
; V ¼

ffiffiffiffiffiffiffiffiffi
FFT

p
; R ¼ FU�1 ð3:8:2Þ

An algebraic proof of the theorem will now be provided. In Sect. 4.5 on large
deformations a geometrical proof of the polar decomposition theorem is presented.
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The composition FTF is symmetric since: ðFTFÞT ¼ FTF; and positive definite.
The latter property is demonstrated as follows. For any vector c:

c � FTF
� � � c ¼ ciðFkiFkjÞcj ¼ ðFkiciÞðFkjcjÞ ¼ sum of squares[ 0

Then according to the definition (3.3.33) FTF is a positive definite tensor. Now
since FTF is a symmetric, positive definite tensor, we can through the relation
(3.3.34) determine the symmetric and positive definite tensors:

U ¼
ffiffiffiffiffiffiffiffiffi
FTF

p
� FTF
� �1=2

; U�1 ¼ FTF
� ��1=2 ð3:8:3Þ

Next we will show that the composition R = FU−1 is an orthogonal tensor. First we
find that, since ðU�1ÞT ¼ U�1:

RRT ¼ FU�1
� �

U�1 FT
� � ¼ F U2

� ��1
FT ¼ F FTF

� ��1
FT ¼ FF�1

� �
F�TFT
� �

¼ 1 1 ¼ 1

Hence:

det RRT
� � ¼ det Rð Þ det RT

� � ¼ detRð Þ2¼ 1) detR ¼ �1

Now, since det F by assumption is positive and the determinant of the positive
definite tensor U−1 is positive, we get the result:

detR ¼ detFð Þ detU�1� �
[ 0

Thus we have shown that det R = + 1, and R is called a proper orthogonal tensor.
If det F < 0, it follows that detR ¼ �1 ; and R is called an improper orthogonal
tensor. This completes the proof of the decomposition F ¼ RU:

We shall then prove that the decomposition F = RU is unique. Let us assume
that two decompositions are possible:

F ¼ RU ¼ R1U1

Then:

U2 ¼ U1U ¼ U RTR
� �

U ¼ URT
� �

RUð Þ ¼ RUð ÞT RUð Þ ¼ FTF

¼ R1U1ð ÞT R1U1ð Þ ¼ U2
1

) U1 ¼ U

The implication follows from the fact that the square roots of the positive definite
tensors U2 and U2

1 are unique tensors. Next we find that R1 ¼ FU�11 ¼ FU�1 ¼ R:
Hence, the decomposition F = RU is unique.
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The decomposition F = VR and its uniqueness may be shown similarly. The
relation between U and V is found as follows.

FRT ¼ RUð ÞRT ¼ VRð ÞRT ¼ V RRT
� � ¼ V)

V ¼ RURT , U ¼ RTVR
ð3:8:4Þ

We see that V is the R-rotation of U. The symmetric tensors U and V have the same
principal values, and the principal directions of V are R-rotations of the principal
directions of U. An application of the polar decomposition theorem and a geo-
metrical interpretation of the properties of R, U, and V are presented in Sect. 4.5 on
large deformations.

3.9 Isotropic Functions of Tensors

Let c A½ � be scalar-valued function of a second order tensor A. The function c A½ � is
called an isotropic scalar-valued function of A if:

c QAQT
� � ¼ c½A� for all orthogonal tensorsQ ð3:9:1Þ

If S is a second order symmetric tensor with principal values rk and principal
invariants I, II, and III, the isotropic scalar-valued function c S½ � has the alternative
representations:

c S½ � ¼ c r1; r2; r3ð Þ; c S½ � ¼ c I1; I2; I3ð Þ ð3:9:2Þ

These results are found as follows. Let the orthogonal tensor Q be chosen such that
the matrix of the tensor QSQT is ðri dijÞ (no summation). Equation (3.9.1) then
implies the representation (3.9.2)1. The representation (3.9.2)2 then follows from
the fact that the principal values rk according to Eq. (3.3.25) are unique functions
of the principal invariants I, II, III.

Let B[A] be a second order tensor-valued function of a second order tensor A. If:

B QAQT
� � ¼ QB A½ �QT for all orthogonal tensorsQ ð3:9:3Þ

then B[A] is called an isotropic second order tensor-valued function of A.
We now assume that both the argument tensor A and the tensor value B of the

function B [A] are symmetric tensors with principal values and principal direction
given by ak, ak for A and bk, bk for B. The property of isotropy (3.9.3) results in a
special representation of the second tensor-valued function B[A]. First we shall
prove the theorem.

Theorem 3.3 (a) An isotropic, symmetric second tensor-valued function B[A] of a
symmetric second order tensor A is coaxial to the argument tensor A. (b) If A is a
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symmetric tensor of second order, and B[A] is a symmetric second tensor-valued
function of A, then B[A] is an isotropic, symmetric second tensor-valued function
of A.

Proof of Part (a) of Theorem 3.3 We need to show that any principal direction of
A, here denoted a3, also is a principal direction of B. We choose a particular Q-
rotation that has an axis of rotation parallel to a3 and the angle of rotation h = 180°.
The Q-rotation of A, i.e. �A ¼ QAQT , has the same principal values as A, �ak ¼ ak;
and has the principal directions:

�a3 ¼ Q � a3 ¼ a3; �aa ¼ Q � aa ¼ �aa
The general representation (3.3.30) of a symmetric tensor of second order now
shows that �A ¼ A :

�A ¼
X
k

�ak �ak � �ak ¼
X
k

ak ak � ak ¼ A

Then the property (3.9.3) implies that:

B � B A½ � ¼ B �A
� � ¼ QB A½ �QT ) BQ ¼ QB) BQ � a3 ¼ QB � a3 )

B � a3 ¼ Q B � a3ð Þ

This result shows that the vector B � a3 is not influenced by the special Q-rotation
we have chosen. Thus the two vector B � a3 and a3 are parallel. Any principal
direction of the argument tensor A, here represented by a3, is therefore also a
principal direction of the tensor-valued function B[A]. This implies that B and A are
coaxial tensors, and part (a) of Theorem 3.3 is thus proved.

Proof of Part (b) of Theorem 3.3 Since the two tensors A and B[A] are coaxial,
they have the same principal directions ak, and the principal values of B must be
scalar-valued functions of the principal values of A. Hence the tensor B may be
expressed by:

B A½ � ¼
X
k

bk að Þ ak � ak; bk að Þ � bk a1; a2; a3ð Þ

Let Q be an orthogonal tensor. Then since the tensor QAQT has the same principal
values as the tensor A but principal directions that are Q-rotations of the principal
directions of A, we obtain:

B QAQT
� � ¼X

k

bk að Þ Q � akð Þ � Q � akð Þ ¼ Q
X
K

bk að Þak�ak
 !

QT

¼ QB A½ �QT
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The result proves that B[A] is an isotropic, symmetric second order tensor-valued
function of A. This completes the proof of Theorem 3.3.

Next we shall prove an important theorem giving the most general representation
of a symmetric tensor-valued function of a second order symmetric tensor.

Theorem 3.4 Let B[A] be a second order symmetric tensor-valued function of a
second symmetric tensor A. The function B[A] is then isotropic if and only if the
function has the representation:

B A½ � ¼ c0 1þ c1 Aþ c2 A
2; ð3:9:4Þ

where c0; c1; and c2 are isotropic scalar-valued function of A.
Proof that: (3.9.4) ) (3.9.3). The functions c0; c1; and c2 are isotropic

scalar-valued functions of A. Thus according to the definition (3.9.3):

ci QAQT� � ¼ ci A½ � for i ¼ 0; 1; 2 and for all orthogonal tensors Q

Then from Eq. (3.9.4):

B QAQT
� � ¼ c0 A½ �1þ c1 A½ �QAQT þ c2 A½ � QAQT

� �
QAQT
� �)

¼ Q c0 A½ �1þ c1 A½ �Aþ c2 A½ �A2� �
QT ) B QAQT

� � ¼ QB A½ �QT ) ð3:9:3Þ

Proof that: (3.9.3) ) (3.9.4). Theorem 3.1 and Eq. (3.9.3) imply that the principal
values bk of B by the function B [A] are functions of the principal values ak of the
argument tensor A.

bk ¼ bk að Þ � bk a1; a2; a3ð Þ ð3:9:5Þ

Let us first assume that the principal values ak are all unequal. The following three
equations for the three unknown scalars c0; c1; and c2 will then have a unique
solution.

c0þ c1 ak þ c2 akð Þ2¼ bk k ¼ 1; 2; 3 ð3:9:6Þ

where bk are given by Eq. (3.9.5). A unique solution of Eq. (3.9.6) is secured
because the determinant of the coefficients is different from zero:

det
1 a1 a1ð Þ2
1 a2 a2ð Þ2
1 a3 a3ð Þ2

0
@

1
A ¼ a1 � a2ð Þ a2 � a3ð Þ a3 � a1ð Þ 6¼ 0 ð3:9:7Þ

The scalars ci are according to Eq. (3.9.6) functions of the principal values ak;
alternatively of the principal invariants I, II, and III of A. From the general rep-
resentation of a tensor of second order (3.3.30) we now obtain:
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B ¼
X
k

bkak � ak ¼ c0
X
k

ak � ak þ c1
X
k

akak � ak þ c2
X
k

akð Þ2ak � ak

which may be organized to:

B A½ � ¼ c01þ c1Aþ c2A
2 ð3:9:8Þ

If any two principal values are equal, say a2 ¼ a3, then any direction a normal to
the principal direction a1 is a principal direction of A, confer Sect. 2.3.1, and
according to Theorem 3.1 also a principal direction of B. This means that b2 ¼ b3.
The following two equations for the two unknown scalar-valued functions
/0 and/1 of ak have a unique solution:

/0þ/1aq ¼ bq q ¼ 1; 2 ð3:9:9Þ

The representation (3.9.5) now yields:

B A½ � ¼ /01þ/1A ð3:9:10Þ

If all three principal values ak are equal: a1 ¼ a2 ¼ a3 ¼ a, the argument tensor
A and thus the function tensor B are both isotropic tensors, and we shall find:

B A½ � ¼ w01 forA ¼ a1 ð3:9:11Þ

where w0 is a function of a. Equations (3.9.8, 3.9.10, 3.9.11) show that Eq. (3.9.3)
implies Eq. (3.9.4). This completes the proof of Theorem 3.4.

It may be shown that:

/0 ¼ c0 � a1 a2 c2; /1 ¼ c1þ a1þ a2ð Þc2 for a2 ¼ a3 ð3:9:12Þ

w0 ¼ c0þ c1 aþ c2 a
2 for a1 ¼ a2 ¼ a3 ¼ a ð3:9:13Þ

The proof of Theorem 3.4 is due to Serrin [3], who also shows that if the
function B[A] is three times differentiable with respect to A, then the scalars ci are
continuous functions of the principal invariants of A.

An alternative form of the function (3.9.4) may be derived using the Cayley–
Hamilton theorem (3.3.36), which gives:

A2 ¼ I A� II 1þ III A�1

When this expression for A2 is substituted into the function (3.9.4), we obtain:

B A½ � ¼ k0 1þ k1 Aþ k�1 A�1 ð3:9:14Þ
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where ki are isotropic scalar-valued functions of A.

k0 ¼ c0 � II c2; k1 ¼ c1þ I c2; k�1 ¼ III c2 ð3:9:15Þ

If B[A] is a linear function of A, it follows from the general expression (3.9.4)
that the function takes the form:

B A½ � ¼ cþ k trAð Þ 1þ 2lA ð3:9:16Þ

where c; k; and l are constant scalars. An alternative form of the expression
(3.9.16) is:

B A½ � ¼ c 1þ Is4:A ð3:9:17Þ

where Is4 is the symmetric fourth order isotropic tensor presented in formula
(3.2.45).

Is4 ¼ 2l 1s4þ k 1� 1, Is4ijkl ¼ l dikdjlþ dildjk
� �þ k dijdkl ð3:9:18Þ

If each of the two symmetric tensors A and B are decomposed into trace–free
deviators: A’ and B’, and isotrops: Aoand Bo, as shown by Eqs. (3.3.39–3.3.41), the
linear function (3.9.16) may be decomposed into:

B0 ¼ 2lA0; Bo ¼ 3jAoþ c1 ð3:9:19Þ

where l; j; and c are scalars. The derivation of the result (3.9.19) is given as
Problem 3.5. From the expressions (3.9.19) we obtain an alternative form of the
function (3.9.16):

B A½ � ¼ 2lAþ j� 2
3
l

� 

trAð Þ1þ c1 ð3:9:20Þ

The linear functions (3.9.16), (3.9.19), and (3.9.20) are very important in consti-
tutive modelling of linear, isotropic materials. An example will be the generalized
Hooke’s law for isotropic linearly elastic materials, presented in Sect. 5.2.

Problems 3.1–3.5 with solutions see Appendix
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Chapter 4
Deformation Analysis

4.1 Strain Measures

The word strain is used about local deformation in a material, i.e. deformation in the
neighbourhood of a particle. Strain represents changes of the lengths of material
line elements, the angles between material line elements, and the volumes of
material volume elements. Below we define three primary concepts of strain:
longitudinal strain e, shear strain c, and volumetric strain ev. Strains are primarily
due to mechanical stresses and temperature changes in the material. But strain may
also have contributions from other effects. For instance, changes in the water
content in wood and in some plastics lead to swelling or shrinking, which may
introduce both strains and stresses in the material.

Figure 4.1 shows a body in the reference configuration K0 at time t0 and in the
present configuration K at time t. The motion of the body is given by the place vector
r r0; tð Þ, where r0 (or X) represents an arbitrarily chosen particle. Alternatively
modelling the motion may be given by the displacement vector u r0; tð Þ:

u r0; tð Þ ¼ r r0; tð Þ � r0 ð4:1:1Þ

At the particle r0 we select a material line element, which in K0 is a straight line of
length s0 ¼ P0 Q0, and with a direction given by the unit vector e. In K the line
element will in general have changed its length, which is denoted by s ¼ PQ, and
also have got a curved form. The longitudinal strain e in the direction e in a particle
r0 is defined by:

e ¼ lim
s0!0

s� s0
s0

¼ ds� ds0
ds0

¼ ds
ds0

� 1 ð4:1:2Þ

The strain e represents change of length per unit length of undeformed line element
in the direction of e in particle r0. The longitudinal strain is also called the normal
strain.
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The shear strain c in a particle r0 with respect to two material elements, which
in K0 are orthogonal, is defined as the change in the right angle between the line
elements, and measured in radians. The shear strain is defined to be positive when
the angle is reduced. Figure 4.1 illustrates the shear strain c in the particle r0
between material line elements that in K0 have the directions e and �e.

A small body surrounding the particle r0 has the volume DV0 and is deformed
and obtains the volume DV in the configuration K. See Fig. 4.1. The volumetric
strain ev in a particle r0 is defined by:

ev ¼ lim
DVo!0

DV � DV0

DV0
ð4:1:3Þ

Volumetric strain ev represents change in volume per unit undeformed volume
element surrounding the particle r0.

4.2 Green’s Strain Tensor

In this section the primary measures of strain, introduced above, will be expressed
in terms of the displacement vector u r0; tð Þ. We look at the situation illustrated in
Fig. 4.1 and again presented in Fig. 4.2. The length s0 of the line element P0Q0 is
now chosen to be a curve parameter for the straight material line P0Q0 and also for

3x

1x
2x

O

Rf

0 0,K t

0s

( )0 , tu r
0r

,K t
0V

V

0A

A

Q

( )0 , t=r r r

s

e

,P x

e

0 ,P X

s

0s

0R

R

0Q

γ
0dV

dV

Fig. 4.1 General deformation of a body. Reference Rf. Reference configuration K0, particle r0 (or
X) at the position P0, and underformed material lines P0Q0 and P0R0 at the time t0. Volume V,
volume element dV. Surface area A. Present configuration K and particle r0 (or X) at the position
P (or place r), and deformed material lines PQ and PR at the time t. Volume V0, volume element
dV0. Surface area A0
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the deformed material line PQ in K. The length s of the deformed line PQ then
becomes a function of s0. The unit vector e in the direction of P0Q0 has the
components ei in the Cartesian coordinate system Ox. The coordinates of the points
Q0 and Q are Xi þ s0 ei and xiðXþ s0 e; tÞ respectively. With s0 as curve parameter,
the arc length formula (1.4.5) gives for the length s of the line PQ:

s r0; s0ð Þ ¼
Zso
0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
@xi
@s0

@xi
@s0

s
ds0 ð4:2:1Þ

Let ds0 be the length of the line element dr0 in P0 and along P0Q0, and let dXk be
the components of dr0:

dr0 ¼ e ds0 ¼ dXk ek ) dr0j j ¼ ds0; dXk ¼ ek ds0 , ek ¼ dXk

ds0
ð4:2:2Þ

It follows that:

ds
ds0

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
@xi
@s0

@xi
@s0

s
) ðdsÞ2 ¼ @xi

@s0

@xi
@s0

� �
ds0ð Þ2 ð4:2:3Þ

Note that ek are components of the vector e, while ek are the base vector of the
coordinate system, i.e. e ¼ ek ek .The vector differential dr, with components dxi
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Fig. 4.2 General deformation of a body. Reference Rf. Orthogonal line elements dr0 and d�r0
from the particle r0 (or X) at the position P0 in underformed material at the time t0. Line elements
dr and d�r from position P at the place r (or x) in the deformed material at the time t
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represents a line element in P, which is a tangent vector to the curve PQ and defined
by:

dr ¼ @r
@s0

ds0 ) dxi ¼ @xi
@s0

ds0 ð4:2:4Þ

From Eqs. (4.2.2) and (4.2.4) it follows that ds is the length of the differential line
element dr:

drj j ¼ ds ð4:2:5Þ

The differential line elements dr0 and dr do not in general represent the same
material line. That is only possible if the curve PQ is a straight line in the neigh-
bourhood of point P.

The relation between the line elements dr0 in K0 and dr in K is determined as
follows.

dr ¼ @r
@r0

� dr0 , dxi ¼ @xi
@Xk

dXk ð4:2:6Þ

The coordinate invariant form @r=@r0 is a symbol for a tensor: Grad r, with
components @xi=@Xk. This tensor is called the deformation gradient tensor and
denoted by F.

F ¼ Grad r ¼ @r
@ro

, Fik ¼ @xi
@Xk

ð4:2:7Þ

The relation (4.2.6) is now written as:

dr ¼ F � dro , dxi ¼ Fik dXk ¼ Fik ek ds0 ð4:2:8Þ

From the coordinate expressions xiðXþ s0e; tÞ and the definitions (4.2.7) we obtain:

@xi X þ soe; tð Þ
@so

����
so¼0

¼ @xi X; tð Þ
@Xk

d Xk þ soekð Þ
dso

����
so¼0

) @xi
@so

¼ @xi
@Xk

dXk

dso
¼ Fik ek

Thus we have from Eq. (4.2.2) the result:

dsð Þ2 ¼ @xi
@so

@xi
@so

� �
ds0ð Þ2¼ Fik ekð Þ Fil elð Þ ds0ð Þ2¼ e � FTF

� � � e� �
ds0ð Þ2

) ds ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
e � FTF

� � � eq
dso

ð4:2:9Þ
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We now define two symmetric tensors of second order: Green’s deformation tensor
C and Green’s strain tensor E, named after George Green [1793–1841]:

C ¼ FTF , Ckl ¼ FikFil ð4:2:10Þ

E ¼ 1
2
ðC� 1Þ , C ¼ 1þ 2E ð4:2:11Þ

The result (4.2.9) may alternatively be expressed by:

ds ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
e � FTF

� � � eq
dso ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
e � C � e

p
dso ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2e � E � ep

dso ð4:2:12Þ

We are now ready to express the primary strain measures e; c; and ev, presented
in the previous section, by Green’s strain tensor. According to Eqs. (4.1.2) and
(4.2.12) the longitudinal strain e in direction e is given by:

e ¼ ds
dso

� 1 ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2e � E � ep � 1 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2eiEikek

p
� 1 ð4:2:13Þ

In particular the longitudinal strain eii (no summation) of a material line element
that in K0 is parallel to the xi � direction, is found from the formula (4.2.13) if e is
chosen to be the base vector ei.

eii ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2Eii

p
� 1 ðno summation w.r. to iÞ ð4:2:14Þ

In order to determine the shear strain c with respect to two material line ele-
ments, which in K0 are orthogonal and have directions �e and e, see Fig. 4.2, we
compute the scalar product of the tangent vectors d�r of PR and dr of PQ:

d�r � dr ¼ d�rj j drj j sin c
) sin c ¼ d�r � dr

d�rj j drj j
ð4:2:15Þ

Using Eqs. (4.2.9) and (4.2.12) we obtain:

drj j ¼ ds ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2e � E � ep

dso; d�rj j ¼ d�s ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2�e � E � �ep

d�so

d�r � dr ¼ Fik �ekð Þ Fil elð Þd�s0 dso ¼ �e � FTF
� � � e d�s0 dso ¼ �e � 1þ 2Eð Þ � e d�s0 dso

¼ 2�e � E � e d�s0 dso

When these results are substituted into the formula (4.2.15), we obtain an expres-
sion for the shear strain c:
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sin c ¼ 2�e � E � effiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2�e � E � �eð Þ 1þ 2e � E � eð Þp ¼ 2�e � E � e

ð1þ�eÞð1þ eÞ ð4:2:16Þ

�e is the longitudinal strain in the direction of �e. The shear strain cij for any two
material line elements that in K0 have directions �e ¼ ei and e ¼ ej, is:

sin cij ¼
2Eijffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ 2Eiið Þ 1þ 2Ejj
� �q ¼ 2Eij

1þ eiið Þ 1þ ejj
� � i 6¼ j ð4:2:17Þ

The longitudinal strains eii; i ¼ 1; 2; or 3, from Eq. (4.2.14) and the shear strains cij
from Eq. (4.2.17) will be called coordinate strains.

The volumetric strain ev may be expressed as follows. Figure 4.3 shows a
material element surrounding a particle r0 in the position P0 in the undeformed
body and in position P in the deformed body. The volume dV0 of the undeformed
element is: dV0 ¼ dX1 dX2 dX3. The volume dV of the deformed element is given by
the box product of the three vectors dri in Fig. 4.3: dV ¼ dr1 dr2 dr3½ �. Using
formula (4.2.4), we obtain:

dr1 ¼ @r
@X1

dX1 ¼ @xi
@X1

ei dX1; dr2 ¼ @r
@X2

dX2 ¼ @xj
@X2

ej dX2;

dr3 ¼ @r
@X3

dX3 ¼ @xk
@X3

ek dX3

Fig. 4.3 Deformation of a material element of volume dV0 ¼ dX1dX2dX3 surrounding a particle
r0. The volume dV of deformed element is given by the box product of the line element
dri ¼ @r=@Xið ÞdXi
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Therefore:

dV ¼ dr1 dr2 dr3½ � ¼ eijk
@xi
@X1

dX1

� �
@xj
@X2

dX2

� �
@xk
@X3

dX3

� �
¼ detF dV0

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
det 1þ 2Eð Þ

p
dVo

Here we have used the formulas (4.2.10) and (4.2.11) for the development:

det FFT
� � ¼ detF detFT ¼ ðdetFÞ2 ¼ detC ¼ det ð1þ 2EÞ )
detF ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
det ð1þ 2EÞ

p
The volumetric strain ev is then determined from the definition (4.1.3):

ev ¼ dV � dVo

dVo
¼ detF� 1 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
det ð1þ 2EÞ

p
� 1 ð4:2:18Þ

It has now been demonstrated that the three primary strain measures e; c; and ev
are all determined by the strain tensor E, which again is determined by the
deformation gradient F. Most material models in Continuum Mechanics are defined
by constitutive equations relating the stress tensor T, through some functions or
functionals, to the strain tensor E and other measures of deformation, which are
derived from the deformation gradient F.

It is sometimes convenient to express the strain measures in terms of the dis-
placement gradients Hik of the displacement vector uðr0; tÞ of the particle r0. From
Fig. 4.2:

r ¼ r r0; tð Þ ¼ r0 þ u r0; tð Þ , xiðX; tÞ ¼ Xi þ uiðX; tÞ ð4:2:19Þ

The displacement gradients Hik represent a tensor H called the displacement gra-
dient tensor. The tensor and its components are defined by:

H ¼ @u
@ro

, Hik ¼ @ui
@Xk

ð4:2:20Þ

It follows from the formulas (4.2.11–4.2.12) that:

@xi
@Xk

¼ @Xi

@Xk
þ @ui

@Xk
, Fik ¼ dik þHik , F ¼ 1þH ð4:2:21Þ

From the formulas (4.2.10), (4.2.11), and (4.2.21) we obtain the results:

C ¼ FTF ¼ 1þHT
� �ð1þHÞ ¼ 1þHþHT þHTH ð4:2:22Þ

E ¼ 1
2

HþHT þHTH
� � , Ekl ¼ 1

2
@uk
@Xl

þ @ul
@Xk

þ @ui
@Xk

@ui
@Xl

� �
ð4:2:23Þ
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A quantity related to the longitudinal strain e is the stretch k of a material line
element and is defined as the ratio between the length ds of a deformed material line
element to the length ds0 of the undeformed element.

k ¼ ds
ds0

¼ 1þ e ð4:2:24Þ

It follows by the definition that a stretch is always a positive quantity.
The stretch of a material line element that in K0 is parallel to the xi � direction

will be called a coordinate stretch and is according to the definition (4.2.24) and
Eq. (4.2.14):

ki ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2Eii

p
ð4:2:25Þ

All deformation effects and mechanical response related to the displacement
gradient tensor H, are most clearly exposed when we consider homogeneous defor-
mation, which implies that the deformation gradient F and thus also the displacement
gradient H are the same for all particles in the body, i.e. F ¼ FðtÞ and H ¼ HðtÞ.
Homogeneous deformations are given by the special motion: rðr0; tÞ or uðr0; tÞ:

r r0; tð Þ ¼ u0ðtÞþFðtÞ � r0 , xiðX; tÞ ¼ u0iðtÞþFikðtÞXk ð4:2:26Þ

u r0; tð Þ ¼ r r0; tð Þ � r0 ¼ u0ðtÞþHðtÞ � r0
, uiðX; tÞ ¼ xiðX; tÞ � Xi ¼ u0iðtÞþHikðtÞXk

ð4:2:27Þ

The displacement vector u0ðtÞ is the displacement of the particle r0 ¼ 0, if that
particle belongs to the body under consideration, but u0ðtÞ also represents a
translation of the body. It may be shown, see Problem 4.1, that in a homogeneous
deformation material planes and straight lines in K0 deform into planes and straight
lines in K.

4.3 Small Strains and Small Deformations

In most applications of structural materials like steel, aluminium, concrete, and
wood the strains are small. For instance, elastic strains in mild steel under uniaxial
stress are less than 0.001. We will characterize a deformation state in which the
absolute values of all longitudinal strains are less than 0.01, as a state of small
strains. According to Eq. (4.2.13) this implies that all components Eik of the strain
tensor E satisfy the inequality Eik � 1. The formulas (4.2.16) and (4.2.18) imply
that the absolute value of all shear strains is less than 0.02, and that the absolute
value of the volumetric strain is less than 0.03.

Small strains do not imply that the displacements are small or that rotations of
line element will be small. The following example will illustrate this.

138 4 Deformation Analysis



Figure 4.4 shows a thin horizontal steel bar AB fixed at the end A and loaded on
the free B by a vertical force F. The bar is straight in the undeformed configuration
AB0. Due to the bending the bar experiences large elastic deformations and obtain
the bent configuration AB.

However, as long as the bar remains elastic, and the strains in the bar do not
exceed 0.001, the displacements u1j j and u2 of the end B of the bar may be of the
same magnitude as the length L of the bar. The angle of rotation / of the tangent of
the bar axis at B can be near 90�. Thus, this is a case of small strains and large
deformations.

In ordinary engineering structures the displacements of particles and the rota-
tions of line elements will be small quantities. Measured in radians we may assume
the angle of rotation to be much less than 1. The displacement will be considerably
less than a characteristic length of the structure, for instance the length L of the
beam in Fig. 4.4. This means that the change of the geometry of the structure, due
to the deformation, need not to be taken into account when the action of the forces
is considered. If both the strains and rotations are small, we use the expression state
of small deformations.

4.3.1 Small Strains

From formula (4.2.13) for the longitudinal strain e in the direction e we obtain for
small strains:

ðeþ 1Þ2 ¼¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2e � E � ep� �2) e2 þ 2eþ 1 ¼ 1þ 2e � E � e

) e ¼ e � E � e ¼ ei Eij ej ¼ eTEe
ð4:3:1Þ

The term e2 has been neglected when compared with the term e. In formula (4.2.16)
for the shear strain c with respect to the two orthogonal directions �e and e we set
sin c � c and replace the denominator by 1. Then we obtain for small strains:

c ¼ 2�e � E � e ¼ 2�ei Eij ej ¼ �eTEe ð4:3:2Þ

1x

2x

O A≡

Rf
B

L

0B

φ

F

2u

1u

bent deformed beam

straight undeformed beamFig. 4.4 Ilustration of a case
with small strains and large
deformations
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For longitudinal strains and shear strains with respect to material line elements that
in K0 are parallel to the coordinate axes, we find:

eii ¼ Eii ðno summationÞ; cij ¼ 2Eij i 6¼ j ð4:3:3Þ

Because all the coordinate strains Eij are small quantities, we get from Eq. (4.2.18):

ev þ 1ð Þ2¼ det 1þ 2Eð Þ ) e2v þ 2ev þ 1 ¼ 1þ 2 E11 þE22 þE33ð Þþ � �
) ev ¼ E11 þE22 þE33 ¼ Eii ¼ trE

ð4:3:4Þ

It follows that the case of small strains is characterized by the inequalities:
normE � 1.

4.3.2 Small Deformations

In order to make a basis for definition of what we shall mean by small deformations,
we shall consider the deformation of the thin steel beam in Fig. 4.4. Let the ref-
erence coordinates of the end of the beam be X ¼ X1 ¼ L X2 ¼ 0 X3 ¼ 0f g. For the
displacement of the beam end we write: u1 ¼ u1ðX1;X2Þ and u2 ¼ u2ðX1;X2Þ. The
angle of rotation / of the tangent of the bar axis at B is now expressed by:
tan/ ¼ @u2=@X1 ¼ H21. For the deformation of the beam to be small it is natural to
require the deformation gradient H21 to be small, i.e. H21 � 1. In a general case we
define small deformations by the condition that all displacement gradients Hij in
absolute values must be small compared to 1:

small deformations , Hij

�� �� � @ui
@Xj

����
���� � 1 , normH � 1 ð4:3:5Þ

Under the assumption of small deformations we get the following result for an
arbitrary field f ðr; tÞ ¼ f ðrðr0; tÞ; tÞ; or f ðx; tÞ ¼ f ðxðX; tÞ; tÞ, using Eq. (4.2.21):

@f
@Xi

¼ @f
@xk

@xk
@Xi

¼ @f
@xk

dki þ @uk
@Xi

� �
� @f

@xi
� f ;i ð4:3:6Þ

Usually small deformations imply small displacements, and we may replace the
particle reference r0 by the place vector r and the particle coordinates Xi by the
place coordinates xi as particle coordinates. For the same reason we will set:

_f ðr; tÞ ¼ _f ðx; tÞ ¼ @tf ðr; tÞ � @f ðr; tÞ
@t

ð4:3:7Þ
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For small deformations the displacement gradients are denoted by:

Hij ¼ ui;j , H ¼ grad u ð4:3:8Þ

In the expressions for strains we take into account that the displacement gradients
are small quantities. Products of Hik � components are neglected compared to the
components Hik, and the components Hik are neglected when compared with 1. The
Green strain tensor (4.2.23) is thus reduced to:

E ¼ 1
2

HþHT
� � , Eij ¼ 1

2
Hij þHji
� � ¼ 1

2
ui;j þ uj;i
� � ð4:3:9Þ

This strain tensor is sometimes called the small strain tensor. We shall call the
tensor E defined by the formulas (4.3.9) for the strain tensor for small
deformations.

As we have seen small deformations imply small strains. In the literature the
term infinitesimal deformations is sometime used about what is here called small
deformations. As illustrated by the example in Fig. 4.4, small deformations also
imply small strains.

The expression for the volumetric strain for small deformations is obtained from
the formulas (4.3.4) and (4.3.9):

ev ¼ trE ¼ Ekk ¼ uk;k ¼ div u ð4:3:10Þ

The divergence of the displacement field is thus an expression for the change in
volume per unit volume when the material has been deformed from the reference
configuration K0 to the present configuration K. For the coordinate strains we get:

e11 ¼ E11 ¼ u1;1 ; c12 ¼ 2E12 ¼ u1;2 þ u2;1 etc: ð4:3:11Þ

The results (4.3.11) may be illustrated directly as shown in Fig. 4.5, which for
clarity illustrates only the two–dimensional case. Before deformation a particle is in
the position P0, and after deformation in the position P. Two orthogonal material
line elements dx1 and dx2 are displaced and deformed to approximate new lengths
dx1 þ u1;1 dx1 and dx2 þ u2;2 dx2. The longitudinal strains of the elements are then
e11 ¼ u1;1 ¼ E11 and e22 ¼ u2;2 ¼ E22 respectively. The right angle between the
material line elements dx1 and dx2 is diminished by the shear strain
c12 ¼ u1;2 þ u2;1 ¼ 2E12.

In the standard xyz–notation the formulas (4.3.11) are written as follows:

ex ¼ @ux
@x

; cxy ¼
@ux
@y

þ @uy
@x

etc: ð4:3:12Þ
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4.3.3 Principal Strains and Principal Directions for Small
Deformations

The condition of small deformations implies that all components of the strain tensor
for small deformations E are small in absolute values. The condition may be stated
thus:

Small deformations , Eij

�� �� � 1 , normE � 1 ð4:3:13Þ

Because the strain tensor E is symmetric, we may determine three orthogonal
principal directions of strain and corresponding principal values. We shall interpret
these quantities geometrically and follow the corresponding analysis for the stress
tensor T in Sect. 2.3.1 and for a general symmetric tensor of second order in
Sect. 3.3.1. For any direction in the reference configuration K0 given by a unit
vector e, we define the vector E � e. The longitudinal strain e in the direction e is the
normal component of the strain tensor for the direction e and given by the formula
(4.3.1). The shear strain c with respect to two orthogonal directions e and �e is equal
to twice the orthogonal shear component of the strain tensor for the directions
e and �e and given by the formula (4.3.2). The principal strains ei and the principal
directions of strain ai are determined from the condition:

E � a ¼ e a , ðe1� EÞ � a ¼ 0 , edij � Eij
� �

aj ¼ 0 ð4:3:14Þ

The characteristic equation and the principal invariants of the strain tensor E are:

1dx 2u
P

oP
1dx

1u
1 1 1 1,u u dx+

1 1 1,u dx
2 2 1 1,u u dx+

2 1 1,u dx

1 1 2 2,u u dx+

1 2 2,u dx

2 1,u

1 2,u

21γ

2dx

2 2 2 2,u u dx+
2 2 2,u dx

Fig. 4.5 Two—dimensional construction of the coordinate strains e11; e22, and c12 in the case of
small deformations
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e3 � Ie2 þ IIe� III ¼ 0

I ¼ trE; II ¼ 1
2

ðtrEÞ2 � ðnormEÞ2
h i

; III ¼ detE
ð4:3:15Þ

The three principal strains ei are all real and the principal directions of strains are
orthogonal. Through every material particle there exist three orthogonal material
line elements before deformation that remain orthogonal after deformation. Material
planes normal to the principal directions of strains are free of shear strains. The
principal strains in a particle represent extreme values of longitudinal strain in the
particle.

e3 	 e2 	 e1 ) emax ¼ e1; emin ¼ e3 ð4:3:16Þ

The maximum shear strain in a particle is given by:

cmax ¼ emax � emin

for the directions : e ¼ 
 a1 
 a3ð Þ=
ffiffiffi
2

p
; �e ¼ 
 a1 � a3ð Þ=

ffiffiffi
2

p ð4:3:17Þ

4.3.4 Strain Deviator and Strain Isotrop for Small
Deformations

In constitutive modelling of isotropic materials, it is convenient to decompose the
state of small deformations into a form invariant part and a volume invariant part.
This is done by decomposing the strain tensor for small deformations E into a strain
isotrop Eo, which is form invariant, and strain deviator E′, which is volume
invariant:

E ¼ Eo þE0

Eo ¼ 1
3
ðtrEÞ1 ¼ 1

3
ev 1 , form invariant strain

E0 ¼ E� Eo ) ev ¼ trE ¼ trE0 ¼ 0 , volume invariant strain

ð4:3:18Þ

Because the strains are assumed to be small, the strain tensors Eo and E′ may be
added commutatively.

The strain isotrop Eo represents a state of form invariant strain or an isotropic
state of strain, because the angle between any two material lines does not change
due to this deformation. All shear strains are zero.

The strain deviator E′ is trace free, i.e. trE0 ¼ trE� trEo ¼ trE�
ð1=3ÞðtrEÞðtr 1Þ ¼ 0, and represents therefore a state of strain without change of
volume. Therefore the strain deviator represents a state of volume invariant strain
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or an isochoric state of strain. The strain deviator E′ and the strain tensor E are
coaxial tensors. The principal strains of the two tensors are related through:

e0i ¼ ei � 1
3
ev ð4:3:19Þ

4.3.5 Rotation Tensor for Small Deformations

For small deformations it is convenient to decompose the displacement gradient
tensor H into to distinct contributions: the strain tensor E defined by the formula
(4.3.9) and the rotation tensor for small deformations eR:

H ¼ Eþ eR , Hij ¼ ui;j ¼ Eij þ eRij ð4:3:20Þ

It follows that eR is defined by:

eR ¼ 1
2

H�HT
� � , eRij ¼ 1

2
Hij � Hji
� � ¼ 1

2
ui;j �uj;i
� � ð4:3:21Þ

The two tensors E and eR represent the symmetric part and the antisymmetric part
of the displacement gradient tensor H. The dual vector to the rotation tensor eR is
the rotation vector z for small deformations and given by:

z ¼ � 1
2
P : eR ¼ 1

2
rot u , zi ¼ � 1

2
eijk eRjk ¼ 1

2
eijk uk;j ð4:3:22Þ

Separately the strain tensor E represents pure strain in the following sense: Material
line elements in the principal directions of the tensor E do not rotate. The rotation
tensor eR and the rotation vector z represent the rotation of three orthogonal material
line elements in the principal directions of the strain tensor E.

The decomposition (4.3.20) will be illustrated as follows. We use the formulas
(4.2.26), (4.2.27), (4.2.21), (4.3.20), and obtain:

rðr0; tÞ ¼ u0ðtÞþFðtÞ � r0 ¼ u0ðtÞþ 1þHðtÞð Þ � r0 ¼ u0ðtÞþ 1þEðtÞþ eRðtÞ
� 	

� r0
) u ¼ r� r0 ¼ u0ðtÞþE � r0 þ eR � r0 ) du ¼ dr� dr0 ¼ E � dr0 þ eR � dr0

Let ei be the principal strains and ai be the principal directions of the strain tensor E,
and let Ox be a Cartesian coordinate system with base vectors ei � ai. We set:
dr ¼ dxiei and dr0 ¼ dXiei. Figure 4.6a shows the displacement contribution from
the term E � dr0. Figure 4.6b illustrates in two–dimensions the displacement con-
tribution from the term dr ffi eR � dr0 for two material line elements
dr01 ¼ e1 dX1 and dr02 ¼ e2 dX2.
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A necessary and sufficient condition for a pure strain under small deformations,
i.e. eR ¼ 0, is that the displacement vector may be expressed by the gradient of a
scalar field:

u ¼ r/ , eR ¼ 0 , pure strain ð4:3:23Þ

The scalar field /ðr; tÞ is called the strain potential. The proof of the bi–implication
(4.3.23) is given by Theorem 9.13 in Chapter 9.

4.3.6 Small Deformations in a Material Surface

Indirect measurements of stresses in the surface of an elastic body are performed by
measuring the longitudinal strains in the surface. The strain measurements may be
done by using electrical strain gages or strain rosettes.

We shall now analyze the state of strain in a surface through a particle P and
introduce a coordinate system Ox with the x3-axis normal to the tangent plane of the
surface. The other two axes are then in the tangent plane, Fig. 4.7. In Fig. 4.7 we
have introduced two orthogonal unit directional vectors e and �e in the surface:

e ¼ cos/; sin/; 0½ �; �e ¼ sin/;� cos/; 0½ � ð4:3:24Þ

Fig. 4.6 Decomposition of the displacement gradient H into a pure strain contribution and a pure
rotation contribution. (a) Pure strain contribution: dr ¼ E � dr0 ) dxi ¼ Eij dXj ¼ ei dij dXj.
Material line elements in the principal directions ai of the strain tensor E do not rotate. (b) Pure
rotation contribution: dr ¼ eR � dr0 ) dxi ¼ eRij dXj. Material line elements in the principal
directions ai of the strain tensor E rotate according to the rotation vector z ¼ �P : eR ¼ rot u=2
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The longitudinal strain e in the direction e in the material surface, and the shear
strain c with respect to the two orthogonal directions e and �e in the surface are given
by:

e ¼ eð/Þ ¼ e � E � e ¼ ea Eab eb ¼ E11 cos2 /þE22 sin2 /þ 2E12 cos/ sin/

c ¼ cð/Þ ¼ 2�e � E � e ¼ 2�ea Eab eb

¼ 2 E11 � E22ð Þ sin/ cos/� 2E12 cos2 /� sin2 /
� �

ð4:3:25Þ

Using the formulas (2.3.35) for sin 2/ and cos 2/, we may transform the formulas
(4.3.25) to:

eð/Þ ¼ E11 þE22

2
þ E11 � E22

2
cos 2/þE12 sin 2/

cð/Þ ¼ E11 � E22ð Þ sin 2/� 2E12 cos 2/
ð4:3:26Þ

These formulas are analogous to those developed in Sect. 2.3.5 for the state of
plane stress. The formulas for the principal strains e1 and e2 in the surface, and the
angle /1 that the principal strain to e1 makes with the x1 � axis, follow directly
from the corresponding formulas for plane stress:

e1
e2

¼ E11 þE22

2



ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E11 � E22

2

� �2

þ E12ð Þ2
s

ð4:3:27Þ

/1 ¼ arctan
e1 � E11

E12
ð4:3:28Þ

Note that the formulas (4.3.29) do not necessarily represent the principal strains of
the general state of strain. It is not assumed that the x3 � direction, normal to the
surface, is a principal direction of strain. However, very often this will be the case,
especially when the surface is a free surface and with electrical strain gages for
measuring strains attached to the surface.

From the analogous analysis of plane stress we may also conclude that the
maximum shear strain in the surface is given by:

e

O

φ

e
1x

2x

P

Fig. 4.7 Orthogonal unit
vectors e and �e in a material
surface
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cmax ¼ e1 � e2j j ¼ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E11 � E22

2

� �2

þ E12ð Þ2
s

ð4:3:29Þ

4.3.7 Mohr–Diagram for Small Deformations in a Surface

We assume that the state of strain in a surface is given by the strain matrix:

E ¼ E11 E12

E12 E22

� �
ð4:3:30Þ

The Mohr–diagram for strains in the surface is drawn in a Cartesian coordinate
system with longitudinal strain e and one half of shear strain c as coordinates. The
Mohr strain circle is constructed by the same principles as the Mohr stress circle.
First the points E11;�E12ð Þ and E22;E12ð Þ are marked in the diagram. These two
points are on a diameter of the circle and thus determine the circle. Figure 4.8
shows the complete Mohr–diagram.
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Fig. 4.8 Mohr—diagram for small deformations in a surface
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4.4 Rates of Deformation, Strain, and Rotation

In order to describe the motion and deformation of fluids, and sometimes solids
with fluid-like behaviour we choose to work with Eulerian coordinates and the
present configuration K as reference configuration. The particles are now denoted
by the place vector r, or the place coordinates x. A particle P at the place r at the
time t has the velocity vðr; tÞ and is during a short time increment dt given the
displacement du ¼ v dt. This displacement field leads to small deformations with a
displacement gradient tensor dH:

dHik ¼ @vi
@xk

dt � vi;k dt ð4:4:1Þ

and a strain tensor dE and a rotation tensor for small deformations d eR:

dE ¼ 1
2

dHþ dHT
� �

; d eR ¼ 1
2

dH� dHT
� � ð4:4:2Þ

We now define three new tensors: the velocity gradient tensor L at the time t, the
symmetric rate of deformation tensor D at the time t, and the antisymmetric rate of
rotation tensor W at time t:

L ¼ grad v � @v
@r

, Lik ¼ vi;k ð4:4:3Þ

D ¼ 1
2

LþLT
� � , Dik ¼ 1

2
vi;k þ vk;ið Þ ð4:4:4Þ

W ¼ 1
2

L� LT
� � , Wik ¼ 1

2
vi;k �vk;ið Þ ð4:4:5Þ

W is also called the spin tensor and the vorticity tensor. It follows that:

dH ¼ L dt; dE ¼ D dt; d eR ¼ W dt; _E ¼ D; eR: ¼ W ð4:4:6Þ

Note that E is here the strain tensor (4.3.9) for small deformations. As will be
demonstrated in Sect. 4.5 the relation between the general Green’s strain tensor
E defined by formula (4.2.11) and the rate of deformation tensor D is more complex.

The change length of a material line element per unit length and per unit time is
called the rate of longitudinal strain or for short the rate of strain. From the analysis
of small deformations in Sect. 4.3 it follows the rate of strain in the direction e is,
according to Eq. (4.3.1):

_e ¼ e � D � e ¼ eiDikek ¼ eTDe ð4:4:7Þ

148 4 Deformation Analysis



In the coordinate direction ei we get the coordinate rates of longitudinal strain:

_eii ¼ Dii ¼ vi;i ðno summationÞ ð4:4:8Þ

The change per unit time of the angle between two material line elements that in
K are orthogonal, is called the rate of shear strain or for short the shear rate. The
rate of shear strain with respect to orthogonal line elements in the directions e and �e
is, in analogy to Eq. (4.3.2):

_c ¼ 2�e � D � e ¼ �eiDikek ¼ eTDe ð4:4:9Þ

For the coordinate directions e1 and e2 we get the coordinate rate of shear strain:

_c21 ¼ 2D21 ¼ v2;1 þ v2;1 ð4:4:10Þ

Figure 4.5 illustrates the coordinate rates of strain and shear rate when the dis-
placement u is replaced by the increment in displacement du ¼ v dt.

The change in volume per unit of volume and per unit of time is called the rate
of volumetric strain. By referring to the expression (4.3.4) for the volumetric strain,
we may immediately write down the expression for the rate of volumetric strain.

_ev ¼ Dkk ¼ trD ¼ div v ¼ vk;k ð4:4:11Þ

The result (4.4.11) shows that the divergence of the velocity field vðr; tÞ represents
the rate of change of volume per unit volume about the particle under consideration.

The dual vector to the antisymmetric rate of rotation tensor W is the angular
velocity vector:

w ¼ �P : W ¼ 1
2
rot v , wi ¼ 1

2
eijk Wkj ¼ 1

2
eijk vk;j

, W ¼ �P � w , Wij ¼ �eijkwk

ð4:4:12Þ

The matrix of W may now be written as:

W ¼
0 �w3 w2

w3 0 �w1

�w2 w1 0

0
@

1
A ð4:4:13Þ

Note that angular velocity vector w is related to the rotation vector z for small
deformation defined by Eq. (4.3.28):

w ¼ _z ð4:4:14Þ

In Fluid Mechanics it is customary to introduce the concept of vorticity c:
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c ¼ 2w ¼ rot v � curl v � r
 v ð4:4:15Þ

Due to the relationship between the rate of deformation tensor and the rate of
strain tensor for small deformation, and the corresponding relationship between the
angular velocity vector and the rotation vector for small deformation, we may
conclude based on the discussion in Sect. 4.3.5 that material line elements parallel
to the principal directions of the rate of deformation tensor D rotate instantaneously
with the angular velocity w. In other words:

The rate of rotation tensor W represents the instantaneous angular velocity of the three
orthogonal material line elements that are oriented in the principal directions of the rate of
deformation tensor D.

This fact is demonstrated in Fig. 4.9, in which the coordinate system is chosen to
have base vectors ei parallel to the principal directions ai of D. The matrix of D in
this coordinate system has the elements:

Dik ¼ _ei dik ð4:4:16Þ

This implies that D12 ¼ v1;2 þ v2;1 ¼ 0; and therefore v1;2 ¼ �v2;1. Thus: w3 ¼
W21 ¼ v2;1. In Fig. 4.9 we now see that w3 dt represents, during the time interval dt,
the angle of rotation about an axis parallel to the x3-axis ofmaterial line elements in the
principal directions aið¼ eiÞ of the rate of deformation tensor D. The quantity w3

represents the angular velocity of those line elements about the axis of rotation.
To further illustrate the physical interpretation of the rate of rotation tensor, we

consider the special motion of rigid—body rotation with angular velocity w ¼ wðtÞ
about the x3-axis through the origin O of the coordinate system Ox. The velocity
field in this case is, see Eq. (3.5.26) and Fig. 4.10:

1v dt

( )1 1 1 1,v v dx dt+
1 1=e a

2 2=e a
oP

P

( )1 2 2 1v dt v dt=

2 1,v dt

2v dt

1 1 1,v dx dt

( )2 2 1 1,v v dx dt+

2 1 1,v dx dt

, ,

Fig. 4.9 Rotation about an axis parallel to the x3-direction of material line elements in the
principal directions ai ¼ ei of the rate of deformation tensor D
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v ¼ W � r ¼ w
 r; v ¼ wR ) v1 ¼ �v sin h ¼ �w x2; v2 ¼ v cos h ¼ w x1; v3 ¼ 0

In Fig. 4.10 a small material volume element is shown to rotate as a rigid body
about the x3-axis.

We easily find that the rate of deformation tensor D = 0, and that matrix of the
rate of rotation tensor is:

W ¼
0 �w 0
w 0 0
0 0 0

0
@

1
A

If the rate of rotation tensor is zero during the motion, i.e. W = 0, the motion is
called irrotational motion or irrotational flow. According to Theorem 9.13 the
velocity field in the case of irrotational flow may be derived from a scalar field:

v ¼ r/ ð4:4:17Þ

The scalar field /ðr; tÞ is called the velocity potential. Irrotational flow is for this
reason also called potential flow. An important part of Fluid Mechanics is devoted
to potential flow because we can in many practical flow cases show that the flow is
in fact irrotational, or very close to be irrotational, and because potential flow
introduces mathematical simplifications in Fluid Mechanics.

Example 4.1 Rectilinear Rotational Flow. Simple Shear Flow
A fluid flows between two parallel planes. One of the planes is at rest, while the
other is moving with a constant velocity v parallel to the planes, as indicated in
Fig. 4.11. We assume that the fluid particles move in straight parallel lines, and that
the velocity field is:

v1 ¼ v
h
x2; v2 ¼ v3 ¼ 0

P

1x

2x

1x

2x
θ3ω

2v

1v

v

θ

RR=r e
O

Fig. 4.10 Rigid—body
rotation of a small material
element about the x3-axis
through the origin O. Angular
velocity w
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This velocity field implies that the fluid sticks to the rigid boundary planes, a
common assumption in Fluid Mechanics. The matrices of the velocity gradient
tensor L, the rate of deformation tensor D, and the rate of rotation tensor W for this
flow are:

L ¼
0 1 0
0 0 0
0 0 0

0
@

1
A v

h
; D ¼

0 1 0
1 0 0
0 0 0

0
@

1
A v

2h
; W ¼

0 1 0
�1 0 0
0 0 0

0
@

1
A v

2h

Only one rate of deformation component is different from zero, which gives the
shear rate _c12, and only rate of rotation component W12 is different from zero:

D12 ¼ 1
2
v
h
) _c12 ¼ 2D12 ¼ v

h
; W12 ¼ v

2h

The angular velocity vector w and the vorticity vector c are according to the
formulas (4.4.12) and (4.4.15):

w ¼ w3 e3 ) w3 ¼ � v
2h

; c ¼ 2w ¼ � v
h
e3

Figure 4.11 illustrates the flow of two fluid elements during a short increment of
time dt. Fluid element 1 has a shear rate _c12. The deformation of the fluid element 2
shows that the element sides remain orthogonal during the short time interval dt.
The element shows no shear rate. This fact implies that the element is oriented
according to the principal directions of the rate of deformation tensor D. The
deformation also demonstrates that that the element 2 has an angular velocity
component w3 ¼ �v=2h about the x3 � axis. Note that the rate of volumetric strain:
_ev ¼ div v ¼ 0 for this flow. We say that this is an isochoric flow, i.e. a volume
preserving flow.

Because the fluid particles move in straight lines, the flow is called rectilinear,
and because the flow give rise to rates of rotation, and thereby vorticity, it is called

12dtγ

vdt vdt
v

1
2
vdth

2x

1x

1
2
h

fixed surface

moving surface

element 1
3w dt

element 2

1v 3w dt

Fig. 4.11 Simple shear flow. Rectilinear flow with vorticity. Fluid element 1 has a shear rate c12.
Fluid element 2 rotates with angular velocity w3
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rotational flow. This particular kind of rectilinear, rotational flow is called simple
shear flow.

Example 4.2 Circular Irrotational Flow. Potential vortex A solid circular
cylinder with radius a that rotates about its axis with constant angular velocity x in
a linearly viscous fluid, creates an irrotational vortex, i.e. a vortex without vorticity,
Fig. 4.12.

The fluid particles move in concentric circles and the velocity field is:

vh ¼ a
R
; vR ¼ vz ¼ 0; a ¼ x a2

) v1 ¼ �vh sin h ¼ � ax2
x21 þ x22

; v2 ¼ vh cos h ¼ ax1
x21 þ x22

; v3 ¼ 0

For the non-zero velocity gradients we find:

v1;1 ¼ 2a x2x1

x21 þ x22
� �2 ; v2;2 ¼ � 2a x1x2

x21 þ x22
� �2 ; v1;2 ¼ � a

x21 þ x22
þ 2a x22

x21 þ x22
� �2 ¼ a x22 � x21

� �
x21 þ x22
� �2

v2;1 ¼ a
x21 þ x22

� 2a x21
x21 þ x22
� �2 ¼ a x22 � x21

� �
x21 þ x22
� �2

The volumetric rate of strain rate _ev ¼ div v ¼ v1;1 þ v2;2 þ v3;3 ¼ 0. Thus the flow
is isochoric.

Since this is a planar flow only one non–trivial rate of rotation component has to
be evaluated, i.e. W12, for which we find:

1x

2x

vθ ( )2 1,0v x

aω

R

a

ω

M

θ

path lines and stream lines
solid circular cylinder

Fig. 4.12 Circular
irrotational flow created by a
rotating cylinder of radius a in
a linear viscous fluid. Angular
velocity x. Fluid particles
move in concentric circles
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W12 ¼ �w3 ¼ � 1
2
c3 ¼ 1

2
v1;2 � v2;1ð Þ ¼ 0

Hence we have the results:

W ¼ 0; c ¼ 2w ¼ rot v ¼ r
 v ¼ 0

The velocity field may be derived from a velocity potential / ¼ ah as follows:

v ¼ r/ ) vh ¼ 1
R
@/
@h

¼ a
R
; vR ¼ @/

@R
¼ 0; vz ¼ @/

@z
¼ 0

The flow has now three names: circular irrotational flow, a potensial vortex flow,
and a vorticity–free vortex.

4.5 Large Deformations

In this section we shall analyze the deformation in the neighbourhood of a particle
ro that moves with a body from the reference configuration K0 at time t0 to the
present configuration K at time t. The motion is given by, see Fig. 4.13:

r ¼ r r0; tð Þ ¼ r0 þ u r0; tð Þ , xi ¼ X; tð Þ ¼ Xi þ ui X; tð Þ ð4:5:1Þ

uðr0; tÞ is the displacement vector. From the development in Sect. 4.2 we have seen
that the three fundamental measures of strain e; c; and ev may be determined from
the relation (4.2.8) between the material line element dr0 in the reference config-
uration K0 and the corresponding material line element dr in the present configu-
ration K:

dr ¼ F � dr0 , dxi ¼ Fik dXk ð4:5:2Þ

The tensor F is the deformation gradient tensor and defined by:

F ¼ @r
@r0

, Fik X; tð Þ ¼ @xi X; tð Þ
@Xk

ð4:5:3Þ

In order to simplify the following presentation we shall assume homogeneous
deformation according to the formulas (4.2.26) and (4.2.27), in which the defor-
mation is the same for all particles:

r ¼ u0 þF � r0; u0 ¼ u0ðtÞ; F ¼ FðtÞ ¼ dr
dr0

ð4:5:4Þ
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The displacement vector u0ðtÞ represents a translation of the body. The deformation
gradient F represents a linear transformation of a material line element dr0 in K0 to
the corresponding line element dr in K. The differentials dr0 and dr are the same
material line element in K0 and K respectively. Material planes and straight lines in
K0 are deformed into planes and straight lines in K, see Problem 4.1.

From Sect. 4.2 we import the general results expressing the longitudinal strain e
in the direction e in K0, the shear strain c with respect to two orthogonal directions
�e and e in K0, and the volumetric strain ev:

e ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2e � E � ep � 1 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
e � C � e

p
� 1

c ¼ arcsin
2�e � E � effiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ 2�e � E � �eð Þ 1þ 2e � E � eð Þp ¼ arcsin
�e � C � effiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

�e � C � �eð Þ e � C � eð Þp
ev ¼ detF� 1 ¼ det ð1þHÞ � 1 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
det ð1þ 2EÞ

p
� 1 ¼

ffiffiffiffiffiffiffiffiffiffiffi
detC

p
� 1

ð4:5:5Þ

H is the displacement gradient tensor:

H ¼ @u
@ro

¼ F� 1 , Hik ¼ @ui
@Xk

¼ @xi
@Xk

� dik ð4:5:6Þ

E is Green’s strain tensor:

E ¼ 1
2

HþHT þHTH
� � , Eik ¼ 1

2
Hik þHki þHji Hjk
� � ð4:5:7Þ
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Fig. 4.13 General motion and deformation of a body. Reference Rf. Reference configuration K0,
particle r0 (or X) at the position P0 at the time t0. Present Configuration K and particle r0 (or X) at
the position P (or place r (or x)) at the time t
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C is the Green’s deformation tensor:

C ¼ FTF ¼ 1þ 2E ð4:5:8Þ

When dealing with large deformations, it is more convenient to use the defor-
mation gradient tensor F and the deformation tensor C rather than the displacement
gradient tensor H and the strain tensor E. For practical reasons we shall continue
the discussion under the assumption of homogeneous deformations, as expressed by
Eq. (4.5.4). Before we consider the general case, we will study two special cases,
which the general case may be decomposed into.First we consider a rigid–body
motion, as given by Eq. (3.5.33) and Fig. 3.4:

r ¼ u0 þR � r0; u0 ¼ u0ðtÞ; R ¼ RðtÞ; RT ¼ R�1; F ¼ R; detF ¼ 1

ð4:5:9Þ

The displacement vector u0ðtÞ represents the displacement of a point O that moves
with the body and a translation of the body, and the displacement gradient F ¼ R is
an orthogonal tensor that represents a rigid–body rotation R � r0 about the point O.

Next we consider a motion resulting in what is called homogeneous pure strain,
in which the deformation gradient F is a positive definite symmetric tensor U:

r ¼ u0 þF � r0; F ¼ UðtÞ; UT ¼ U; detU[ 0 ) C ¼ FTF ¼ U2

ð4:5:10Þ

The symmetric tensors C and U are coaxial, i.e. both tensors have the same prin-
cipal directions represented by the unit vectors aiðtÞ. If the principal values of the
tensor U are kiðtÞ, the tensor C has the principal values k2i ðtÞ.

A material line element dr0 in K0 parallel to one of the principal directions ai,
such that dr0 ¼ ds0 ai, will in configuration in K be represented by the line element
dr ¼ U � dr0. By the property (3.3.22) for symmetric second order tensors, we
obtain:

dr ¼ U � dr0 ¼ U � ds0 aið Þ ¼ ki ds0 ai ) ds ¼ drj j ¼ ki ds0

The result shows that and the vectors dr and dr0 are parallel to the principal
directions ai of the tensor U, and that ki are stretches, appropriately called the
principal stretches of the deformation. By definition a stretch has to be positive.
Therefore the tensor U, which is now called a stretch tensor, has to be a positive
definite tensor.

The property of the motion (4.5.10) that line elements parallel to the principal
directions of the stretch tensor U do not rotate, is the reason for calling this a motion
of pure strain. The property will now be further demonstrated in the following
example illustrated in Fig. 4.14. For simplicity the translation u0ðtÞ is neglected in
the example. We choose a coordinate system Ox with base vectors ei that are
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parallel to the principal directions ai. The deformation gradient F = U, the defor-
mation tensor C, and the motion have now these representations:

Fik ¼ Uik ¼ ki dik; Cik ¼ k2i dik; r ¼ U � ro , xi ¼ ki Xi ð4:5:11Þ

In Fig. 4.14 the principal stretches have been chosen to be:
k1 ¼ 3; k2 ¼ 2; and k3 ¼ 1. The same material volume element is shown in the
two configurations K0 and K. In K0 the element is chosen to have orthogonal edges
parallel to the principal directions ai. The figure shows that the edges of the same
material element in K are orthogonal, and have been stretched but not rotated. Note
that the material element may have rotated on its motion from K0 to K.

The general homogeneous deformation, represented by the motion (4.5.4), may
be decomposed into a deformation of pure strain and a rigid–body motion. We are
going to demonstrate the decomposition in the following way, using the
two-dimensional case in Fig. 4.15 as illustration. For simplicity the translation u0ðtÞ
is neglected in the demonstration.

The deformation from the reference configuration K0 at the time t0 to the present
configuration K at the time t is assumed to be given by the deformation gradient
F. Then we can determine the deformation tensor C = FTF and its principal
directions ai. As indicated in Fig. 4.15 a material volume element with orthogonal
edges parallel to ai in K0 will also in K have orthogonal edges. This result follows
from the fact that according to the formula (4.5.5) the shear strain is zero for any
two line elements parallel to the principal directions of the deformation tensor C.

Without regard to the actual motion and deformation history of the material
element between the configurations K0 and K in Fig. 4.15, we may imagine two
different alternatives to obtain the deformation represented by the deformation
gradient F, each alternative performed in two steps. The alternatives are shown in
Fig. 4.16.
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0 0,K t
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,K t

3
oV = Δ

2λ Δ

0P ( )0 , t=r r r
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Δ
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3
1 2 3V λ λ λ= Δ

Fig. 4.14 Homogeneous pure strain, F ¼ U. The cubic material element in the reference
configuration K0 are given principal stretches ki in the coordinate directions. The volume of the
element is Vo ¼ D3 in K0 and V ¼ k1 k2 k3 D

3 in the present configuration K
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Alternative I: The material is first deformed from K0 to K by pure strain, F ¼ U:

�r ¼ U � ro; UT ¼ U

Then the material is given a rigid-body rotation from K to K:

r ¼ R � �r; R�1 ¼ RT ; detR ¼ 1

The motion from the reference configuration K0 to the present configuration K is
then:

r ¼ F � ro ) F ¼ RU; R�1 ¼ RT ; detR ¼ 1; UT ¼ U ð4:5:12Þ

R is called the rotation tensor and U is called the right stretch tensor.
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Fig. 4.15 General homogeneous deformation. Two-dimensional presentation of the result of the
deformation tensor C from a reference configuration K0 to the present configuration K. A cubic
material element in K0 has edges of length D that are oriented in the directions of the principal
directions ai of C. The volume of the cubic element in K0 is V0 ¼ D3. The particle r0, position P0,
moves to the place r, in position P. The deformed material element has orthogonal edges with
length ki D, and the volume V ¼ k1 k2 k3 D

3. Figure 4.16 presents a polar decomposition of the
deformation in two alternatives
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Alternative II: The material is first brought from K0 to eK by a rigid–body rotation:

~r ¼ R � r0; R�1 ¼ RT ; detR ¼ 1

Next, the material is deformed from eK to K by pure strain:

r ¼ V � ~r; VT ¼ V

The motion from the reference configuration K0 to the present configuration K is
then:

r ¼ F � ro ) F ¼ VR ð4:5:13Þ

R is again the rotation tensor and V is called the left stretch tensor.
Note that the real motion and deformation between K0 and K will in general be

quite different from any of the two special motions presented above.
The important results of the demonstration related to Fig. 4.16 and the

Eqs. (4.5.12) and (4.5.13) are that the general homogeneous deformation (4.5.4)
may be considered to consist of a pure strain and a rigid–body motion, and fur-
thermore, that the deformation gradient F may be decomposed into a composition

Fig. 4.16 Polar decomposition of a general homogeneous deformation in two alternatives.
Alternative I: Deformation by pure strain, F ¼ U, from K0 to K, followed by rigid—body motion,
F ¼ R, from K to K. Alternative II: Rigid—body motion, F ¼ R, from K0 to eK , followed by pure
strain, F ¼ V, from eK to K
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of an orthogonal tensor R, which represents a rigid-body rotation, and positive
definite symmetric tensors U or V, which represent pure strain. The decomposition
of the deformation gradient F may be done in one of two alternatives ways:

F ¼ RU ¼ VR ð4:5:14Þ

It also follows from how the decompositions (4.5.14) were developed above, that
these decompositions are unique. The result (4.5.14) represents the polar decom-
position theorem presented in Sect. 3.8, where an analytical proof is given.

A mathematical condition for the tensor F in the analytical proof is that F has to
be a non–singular tensor with a positive determinant, det F > O. This condition
also follows from the physical condition that the volume dV of a material element
must be positive, which again according to the formula (4.2.18) leads to:

dV [ 0 ) ev ¼ dV � dV0

dV0
¼ dV

dV0
� 1 ¼ detF� 1[ � 1 ) detF[ 0 ð4:5:15Þ

The two tensors U and V represent the same state of strain. From Fig. 4.16 it is
seen, and from Eq. (4.5.14) it follows, that the tensor V is the R–rotation of tensor
U:

V ¼ RURT ð4:5:16Þ

The principal directions of V are R� rotations of the principal directions ai of
U. The two tensors V and U have the same principal values ki [ 0, i.e. the principal
stretches. The principal stretch ki represents the ratio between the lengths in K and
K0 of a material line element that in K0 is parallel to the principal direction ai of U,
see Fig. 4.15. In reference to their positions relative to the rotation tensor R in
Eq. (4.5.14), U is the right stretch tensor and V is the left stretch tensor.

The right stretch tensor U is closely related to the Green deformation tensor C.

C ¼ FTF ¼ U2 ð4:5:17Þ

The two tensors C and U are coaxial. The principal values
fi of C and ki of U and V are related by:

fi ¼ k2i ð4:5:18Þ

The principal strains are:

ei ¼ ki � 1 ð4:5:19Þ

The principal strains ei are different from the principal values Ei of Green’s strain
tensor E. Formula (4.2.18) gives:
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ei ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2Ei

p
� 1 ð4:5:20Þ

For the volumetric strain we get from Eq. (4.2.18):

ev ¼ detF� 1 ¼ detU� 1 ¼ detV� 1 ¼ k1 k2 k3 � 1 ð4:5:21Þ

Green’s deformation tensor C is also called the right deformation tensor due to
its relation to the right stretch tensor U. A left deformation tensor B related to the
left stretch tensor V plays an important role in the modelling of isotropic materials,
and is defined by:

B ¼ V2 ¼ FFT ¼ RCRT ð4:5:22Þ

We see that B is the R–rotation of C.
In a general, non–homogeneous deformation r ¼ rðr0; tÞ the deformation gra-

dient F ¼ Fðr0; tÞ is a tensor field defined by Eq. (4.2.7):

F ¼ Grad r ¼ @r
@r0

RU ¼ VR

F ¼ F r0; tð Þ; R ¼ R r0; tð Þ; U ¼ U r0; tð Þ; V ¼ V r0; tð Þ
ð4:5:23Þ

The deformation of the material in the neighbourhood of the particle r0 is deter-
mined by a pure rotation R and a pure strain U or V. These tensors fields may be
determined as follows. First we compute the deformation gradient F from its def-
inition in Eq. (4.2.7). Then the Green deformation tensor C, the right stretch tensor
U, and the rotation tensor R may be determined from the formulas:

C ¼ FTF ¼ U2 ) U ¼
ffiffiffiffi
C

p
; F ¼ RU ) R ¼ FU�1 ð4:5:24Þ

A deformation in a particle is called an isotropic deformation, also called a form
invariant deformation, if any direction through the particle is a principal direction,
and there is only one unique principal stretch k.

U ¼ V ¼ k 1 , F ¼ kR , C ¼ B ¼ U ¼ k2 1 ð4:5:25Þ

All the tensors U, V, C, and B are now isotropic tensors. The volumetric strain is:

ev ¼ detF� 1 ¼ k3 � 1 ð4:5:26Þ

If the deformation also is homogeneous the shape of any material volume element is
unchanged by the deformation.

A deformation in which the volume is preserved is called an isochoric defor-
mation or a volume invariant deformation. In this case:
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ev ¼ 0 , detF ¼ detU ¼ detV ¼ 1 ð4:5:27Þ

From the definitions of F in Eq. (4.2.7) and the velocity gradient tensor L in
Eq. (4.4.3) we obtain the relationships:

_F ¼ LF , L ¼ _FF�1 ð4:5:28Þ

The development of this result and the following relations (4.5.29–4.5.31) is given
as Problem 4.2.

D ¼ 1
2
R _UU�T þU�1 _U
� �

RT ð4:5:29Þ

W ¼ _RRT þ 1
2
R _UU�T � U�1 _U
� �

RT ð4:5:30Þ

_E ¼ 1
2
FT LþLT

� �
F ¼ FTDF ð4:5:31Þ

Note that the motion corresponding to pure strain for large deformation, i.e. F ¼
Fðr0; tÞ ¼ Uðr0; tÞ and Rðr0; tÞ ¼ 1, the motion is not irrotational in the sense that
W = 0. Furthermore, we see that “irrotational motion”, in the sense that _R ¼ 0,
does not imply that W = 0. For large deformations _E 6¼ D, i.e. the rate of strain
tensor is not equal to the rate of deformation tensor. For rigid–body motion U = 0,

and formula (4.5.30) gives W ¼ _RR
T
, which agrees with formula (3.5.22).

For later application we introduce the determinant J of the deformation gradient F:

J ¼ detF ¼ detðFijÞ ¼ det
@xi
@Xj

� �
¼ detF ð4:5:32Þ

J is called the Jacobi determinant, or for short the Jacobian, of the mapping from
r0 to rðr0; tÞ, or from X to xðX; tÞ. The name Jacobian is attributed to Carl Gustav
Jacob Jacobi [1804–1851]. It may be shown that the material derivative of the
Jacobian is given by, see Problem 4.3:

_J ¼ J div v ð4:5:33Þ

Problems 4.1–4.3 with solutions see Appendix.
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Chapter 5
Constitutive Equations

5.1 Introduction

In this chapter two major theories in continuum mechanics are briefly presented.
The purpose of presenting these theories in the present book is to show two
important applications of Tensor Analysis. Firstly, the theory of linearly elastic
materials shows how the stress tensor T and the strain tensor E for small defor-
mations are connected through constitutive equations, to provide a complete theory
of wide applications. Secondly, the theory of linearly viscous fluids illustrates how
the stress tensor T and the velocity field through the rate of deformation tensor
D are combined through constitutive equations, to provide some important solu-
tions to fluid mechanics problems. The constitutive equations of both theories are
tensor equations and will be presented as such, with the component forms in
Cartesian coordinates.

In Chap. 7 the basic equations of continuum mechanics are presented in general
curvilinear coordinates, and in particular cylindrical coordinates and spherical
coordinates. The exposition includes equations of motion, deformation analysis, the
constitutive equations for isotropic, linearly elastic materials and the constitutive
equations for linearly viscous fluids.

The author’s book Continuum Mechanics [1] provides a more extensive pre-
sentation of theories of elastic materials, visco-elastic material and advanced fluid
models.

5.2 Linearly Elastic Materials

The classical theory of elasticity is primarily a theory of isotropic, linearly elastic
materials subjected to small deformations. All governing equations of this theory
are linear partial differential equations. This implies that the principle of

© Springer Nature Switzerland AG 2019
F. Irgens, Tensor Analysis,
https://doi.org/10.1007/978-3-030-03412-2_5

163

http://crossmark.crossref.org/dialog/?doi=10.1007/978-3-030-03412-2_5&amp;domain=pdf
http://crossmark.crossref.org/dialog/?doi=10.1007/978-3-030-03412-2_5&amp;domain=pdf
http://crossmark.crossref.org/dialog/?doi=10.1007/978-3-030-03412-2_5&amp;domain=pdf
https://doi.org/10.1007/978-3-030-03412-2_5


superposition may be applied: The sum of individual solutions to the set of
equations also is a solution to the equations. The classical theory of elasticity has a
theorem of uniqueness of solution and a theorem of existence of solution. The
theorem of uniqueness insures that if a solution of the pertinent equations and the
proper boundary conditions for a particular problem is found, then this solution is
the only solution to the problem. The basic equations of the theory are presented.
As an illustration of application of the theory some aspects of the propagation of
stress waves in elastic materials are presented.

5.2.1 Generalized Hooke’s Law

We assume small deformations and small displacements and replace the particle
reference r0 by the place vector r. In a Cartesian coordinate system Ox the particle
coordinates X are replaced by the place coordinates x. The displacement vector field
uðx; tÞ has the components uiðx; tÞ and the displacement gradient Hik ¼ ui;k. The
strains in the elastic material are given by the strain tensor for small deformations
E with the components, i.e. coordinate strains:

Eik ¼ 1
2

ui;k þ uk;ið Þ ð5:2:1Þ

A material is called elastic, also called a Cauchy-elastic material, if the stresses
in a particle r ¼ xi ei are functions only of the strains in the particle.

Tik ¼ Tik E; xð Þ , T ¼ T E; r½ � ð5:2:2Þ

Equation (5.2.2) are the basic constitutive equations for Cauchy-elastic materials.
If the elastic properties are the same in every particle in a material, the material is

elastically homogeneous. If the elastic properties are the same in all directions
through one and the same particle, the material is elastically isotropic. Metals,
rocks, and concrete are in general considered to be both homogeneous and isotropic
materials. The crystals in polycrystalline materials are assumed to be small and their
orientations so random that the crystalline structure may be neglected when the
material is considered to be a continuum. Each individual crystal is normally ani-
sotropic. By milling or other forms of macro-mechanical forming of polycrystalline
metals, an originally isotropic material may be anisotropic. Materials with fiber
structure and well defined fiber directions have anisotropic elastic response. Wood
and fiber reinforced plastic are typical examples. The elastic properties of wood are
very different in the directions of the fibers and in the cross-fiber direction.

Isotropic elasticity implies that the principal directions of stress and strain
coincide: The stress tensor and the strain tensor are coaxial.
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Homogeneous elasticity implies that the stress tensor is independent of the
particle coordinates. Therefore the constitutive equation of an elastic material
should be of the form:

Tik ¼ Tik Eð Þ , T ¼ T E½ � ð5:2:3Þ

If the relation (5.2.2) is linear in E, the material is said to be linearly elastic. The
six coordinate stresses Tij with respect to a coordinate system Ox are now linear
functions of the six coordinate strains Eij: For a generally anisotropic material these
linear relations contain 6 � 6 = 36 coefficients or material parameters, which are
called elasticities or stiffnesses. For a homogeneously elastic material the stiffnesses
are constant material parameters.

Figure 5.1 illustrates a bar of isotropic, linearly elastic material with
cross-sectional area A and subjected to an axial force N. The state of stress in the bar
will be uniaxial with the normal stress r ¼ N=A in the direction of the axis of the
bar on a cross-sectional. The bar experiences a small longitudinal strain e in the
direction of the stress and due to isotropy small negative longitudial strains en in
any direction normal to the stress. With respect to the Cartesian coordinate system
Ox the stress matrix T and a strain matrix E are:

T ¼
r 0 0
0 0 0
0 0 0

0
@

1
A; E ¼

e 0 0
0 en 0
0 0 en

0
@

1
A

For an isotropic, linearly elastic material the following constitutive relations may be
stated:

e ¼ r
g
; en ¼ �m e ¼ �m

r
g

ð5:2:4Þ

g is the modulus of elasticity and m is the Poisson’s ratio, after Siméon Denis
Poisson ½1781� 1840�:The symbol g for the modulus of elasticity is used rather
then the more common symbol E to prevent confusion between the modulus of
elasticity and the strain matrix E. The first of Eq. (5.2.4) is known as Hooke’s law,
named after Robert Hooke [1635–1703].

The constitutive relations (5.2.4) may be restated for a general situation of a state
of uniaxial stress: r1 6¼ 0; r2 ¼ r3 ¼ 0; in an isotropic, linearly elastic material:

N

1x

3x 2xN
A

σ =

N

A

N

O

axisFig. 5.1 Isotropic, linearly
elastic rod subjected to an
axial force N. Normal stress r
on a cross-section
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e1 ¼ r1
g

; e2 ¼ e3 ¼ �m
r1
g

For a general state of triaxial stress with principal stresses r1; r2; and r3; the
principal strains ei are given by:

e1 ¼ r1
g
� m
g

r2 þ r3ð Þ ¼ 1þ m
g

r1 � m
g

r1 þ r2 þ r3ð Þ etc: for e2 and e3

The result follows from the fact that the relations between stresses and strains are
linear such that the principal of superposition applies. The result may be rewritten to:

ei ¼ 1þ m
g

ri � m
g
trT ; trT ¼ r1 þ r2 þ r3 ¼ trT

The expression may also be presented in the matrix representation:

eidik ¼ 1þ m
g

ri dik � m
g

trTð Þdik

This is the matrix representation of the following tensor equation between the
tensors E and T in a coordinate system with base vectors parallel to the principal
directions of stress:

E ¼ 1þ m
g

T� m
g

trTð Þ1 ð5:2:5Þ

In any Cartesian coordinate system Ox Eq. (5.2.5) has the representation:

Eik ¼ 1þ m
g

Tik � m
g
Tjj dik ð5:2:6Þ

From Eqs. (5.2.5) or equation (5.2.6) the inverse relations between the stress tensor
and the strain tensor is obtained:

T ¼ g
1þ m

Eþ m
1� 2m

trEð Þ1
h i

, Tik ¼ g
1þ m

Eik þ m
1� 2m

Ejj dik
h i

ð5:2:7Þ

The inversion procedure is given as Problem 5.1. The relations (5.2.5–5.2.7) rep-
resent the generalized Hooke’s law and are the constitutive equations of the
Hookean material or Hookean solid, which are names for an isotropic, linearly
elastic material. Note that normal stresses Tii only result in longitudinal strains Eii;
and visa versa, and that shear stresses Tij only result in shear strains cik ¼ 2Eik, and
visa versa. This property is in general not the case for anisotropic materials.

For a state of pure shear stress, as in Example 2.2, the stress matrix Tik related to
the local coordinate system in Fig. 2.9 has only one non-zero element, i.e. the shear
stress T12 ¼ s: The generalized Hooke’s Law (5.2.6) results in only one non-zero
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strain element: E12 ¼ ð1þ mÞT12=g for the strain matrix Eik: According to formula
(4.3.3) this element corresponds to a shear strain c ¼ c12 ¼ 2E12. Hence we have
found from Hooke’s law (5.2.6):

c ¼ 2ð1þ mÞ
g

s , s ¼ lc ð5:2:8Þ

The material parameter l is called the shear modulus and is given by:

l ¼ g
2 1þ mð Þ ð5:2:9Þ

Table 5.1 presents the elasticities g; l; and m for some characteristic materials.
The values given in the table are at the temperature of 20 °C. The values vary some
with the quality of the material and with temperature. We shall find that the rela-
tionship for the shear modulus in formula (5.2.9) is not exactly satisfied by the data
given in Table 5.1. This is due to the fact that the values given in the table are
standard values found from different sources.

The relationship between the elastic volumetric strain ev and the stresses is found
by computing the trace of the strain matrix from Eq. (5.2.6).

ev ¼ tr E ¼ Eii ¼ 1þ m
g

Tii � m
g
Tjj dii ¼ 1� 2m

g
Tii ð5:2:10Þ

The mean normal stress ro and the bulk modulus of elasticity, also called the
compression modulus of elasticity, j are introduced:

ro ¼ 1
3
Tii ¼ 1

3
trT the mean normal stress

j ¼ g
3 1� 2mð Þ the bulk modulus

ð5:2:11Þ

Table 5.1 Properties of some elastic materials

Material q [103 kg/m3] g [GPa] l [GPa] m a [10−6 °C−1]

Steel 7.83 210 80 0.3 12

Aluminium 2.68 70 26 0.25 23

Concrete 2.35 20–40 0.15 10

Copper 8.86 118 41 0.33 17

Glass 2.5 80 24 0.23 3–9

Cast iron 7.75 103 41 0.25 11

Density q, modulus of elasticity η, shear modulus l, Poisson’s ratio m, and thermal expansion
coefficient a
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The result (5.2.10) may be presented as:

ev ¼ 1
j
ro ð5:2:12Þ

For an isotropic state of stress T ¼ r1 the mean normal stress is equal to the normal
stress: ro ¼ r.

Fluids are considered as linearly elastic materials when sound waves are ana-
lyzed. The only elasticity relevant for fluids is the bulk modulus j. For water
j = 2.1 GPa, for mercury 27 GPa, and for alcohol 0.91 GPa.

It follows from Eq. (5.2.11) that a Poisson ratio m > 0.5 would have given j < 0,
which according to Eq. (5.2.12) would lead to the physically unacceptable result
that the material increases its volume when subjected to isotropic pressure p )
r0 ¼ �p: Furthermore we may expect to find that m � 0 because a Poisson ratio
m < 0 would give an expansion in the transverse direction when the material is
subjected to uniaxial stress. Thus we may expect that:

0� m� 0:5 ð5:2:13Þ

The upper limit for the Poisson ratio, m = 0.5, which according to Eq. (5.2.11) gives
j ¼ 1, characterizes an incompressible elastic material. Among the real materials
rubber, having m ¼ 0:49; is considered to be (nearly) incompressible, while the
other extreme, m = 0, is represented by cork, and is an advantageous property when
corking bottles.

An interesting and sometimes convenient decomposition of Hooke’s law (5.2.5-
5.2.7) will now be demonstrated. First we decompose the stress tensor T and the
strain tensor E into isotrops and deviators:

T ¼ To þT0; E ¼ Eo þE0 ð5:2:14Þ

To ¼ 1
3

trTð Þ1 ¼ ro1 ; Eo ¼ 1
3

trEð Þ1 ¼ 1
3
ev1 ð5:2:15Þ

From Eq. (5.2.7) we find that:

To ¼ 3jEo;T0 ¼ 2lE0 ð5:2:16Þ

The development of these results is given as Problem 5.2.
Alternative forms for Hooke’s law, Eq. (5.2.8) and Eq. (5.2.6), are:

T ¼ 2l E� m
1� 2m

trEð Þ1
h i

¼ 2lEþ j� 2
3
l

� �
trEð Þ1 ð5:2:17Þ

E ¼ 1
2l

T� m
1þ m

trTð Þ1
� �

¼ 1
2l

T� 3j� 2l
18lj

trTð Þ1 ð5:2:18Þ
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The parameters:

l and k � j� 2
3
l ð5:2:19Þ

are called the Lamé constants after Gabriel Lamé [1795–1870]. The parameter k
does not have any independent physical interpretation.

For an incompressible elastic material, i.e. ev ¼ trE ¼ 0; the mean normal stress
ro cannot be determined from Hooke’s law. For these materials it is customary to
replace Eq. (5.2.17) by:

T ¼ �p 1þ 2lE ð5:2:20Þ

p ¼ pðr; tÞ is an unknown pressure, which is an unknown tension if p is negative.
The pressure p can only be determined from the equations of motion and the
corresponding boundary conditions.

5.2.2 Some Basic Equations in Linear Elasticity. Navier’s
Equations

The primary objective of the theory of elasticity is to provide methods for calcu-
lating stresses, strains, and displacements in elastic bodies subjected to body forces
and prescribed boundary conditions for contact forces and/or displacements on the
surface of the bodies. The basic equations of the theory are:

The Cauchy equations of motion (2.2.37):

divTþ q b ¼ q €u , Tik;k þ q bi ¼ q€ui ð5:2:21Þ

Hooke’s law for isotropic, linearly elastic materials, e.g. (5.2.17):

T ¼ 2l Eþ m
1� 2m

trEð Þ1
h i

, Tik ¼ 2l Eik þ m
1� 2m

Ejj dik
h i

ð5:2:22Þ

The strain–displacement relations:

E ¼ 1
2

HþHT
� � , Eik ¼ 1

2
ui;k þ uk;ið Þ ð5:2:23Þ

The component form of these equations applies only to Cartesian coordinate sys-
tems. Component versions in general coordinate systems of the basic equations are
presented in Sect. 7.8.

Equations (5.2.21–5.2.23) represent 15 equations for the 15 unknown functions
Tik, Eik, and ui. The boundary conditions are expressed by the contact forces t and
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the displacements u on the surface A of the body. The part of the surface A on
which t is prescribed is denoted Ar. On the rest of the surface, denoted Au; we
assume that the displacement u is prescribed. For static problems (ü = 0) the
boundary conditions are:

t ¼ T � n ¼ t	onAr; u ¼ u	onAu ð5:2:24Þ

t	 and u	 are the prescribed functions, and n is the unit normal vector on Ar: We
may have cases where the boundary conditions on parts of A are given as combi-
nations of prescribed components of the contact force t and displacement u. For
dynamic problems conditions with respect to time must be added, for instance as
the initial conditions on the displacement field uðr; tÞ :

u ¼ u#ðr; 0Þ and _u ¼ _u#ðr; 0Þ inV ð5:2:25Þ

V Denotes the volume of the body. u#ðr; 0Þ and _u#ðr; 0Þare prescribed functions
We will now let the displacement vector uðr; tÞ be the primary unknown vari-

able. The strain–displacement relation (5.2.23) is introduced in Hooke’s law
(5.2.22), and the result is:

Tik ¼ l ui;k þ uk;i þ 2m
1� 2m

uj;j dik

� �
ð5:2:26Þ

When these expressions for the stresses are substituted into the Cauchy equations of
motion (5.2.21), we obtain the equations of motion in terms of displacements.

r2uþ 1
1� 2m

r r � uð Þþ q
l

b� �uð Þ ¼ 0 , ui;kk þ 1
1� 2m

uk;ki þ q
l

bi � €uið Þ ¼ 0

ð5:2:27Þ

These three equations are Navier’s equations named after Claude L. M. H. Navier
[1785–1836] When the three displacement functions ui � functions are found from
Navier’s equations, the strains and the stresses may be computed from Eqs. (5.2.23)
and (5.2.26) respectively. The boundary conditions (5.2.24) and (5.2.25) will
complete the solution of finding displacements, strains and stresses.

Navier’s equations in cylindrical coordinates ðR; h; zÞ and in spherical coor-
dianates ðr; h;/Þ are presented in Sect. 7.8.
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5.2.3 Stress Waves in Elastic Materials

In this section we discuss some relatively simple but fundamental aspects of
propagation of stress pulses or stress waves in isotropic, linearly elastic materials.
We may also consider these pulses or waves as displacement, deformation, or strain
pulses or waves, according to which of these quantities we are interested in. In the
general presentation we do not distinguish between pulses and waves, and since the
materials are assumed to be elastic, we use the common name elastic waves.

In a large body of isotropic elastic material a relatively small region is subjected
to a mechanical disturbance eminating from a point source. The disturbance may be
considered to be a displacement field propagating into the undisturbed material as
displacement waves. Sufficiently far away from the source the displacement
propagates as approximately plane waves.
Figure 5.2 illustrates the situation. The point source is placed at the origin of a
Cartesian coordinate system Ox. In the neighbourhood of the x3 � axis and at a long
distance from the source we may consider the displacement propagates as
approximately plane waves. assume the displacement field:

u ¼ uðx3; tÞ , ui ¼ uiðx3; tÞ ð5:2:28Þ

We shall see that the displacement field u ¼ uðx3; tÞ really represents three different
motions.

The motions are governed by the Navier Eq. (5.2.27). If we neglect the body
forces, the equations are reduced to:

ui;kk þ 1
1� 2m

uk;ki ¼ q
l
€ui ð5:2:29Þ

plane wave

3x

point source of disturbance

3( , )x tu

3 3( , )u x t

3( , )u x tα

1 wave front at time t
( , )tu r

r

1undisturbance region at time t t≤
1disturbance region at ( )fr r t≤

=u 0

1( )fr t

2 1 wave front at time >t t

Fig. 5.2 Displacement disturbance u(r,t) from a point source at the origin O. Wave front u = 0 on
a sphere of radius r = rf and at time t = t1. Approximately plane wave u x3; tð Þ ¼
ua x3; tð Þea þ u3 x3; tð Þe3 far away from the source at O. The displacement u3 x3; tð Þ represents a
motion in the x3-direction and is called a longitudinal wave propagating with the velocity cl from
formula (5.2.30). The displacements u3 x3; tð Þ represent motions in the xa-directions and are called
transverse waves propagating with the velocity ct from formula (5.2.31)
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The displacement field (5.2.28) is substituted into Eq. (5.2.29), and the result is
three one-dimensional wave equations: one equation for the displacement u3ðx3; tÞ
and two equations for the displacements uaðx3; tÞ for a ¼ 1 or 2:

cl
@2u3
@x23

¼ @2u3
@t2

where cl ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 1� mð Þ
1� 2m

l
q

s
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� m

1þ mð Þ 1� 2mð Þ
g
q

s
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jþ 4l=3

q

s

ð5:2:30Þ

ct
@2ua
@x23

¼ @2ua
@t2

where ct ¼
ffiffiffi
l
q

r
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

2 1þ mð Þ
g
q

s
ð5:2:31Þ

The displacement u3ðx3; tÞ represents a motion in the direction of the propaga-
tion, i.e. the x3 � direction; and is called a longitudinal wave. The displacements
uaðx3; tÞ represent motions in the directions normal to the direction of propagation,
and are called transversal waves.

The general solutions of the wave Eqs. (5.2.30) and (5.2.31) are given as:

u3ðx3; tÞ ¼ f3ðcl tþ x3Þþ g3ðcl t � x3Þ ð5:2:32Þ

uaðx3; tÞ ¼ faðct tþ x3Þþ gaðct t � x3Þ ð5:2:33Þ

The functions fiðkÞ and giðkÞ are arbitrary functions of one variable k. Substitution
of the displacements (5.2.32) and (5.2.33) into the wave Eqs. (5.2.30) and (5.2.31)
will show that the equations are satisfied. It will be shown that the parameters
cl and ct represent velocities of propagation of the displacement waves.

Figure 5.3 shall illustrate the propagation of the longitudinal wave u3ðx3; tÞ ¼
g3ðclt � x3Þ: The graphs show the displacement u3ðx3; tÞ ¼ g3ðclt � x3Þ at two
different times t and tþDt: At the time t the displacement has reached the position
x3 ¼ x3 f which represents the wave front. At the later time tþDt the displacement
has reached the position x3 ¼ x3 f þDx3 which represents the new position of the
wave front. It follows that:

u3ðx3f ; tÞ ¼ g3ðclt � x3f Þ ¼ 0
u3ðx3f þDx3; tþDtÞ ¼ g3ðclftþDtg � fx3f þDx3gÞ ¼ g3ðcl t � x3f þfclDt � Dx3gÞ ¼ 0 )
clDt � Dx3 ¼ 0 ) Dx3 ¼ clDt

The result shows that the motion u3ðx3; tÞ ¼ g3ðclt � x3Þ can be characterized as a
displacement wave that propagates in the positive x3 � direction with the wave
front velocity cl: Using similar argument we may show that the motion u3ðx3; tÞ ¼
f3ðcltþ x3Þ represents a displacement wave that propagates in the negative x3 �
direction with the wave front velocity cl:

It also follows that the motions uaðx3; tÞ ¼ faðctt � x3Þ and ua þðx3; tÞ ¼
faðcttþ x3Þ may represent motions in the xa � directions propagating respectively in
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the positive x3 � direction and in the neggative x3 � direction with the wave front
velocity ct: These motions are therefore called transversal waves.

Because for known materials 0� m� 0:5 we will find that in general:

ct\cl ð5:2:34Þ

For steel with m ¼ 0:3; g ¼ 210GPa, and q ¼ 7830 kg/m3, we find ct = 3212 m/s
and cl = 6009 m/s.

The longitudinal wave implies volume changes:ev ¼ u3;3 ¼ E33; and the wave is
therefore called a dilatational wave or volumetric wave. Because:

rotðu3e3Þ � curlðu3 e3Þ � r � ðu3e3Þ ¼ 0

the displacement u3ðx3; tÞ is also called an irrotational wave. A physical conse-
quence of an irrotational wave is that the principal directions of strain do not rotate.
For the displacement field u3ðx3; tÞ the xi � directions are the principal strain
directions. According to Hooke’s law (5.2.26) the stresses are determined by:

T33 ¼ 2 1� mð Þl
1� 2m

u3;3; T11 ¼ T22 ¼ m
1� m

T33 ð5:2:35Þ

The transverse waves u1ðx3; tÞ and u2ðx3; tÞ are isochoric, i.e. ev ¼ 0; and are
therefore also called dilatation free waves or equivoluminal waves. The stresses are
according to Hooke’s law (5.2.26):

T13 ¼ lu1;3; T23 ¼ lu2;3 ð5:2:36Þ

Because these waves also represent shear stresses on planes normal to the direction
of propagation, they are also called shear waves. Other names are distortional
waves and rotational waves.

3x

3u
l3 3 3g ( )u c t x= −

3 fx 3 3fx x+ Δ

3l= +3 3g ( { } )u c t t xΔ −

3 lx c tΔ = Δ

wavefront at the time t dt+

wavefront at the time t

Fig. 5.3 Propagation of the longitudinal displacement wave u3 x3; tð Þ ¼ g3 clt � x3ð Þ. The
positions of the wave are shown at the time t and the time t + dt. The wave fronts
x3 ¼ x3 f from u3 x3 f ; t

� � ¼ g3 clt � x3 f
� � ¼ 0 and x3 ¼ x3 f þDx3 from u3ðx3 f þDx3; tþDtÞ ¼

g3ðcltþDtg � x3 f þDx3Þ ¼ 0. cl = velocity of propagation of longitudinal elastic waves
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An earthquake initiates three elastic displacement waves. The fastest wave is a
longitudinal wave called the primary wave, or the P� wave: The second fastest
wave is a transverse wave, a shear wave, called the secondary wave, or the S�
wave: Both waves propagate from the earth quake region in all directions and their
intensities, or energy per unit area, decrease with the square of the distance from the
earth quake. These two waves therefore are registered by relatively weak signal on a
seismograph far away from the epicenter of the earth quake. The third, and gen-
erally the strongest wave propagates along the surface of the earth and is called a
surface wave.

5.3 Linearly Viscous Fluids

5.3.1 Definition of Fluids

In continuum mechanics it is natural to define a fluid on the basis of what seems to
be the most characteristic macromechanical aspects of liquids and gases as opposed
to solid materials. Due to the fact that liquids and gases behave macroscopically
similarly, the equations of motion have the same form and the most common
constitutive models applied are in principle the same for liquids and gases. A fluid
is thus a model for a liquid or a gas.

A common property of liquids and gases is that at rest they can only transmit
pressure on solid boundaries or interfaces to other liquids. Figure 5.4a shows a
small liquid volume element subjected to the pressure p. The liquid is in an iso-
tropic state of stress. Shear stresses from the liquid on solid boundaries will only
occur when there is relative motion between the boundary and the liquid. The
capability to sustain shear stresses in a fluid is expressed by the viscosity of the
fluid. In a fluid in motion shear stresses will always be present on material surfaces
and the fluid is in an anisotropic state of stress, as illustrated in Fig. 5.4b. However,
in some flow problems, especially with gasses, the shear stresses are very small and
may be neglected in the part of the flow analysis. Based on these remarks we may
choose that following general definition of fluids as a continuous material:

A fluid is a material that deforms continuously when subjected to anisotropic
states of stress.

The constitutive equations of any fluid at rest relative to any reference must
reduce to:

T ¼ �p1; p ¼ pðq; hÞ ð5:3:1Þ

p is the thermodynamic pressure, which is a function of the density q and the
temperature h. The relationship for p in the formulas (5.3.1) is called an equation of
state.
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An ideal gas is defined by the equation of state:

p ¼ Rqh ð5:3:2Þ

R is the gas constant for the gas, and h is the absolute temperature, given in degrees
Kelvin. The model ideal gas may be used with good results for many real gases, for
example for air.

Due to the large displacements and the chaotic motions of the fluid particles it is
in general impossible to follow the motion of the individual particles. Therefore the
physical properties of the particles or quantities related to particles are observed or
described at fixed positions in space. In other words we employ spacial description
and Eulerian coordinates. The primary kinematic quantity in Fluid Mechanics is
the velocity vector vðr; tÞ:

An instrument that measures the viscosity in a liquid is called a viscometer.
Figure 5.5 illustrates a cylinder viscometer. A test fluid is filled in the annular space
between a cylindrical container and a cylinder. The container is at rest while the
cylinder is subjected to a torque mt and is made to rotate with a constant angular
velocity omega. The rotation creates a flow in the annular space between the
cylinder and the inner container wall. It is assumed that the distance h is very small
as compared to the radius r and that the flow in the annular space may be considered
as the flow between to parallel surfaces, represented by the moving wall of the
rotating cylinder and the fixed inner wall of the container, as shown in the cut out in
Fig. 5.5 It is also assumed that the fluid sticks to the solid wall. With respect to the
local coordinate axes the velocity field in the annular space is assumed to be:

v1ðx2Þ ¼ v
h
x2; v2 ¼ v3 ¼ 0; v ¼ xr ð5:3:3Þ

A small liquid element in the cut out in Fig. 5.5 is subjected to normal stresses and
the shear stress s: The rate of deformation in the flow is represented by the shear
strain rate:

p

p

p
p p

p

τ
τ

pressure p(a) (b) shear stress τ

Fig. 5.4 a Stresses on a volume element in a fluid at rest. Isotrop state of stress b Stresses on a
volume element in a fluid in motion. Anisotrop state of stress
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_c ¼ 2 D12ð Þ ¼ 2
1
2
ðv1;2 þ v2;1 Þ

� �
¼ v1;2 ¼ v

h
) _c ¼ r

h
x ð5:3:4Þ

For the case of steady flow at constant angular velocity the torque mt is balanced by
the shear stress s on the wall of the cylinder:

s � rð Þ � 2pr � Hð Þ ¼ M ) s ¼ mt

2pr2H
ð5:3:5Þ

The viscometer records the relationship between the torque mt and the angular
velocity x. Using the formulas (5.3.2) and (5.3.3) we obtain a relationship between
the shear stress s and the shear rate _c:

A liquid is said to be purely viscous if the shear stress s is a function of only _c:

s ¼ sð _cÞ , purely viscous fluid ð5:3:6Þ

A Newtonian fluid is a purely viscous fluid with a linear constitutive equation for
the shear stress:

s ¼ l _c , Newtonian fluid ð5:3:7Þ

The coefficient l is called the viscosity of the fluid and has the unit Ns/m2: The
viscosity varies with temperature and to a certain extent with the pressure in the
fluid. For water at 0 
C l ¼ 1:8� 10�3Ns/m2 and at 20 
C l ¼ 1:0� 10�3Ns/m2.

liquid

m

,m ω

H

h r=

rω

cylindrical container

rotating cylinder surface

τ
τ

rotating cylinder

liquid element with stresses

1 2( )v x

v

2x

vdt

dtγ

liquid element at time t

liquid element at time t dt+

fixed container surface

hcylindrical container

rotating cylinder

liquid

1x

cutout

.

t

t

Fig. 5.5 Cylinder viscometer. Rotating cylinder of radius r in a cylindrical container. Test liquid
in annular space of thickness h � r. The cylinder is subjected to a torque mt and rotates with
angular velocity x
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In some fluid flow problems the viscosity plays a minor role in describing the
flow and may be neglected in the flow analysis. The fluid is then characterized as a
perfect fluid or an Eulerian fluid.

5.3.2 The Continuity Equation

A small part of a fluid body of volume dV and density q has the mass dm ¼ qdV :
The principle of conservation of mass implies that the mass dm is constant, while
both the density q and the volume dV may change with time. From
Equation (4.4.11) we have found that the rate of change in volume per unit volume
and per unit of time is given by div v: Therefore we may write:

dm ¼ qdV ¼ constant in time ) dðdmÞ
dt

¼ 0 )

_qdV þ q
dðdVÞ
dt

¼ 0 ) _qdV þ qdiv v dV ¼ 0 )
_qþ q div v ¼ 0 ð5:3:8Þ

If we introduce the formula (2.1.17) for material derivative of an intensive quantity,
Eq. (5.3.3) may be rewritten to:

@q
@t

þ divðqvÞ ¼ 0 ð5:3:9Þ

Equations (5.3.3) and (5.3.4) are both called the continuity equation for a fluid
particle. If the fluid is incompressible the rate of volumetric strain is zero, and the
continuity Eq. (5.3.3) is reduced to the incompressibility condition:

div v ¼ 0 ð5:3:10Þ

5.3.3 Constitutive Equations for Linearly Viscous Fluids

George Gabriel Stokes [1819–1903] presented the following four criteria for the
relationships between the stresses and the velocity field in a viscous fluid:

1. The stress tensor T is a linear function of the rate of deformation tensor D.
2. The stress tensor T is explicitly independent of the particle coordinates, which

implies that the fluid is homogeneous.
3. When the fluid is not deforming, i.e. D = 0, the stress tensor is:T ¼ �pðq; hÞ1;

where pðq; hÞ is the thermodynamic pressure.
4. Viscosity is an isotropic property.
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To fulfil these assumptions the constitutive equation must express the stress tensor
T as a linear function of D and a function of the density q and the temperature h:
The following function satisfies the assumptions:

T ¼ �pðq; hÞ1þ 2lDþ j� 2l
3

� �
trDð Þ1 ,

Tij ¼ �pðq; hÞdij þ 2lDij þ j� 2l
3

� �
Dkkdij

ð5:3:11Þ

The scalar parameters l and j will in general be functions of the density q and the
temperature h and are called the (shear) viscosity and the bulk viscosity. If we
compare these equations with Eq. (5.2.17) for a Hookean solid, we understand that
the isotropy assumption for the fluid is assured. Equation (5.3.11) are the consti-
tutive equations of linearly viscous fluids, or what is called Newtonian fluids.

If the symmetric tensors T and D are decomposed into isotrops and deviators,
the constitutive Eq. (5.3.7) take the alternative form:

To ¼ �pðq; hÞ1þ 2lDo , To
ij ¼ �pðq; hÞdij þ 3jDo

ij ð5:3:12Þ

T0 ¼ 2lD0 , T 0
ij ¼ 2lD0

ij ð5:3:13Þ

For isotropic states of stress, we may replace Eq. (5.3.7) by:

T ¼ �~p1; ~p ¼ pðq; hÞ � j_ev; _ev ¼ trD ¼ div v ¼ � _q
q

ð5:3:14Þ

Note that the total pressure is not the same as the thermodynamic pressure pðq; hÞ:
The bulk viscosity j expresses the resistance of the fluid toward rapid volume

changes. Due to the fact that it is difficult to measure j, values are hard to find in the
literature. Kinetic theory of gasses shows that j = 0 for monatomic gasses. But as
shown by Truesdell in J. Rat. Mech. Anal. V.1 (1952) [2], this result is implied in
the stress assumption that is the basis for the kinetic theory. Experiments show that
for monatomic gasses it is reasonable to set j = 0, while for other gasses and for all
liquids the bulk viscosity j, and values of k, are larger than, and often much larger
than l. The assumption j = 0, sometimes taken for granted in older literature on
Fluid Mechanics, is called the Stokes relation, since it was introduced by him.
However, Stokes did not really believe the relation to be relevant. Usually the
deviator D’ dominates over Do such that the effects of the bulk viscosity are small.
The bulk viscosity j has dominating importance for the dissipation and absorption
of sound energy.

In modern literature (5.3.6) is sometimes called the Cauchy-Poisson law. For an
incompressible fluid, for which trD ¼ 0; Eq. (5.3.6) has to be replaced by:

178 5 Constitutive Equations



T ¼ �pðr; tÞ1þ 2lD , Tij ¼ �pðr; tÞdij þ 2lDij ð5:3:15Þ

The pressure pðr; tÞ is a function of position r and time t, and can only be deter-
mined from the equations of motion and the boundary conditions. An equation of
state, p ¼ pðq; hÞ, loses its meaning when incompressibility is assumed.

5.3.4 The Navier–Stokes Equations

The general equations of motion of a linearly viscous fluid are called the Navier–
Stokes equations. These equations are obtained by the substitution of the consti-
tutive Eq. (5.3.6) into the Cauchy equations of motion (2.2.37). If it is assumed that
the viscosities l and j may be considered to be constant parameters, the resulting
equations are:

@tvþ v � rð Þv ¼ � 1
q
rpþ l

q
r2vþ 1

q
jþ l

3

	 

r r � vð Þþ b ð5:3:16Þ

In a Cartesian coordinate system the Navier–Stokes equations are:

@tvi þ vkvi;k ¼ � 1
q
pi þ l

q
vi;kk þ 1

q
jþ l

3

	 

vk;ki þ bi ð5:3:17Þ

For incompressible fluids ∇�v = 0, and Eqs. (5.3.16) and (5.3.17) are reduced to:

@tvþ v � rð Þv ¼ � 1
qrpþ l

qr2vþ b ,
@tvi þ vkvi;k ¼ � 1

q p;i þ l
q vi;kk þ bi

ð5:3:18Þ

The Navier–Stokes Eqs. (5.3.16–5.3.18) are the most important equations in the
study of viscous fluids. The complexity of the equations indicates that analytical
solutions in most cases require major simplifications and approximations. Modern
computer codes make it possible to use the Navier–Stokes equations in numerical
solutions of very complex fluid flow problems.

The Navier–Stokes equations in general coordinates and in particularly in
cylindrical coordinates and spherical coordinates are presented in Sect. 7.9.

5.3.5 Film Flow

As an example of application of the basic equations of fluid mechanics, we shall
determine the flow of a linearly viscous and incompressible fluid along an inclined
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conveyor belt presented in Fig. 5.6. The width of the belt is b and the angle of
inclination is a. The conveyor belt moves with a constant velocity v0: The fluid has
the density q, the viscosity l; and moves in a constant gravitational field given by
the body force:

b ¼ �g sin a e1 � g cos ae2 ð5:3:19Þ

We assume stationary flow of the fluid in a film of constant height h and with the
velocity field, as shown in Fig. 5.6:

v1 ¼ v1ðx2Þ; v2 ¼ v3 ¼ 0 ð5:3:20Þ

The velocity field satisfies the incompressibility condition:

div v ¼ 0 ) vi;i ¼ @v1
@x1

¼ 0 ð5:3:21Þ

With an atmospheric pressure of pa at the free fluid surface at x2 ¼ h the boundary
conditions in the problem are:

v1ð0Þ ¼ v0
T22 ¼ �pa; T12 ¼ 0 at x2 ¼ h

ð5:3:22Þ

The velocity field (5.3.20) results in the following non-zero rates of deformations
and stresses in the fluid:

Dij ¼ 1
2 vi;j þ vj;i
� �

; Tij ¼ �pðq; hÞdij þ 2lDij þ j� 2l
3

� �
Dkk dij )

D12 ¼ 1
2
dv1
dx2

; T11 ¼ T22 ¼ T33 ¼ �p; T12 ¼ l dv1
dx2

ð5:3:23Þ

The third of the boundary conditions (5.3.22) is now rewritten to:

T12 ¼ 0 at x2 ¼ h ) dv1
dx2

¼ 0 at x2 ¼ h ð5:3:24Þ

1 2( )v x
h

ρ

2x
2x

1x
α

α
g

O

0v

0v

ap

conveyor belt

1v

Fig. 5.6 Flow of a viscous
fluid film on a conveyor belt.
The belt is moving with
constant velocity v0

180 5 Constitutive Equations



The velocity field (5.3.20) results in zero acceleration:

@tv1 þ vkv1;k ¼ 0; @tv2 þ vkv2;k ¼ 0; @tv3 þ vkv3;k ¼ 0 ð5:3:25Þ

The Navier–Stokes Eq. (5.3.18) for an incompressible fluid are reduced to:

0 ¼ � 1
q
@p
@x1

þ l
q
d2v1
dx22

� g sin a; 0 ¼ � 1
q
@p
@x2

� g cos a; 0 ¼ � 1
q
@p
@x3
ð5:3:26Þ

First we conclude from these equations that the pressure can only be a function of
x1 and x2, and furthermore we find:

@

@x1

@p
@x1

� �
¼ 0;

@

@x1

@p
@x2

� �
¼ @

@x2

@p
@x1

� �
¼ 0 ) @pðx1; x2Þ

@x1
¼ constant ¼ c

Integrations of the last equation and the second of Eq. (5.3.26) yield:

p ¼ pðx1; x2Þ ¼ �ðqg cos aÞx2 þ cx1 þC1 ð5:3:27Þ

From the boundary conditions (5.3.22) and (5.3.24), and the result (5.3.27) we
obtain:

�ðqg cos aÞhþ cx1 þC1 ¼ pa ) c ¼ 0; C1 ¼ pa þðqg cos aÞh ð5:3:28Þ

The general expression for the pressure is therefore:

p ¼ pðx2Þ ¼ pa þðh� x2Þqg cos a ð5:3:29Þ

The pressure is thus only a function of x2.
With the expression for the pressure (5.3.29) Eq. (5.3.26)1 gives:

d2v1
dx22

¼ qg
l
sin a ) v1ðx2Þ ¼ qg

l
sin a

x22
2

þC2x2 þC3 ð5:3:30Þ

The boundary conditions (5.3.22) and (5.3.24) yield:

v1ð0Þ ¼ v0 ¼ C3
dv1
dx2

dv1
dx2

���
x2¼h

¼ 0 ¼ qg
l sin a h2

2 þC2h ) C2 ¼ � qg
l sin a h

2

Hence the velocity field for the film flow is given by:

v1ðx2Þ ¼ v0 � qgh2 sin a
2l

2x2
h

� x2
h

	 
2
� �

; v1ðhÞ ¼ v0 � qgh2 sin a
2l
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The volumetric flow on the belt is:

Q ¼ w
Zh

0

vzðyÞ dy ¼ w
Zh

0

vo � qg sin a h2

2l
1� 1� y

h

	 
2
� �� 


dy ) Q

¼ vowh� qg sin a wh3

3l

Problems 5.1–5.2 with solutions see Appendix.
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Chapter 6
General Coordinates in Euclidean
Space E3

6.1 Introduction

In the previous chapters we have almost exclusively used Cartesian coordinate
systems in the three-dimensional physical space which we have called a
three-dimensional Euclidean space E3: Vectors and vector algebra were defined in
Sect. 1.2, first geometrically, and then through their Cartesian components. Tensors
were introduced via the Cauchy stress tensor in Sect. 2.2.4. A general definition of
tensors in Euclidean space was presented in Chap. 3:

A tensor A of order n is a multilinear scalar-valued function of n argument
vectors:

A½a; b; . . .� ¼ a:

Relative to a Cartesian coordinate system Ox with base vectors ei the tensor A is
represented by n components: Aij � �k ¼ A½ei; ej; ��; ek�:

In the present chapter general coordinate systems will be introduced in the
three-dimensional Euclidean space E3: The geometrical definition of vectors leads
to a vector being represented by two sets of components in each coordinate system.
The definition of tensors as multilinear scalar-valued functions of vectors results to
a tensor being represented by many related sets of components.

The tensor analysis in general coordinates will be applied to two special coor-
dinate systems; the cylindrical coordinate system and the spherical coordinate
system.

Equations of motion, analysis of stress, analysis of deformation, deformation
kinematics, and basic equations for linear elasticity and for linearly viscous fluids in
general coordinates will presented in Chap. 7.
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6.2 General Coordinates. Base Vectors

In many applications of vector and tensor analysis it is convenient to describe the
position of points in three-dimensional space using other parameters than the three
coordinates xi in a right-handed Cartesian Ox system. Three such parameters or
general coordinates are necessary. These will be denoted:

y1; y2; y3 , yi i ¼ 1; 2; 3ð Þ ð6:2:1Þ

Note that in Cartesian coordinate systems we have used sub indices for coordinates
and components of vectors and tensors. In general coordinates it is, as we shall
demonstrate convenient to use both sub indices and super indices.

A one-to-one correspondence between points in space and coordinate sets yi for
the points must exist, which implies that reversible dependencies must exist
between the coordinates xi and yi:

xi yð Þ � xi y
1; y2; y3

� �, yi xð Þ � yi x1; x2; x3ð Þ ð6:2:2Þ

It may be shown, see Sokolnikoff [1], that sufficient conditions on the functions
yi xð Þ for this to be the case are:

(a) The functions yi xð Þ are single-valued, continuous functions that have contin-
uous partial derivatives of order one,

(b) The Jacobian to the mapping yi xð Þ must be non-zero:

ðcÞ Jyx � det
@yi

@xj

� �
6¼ 0 ð6:2:3Þ

We now assume that these conditions are satisfied in that part of the space E3 that is
of interest for the problem we are engaged in, except at isolated points, on isolated
lines, or on isolated surfaces. Apart from these singular regions, the Jacobian Jyx is
different from zero. We shall see below that the Jacobian either is positive
everywhere or negative everywhere.

According to the multiplication theorem for determinants, Eq. (1.1.23):

det
@xi
@xj

� �
¼ 1 ) det

@xi
@yk

@yk

@xj

� �
¼ det

@xi
@yk

� �
det

@yk

@xj

� �
¼ 1 )

Jxy � det
@xi
@yk

� �
¼ det

@yk

@xj

� �� ��1

� Jyx
� ��1

ð6:2:4Þ

When one of the y-coordinates is kept constant, the functions xiðyÞ describe a
coordinate surface. For example, y1 ¼ constant ¼ a1 represents a y1-surface,
Fig. 6.1:

184 6 General Coordinates in Euclidean Space E3



y1-surface: xi ¼ xi a1; y2; y3ð Þ is a oordinate surface for y1 ¼ a1 ð6:2:5Þ

The intersecting curve between two coordinate surfaces is called a coordinate line.
The functions xiðyÞ describe a coordinate line when two of the y-coordinates are
fixed. For example, with y1 ¼ a1 and y2 ¼ a2 the functions xiðyÞ represent a y3-line,
Fig. 6.1:

y3-line: xi ¼ xi a1; a2; y3ð Þ is a oordinate line for y1 ¼ a1 and y2 ¼ a2 ð6:2:6Þ

The coordinate lines are in general curved, and the coordinates yi are therefore
called curvilinear coordinates. We shall use the symbol y also to denote a general
coordinate system or a curvilinear coordinate system. Likewise we shall, in this
chapter, let the symbol x denote a right-handed Cartesian coordinate system Ox.

As will be demonstrated in the examples below, the dimensions of the y-coor-
dinates may be different within one and the same coordinate system. If the coor-
dinate difference between to arbitrary points on a coordinate line is equal to or
proportional to the length of the line element between the two points, the coordinate
is called a metric coordinate.

In cylindrical coordinates (R, h, z), presented in Fig. 6.2, we set: y1 ¼ R; y2 ¼ h;
y3 ¼ z: The mapping xiðyÞ is then:

x1 ¼ R cos h; x2 ¼ R sin h; x3 ¼ z ð6:2:7Þ

The R-surfaces are cylindrical surfaces, and the h-surfaces and the z-surfaces are
planes. The h-lines are circles, and the R-lines and the z-lines are straight lines.
R and z are metric coordinates. The length of a line element between two points on a
R-line, or a z-line is independent of the two other coordinates h and z; for the R-line,
or R and h; for the z-line, and equal to the coordinate difference of the two points,

1 surfacey −

3 surfacey −

2 surfacey −

1 liney −
2 liney −

3 liney −

1x

2xO

3x

Rf

r

1e

3e

2e

Fig. 6.1 Euclidean space with a reference Rf. Cartesian coordinate system Ox with origin O and
base vectors ei. Coordinate surfaces and coordinate linesfor general coordinates yi
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while the length of a line element between two points on a h-line is dependent on
the R-coordinate of the h-line.

In spherical coordinates ðr; h;/Þ, presented in Fig. 6.3, we set: y1 ¼ r; y2 ¼
h; y3 ¼ /: The mapping xi(y) is then:

x1 ¼ r sin h cos/; x2 ¼ r sin h sin/; x3 ¼ r cos h ð6:2:8Þ

The r-surfaces are spherical surfaces, the h-surfaces are cones, and the /-surfaces
are planes. The r-lines are straight lines, and the h-lines and the /-lines are cir-
cles. The coordinate r is a metric coordinate. The length of a line element between
two points on a r-line is equal to the coordinate difference of the two points, while
the length of a line element between two points on a h-line is dependent on the
coordinates r and / of the h-line. Likewise, the length of a line element between
two points on a /-line is dependent on the coordinates r and h of the /-line:

Any point P in space may be determined by a set of coordinates in any of the
two coordinate systems x or y, or by the place vector r from a reference point O,
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θ
R

3y z=
r

O
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2y θ=

1y R=
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3x
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  surfaceR −

  lineθ −   linez −

lineR −

  surfaceθ −Fig. 6.2 Cylindrical
coordinates:y1 = R, y2 = h,
y3 = z
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Fig. 6.3 Spherical
coordinates: y1 = r, y2 = h,
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which in Fig. 6.4 is the origin of the Ox-system. The vector r may be consid-ered to
be a function of either the xi-coordinates or the yi-coordinates. The base vectors in
the Ox-system are the three unit vectors ei in the positive directions of the coor-
dinate axes:

r ¼ xi ei ) @r
@xi

¼ ei ð6:2:9Þ

The base vectors in the y-system at the point P are defined as the tangent vectors to
the coordinate lines yi through P:

gi ¼
@r
@yi

ð6:2:10Þ

The relations between the base vectors ei in the Ox-system and gi in the y-system
are given by:

gi ¼
@r
@yi

¼ @r
@xk

@xk
@yi

¼ ek
@xk
@yi

; ei ¼ @r
@xi

¼ @r
@yk

@yk

@xi
¼ gk

@yk

@xi
)

gi ¼
@r
@yi

¼ @xk
@yi

ek , ei ¼ @r
@xi

¼ @yk

@xi
gk

ð6:2:11Þ

The functions @xkðyÞ=@yi represent the components in the x-system of the base
vectors gi for the y-system. These functions play the same role as the elements of
the transformation matrix Q when transforming from the x-system to another
Cartesian �x-system, confer the formulas (1.3.2).
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Fig. 6.4 Place vector r. Base
vectors ei in the Cartesian
coordinate sytem Ox.Base
vectors gi in the general
coordinate system y
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6.2.1 Covariant and Contravariant Transformations

Let the y-system be replaced by another general coordinate system �y such that there
is a one-to-one correspondence in the functional relationship between the sets of
coordinates:

�yiðyÞ , yið�yÞ ð6:2:12Þ

The place vector r is now a function of either of the coordinate systems x, y or �y.
We find the base vectors �gi in the �y-system from the relations:

�gi ¼
@r
@�yi

¼ @r
@yk

@yk

@�yi
)

�gi ¼
@yk

@�yi
gk , gk ¼

@�yi

@yk
�gi

ð6:2:13Þ

The differential dr of the place vector rðyÞ or rð�yÞ is expressed as follows:

dr ¼ @r
@yi

dyi ¼ gidy
i ¼ @r

@�yi
d�yi ¼ �gid�y

i ð6:2:14Þ

The relationships between the sets of differentials dyi and d�yi are found as:

d�yi ¼ @�yi
@yk

dyk , dyi ¼ @yi
@�yk

d�yk ð6:2:15Þ

The formulas (6.2.13) and (6.2.15) exemplify two kinds of linear transformations
characteristic in general coordinate systems: covariant transformation in (6.2.13)
and contravariant transformation in (6.2.15). When operating in general curvilinear
coordinates, it is convenient to use indices in two positions. An index in the upper
position, as for the differentials, is called a super index. When an index is in the
lower position, as for the base vectors gi, it is called a subindex.

In coordinate transformations between two Cartesian systems x and �x:

�xi ¼ �ci þQik xk; xk ¼ �ck þQik �xi ð6:2:16Þ

where Qik are elements of the transformation matrix Q when transforming from the
x-system to the �x-system, the two kinds of transformation coincide, as we can see
from the relations:

@xk
@�xi

¼ @�xi
@xk

¼ Qik ð6:2:17Þ

The base vector ei in the x-system represents both a tangent vector to the
coordinate line xi and a normal vector to the coordinate surface xi ¼ constant: In a
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general curvilinear coordinate system the tangent vectors and the normal vectors do
not necessarily coincide. It becomes convenient to introduce two sets of base
vectors: the tangent vectors gi to the yi-lines, and the normal vectors gi to the
coordinate surfaces yi ¼ constant: The normal vectors gi are defined by the
relations:

gi � gk ¼ dik ð6:2:18Þ

where dik � dik is a Kronecker delta. The normal vectors gi are called the reciprocal
base vectors or the dual base vectors.

Using Eq. (6.2.11)2 and the formulas (6.2.18) we obtain:

gi � ej ¼ gi � @yk

@xj
gk

� �
¼ @yk

@xj
gi � gk ¼ @yk

@xj
dik ¼

@yi

@xj

The result shows that the symbols @yi=@xj represent the components in the x-system
of the reciprocal base vectors gi:

gi ¼ @yi

@xj
ej , ej ¼ @xj

@yi
gi ð6:2:19Þ

The result on the right side of the bi-implication sign in Eq. (6.2.19) follows from
the developments:

gi
@xj
@yi

¼ @yi

@xk
ek

� �
@xj
@yi

¼ ek
@xj
@yi

@yi

@xk

� �
) gi

@xj
@yi

¼ ekd
j
k ¼ ej

Furthermore, with respect to a general �y-system:

�gi ¼ @�yi

@xj
ej ¼ @�yi

@yk
@yk

@xj
ej

which with formula (6.2.19)1 gives the results:

�gi ¼ @�yi

@yk
gk , gk ¼ @yk

@�yi
�gi ð6:2:20Þ

The relationships (6.2.20) show that the reciprocal base vectors follow a con-
travariant transformation. For this reason it is also customary to call the two sets of
base vectors gi and gi covariant base vectors and contravariant base vectors,
respectively.

The vector product gi � g
j
of any two base vectors is a vector in the direction of

the reciprocal base vector gk; where the index k is not equal to either i or j. Using
the formulas (6.2.11)1, (1.2.27), (6.2.19)2 (1.1.21), and (6.2.4), we obtain:
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gi � gj ¼
@xr
@yi

@xs
@y j

er � es ¼ @xr
@yi

@xs
@y j

erst et ¼ @xr
@yi

@xs
@y j

@xt
@yk

erst gk ¼ Jxy eijk g
k )

gi � gj ¼ eijk gk

ð6:2:21Þ

Here we have introduced the permutation symbol:

eijk ¼ Jxy eijk ð6:2:22Þ

Similarly we find:

gi � g j ¼ eijk gk ð6:2:23Þ

where we have introduced the permutation symbol:

eijk ¼ Jyx eijk ð6:2:24Þ

Using the formulas (6.2.21), (6.2.23), and (6.2.18), we obtain the box products:

gigjgk
� � ¼ eijk; gig jgk

� � ¼ eijk ð6:2:25Þ

Since it is assumed that the Jacobians Jxy and Jyx are different from zero, it follows

that the base vectors gi and gi at a place cannot lie in one and the same plane. We
say that the coordinate system y is a right-handed/left-handed coordinate system
when Jyx is positive/negative. Furthermore, we say that gi (i = 1, 2, 3) and gi(i = 1,
2, 3) represent right-handed/left-handed systems of vectors when Jyx is positive/
negative. Note that the results (6.2.21) and (6.2.23) are based on the assumption that
the x-system is right-handed.

6.2.2 Fundamental Parameters of a General Coordinate
System

The base vectors gi may be decomposed along the g j-directions, and the base
vectors gi may be decomposed along the gj-directions:

gi ¼ gij g j; gi ¼ gij gj ð6:2:26Þ

Using the formulas (6.2.11)1 and (6.2.19)1 we obtain:
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gij ¼ gi � gj ¼
@xk
@yi

@xk
@y j

; gij ¼ gi � g j ¼ @yi

@xk

@y j

@xk
ð6:2:27Þ

The elements gij and gij are symmetric with respect to the indices and are respec-
tively called the fundamental parameters of the first order and the reciprocal
fundamental parameters of first order for the y-system. The elements gii and gii;
i ¼ 1; 2; or 3; represent the square of the magnitudes of the base vectors. The
elements gij and gij; i 6¼ j; represent the angels between the base vectors.

gij j ¼ ffiffiffiffiffi
gii

p
; gi
		 		 ¼ ffiffiffiffiffi

gii
p

cos gi; gj
� � ¼ gijffiffiffiffiffiffiffiffiffiffi

gii gjj
p ; cos gi; g j

� � ¼ gijffiffiffiffiffiffiffiffiffiffi
gii gjj

p ; i 6¼ j
ð6:2:28Þ

It will be demonstrated in Sect. 6.4.1 that the fundamental parameters are com-
ponents of the unit tensor of second order, also called the metric tensor, in the y-
system.

From the formulas (6.2.26) and (6.2.18) we obtain:

gi � g j ¼ gikgk � g j ¼ gikg
kj ¼ d j

i )
gikg

kj ¼ d j
i

ð6:2:29Þ

The determinant of the matrix gij
� �

is denoted by the symbol g, and using the
formulas (6.2.26), (1.1.23), (6.2.30), (6.2.28), (6.2.3) and (6.2.4), we obtain the
results:

det gikgkj
� � ¼ det gikð Þ det gkj� � ¼ det d j

i

� � ¼ 1 ) g ¼ det gikð Þ; det gkj
� � ¼ 1

g

g � det gij
� � ¼ det

@xk
@yi

@xk
@y j

� �
¼ det

@xk
@yi

� �� �2

¼ Jxy

 �2

1
g
¼ detðgijÞ ¼ det

@yi

@xk

@y j

@xk

� �
¼ det

@yi

@xk

� �� �2

¼ Jyx
� �2)

g � det gij
� � ¼ det

@xk
@yi

� �� �2

¼ Jxy

 �2

;
1
g
¼ detðgijÞ ¼ det

@yi

@xk

� �� �2

¼ Jyx
� �2

ð6:2:30Þ

With the cofactor, Co gij; of the matrix element gij we use the formula (1.1.29) to
write:

gij ¼ Co gij
g

ð6:2:31Þ
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6.2.3 Orthogonal Coordinates

In applications it is often convenient to use a coordinate system with orthogonal
coordinate lines, which implies that:

for i 6¼ j : gi � gj ¼ gij ¼ 0 and gi � g j ¼ gij ¼ 0 ð6:2:32Þ

Cylindrical coordinates ðR; h; zÞ in Fig. 6.2 and spherical coordinates ðr; h;/Þ in
Fig. 6.3 are the most common examples of orthogonal coordinates. The two sets of
base vectors gi and gi in orthogonal coordinate systems are parallel sets of vectors,
and ðgijÞ and ðgijÞ are diagonal matrices.

Let hi denote the magnitudes of the base vectors gi and let ei
y be the unit tangent

vectors to the coordinate lines. Then:

hi ¼ ffiffiffiffiffiffiffiffiffiffiffi
gi � gi

p ¼ ffiffiffiffiffi
gii

p ) g ¼ h1h2h3; eyi ¼
1
hi
gi , gi ¼ hi e

y
i ð6:2:33Þ

From the definition (6.2.18) of the reciprocal base vectors and the formulas
(6.2.33) it follows that:

gi ¼ 1
hi
eyi ¼

1
h2i

gi; gii ¼ 1
gii

¼ 1
h2i

ð6:2:34Þ

In cylindrical coordinates (R, h, z), Fig. 6.2, we introduce unit vectors
eRðhÞ; ehðhÞ; and ez in the directions of the tangents to the coordinate lines, and
write for the place vector:

r ¼ ReRðhÞþ zez ð6:2:35Þ

From Fig. 6.2 we obtain:

eRðhÞ ¼ cos he1 þ sin he2; ehðhÞ ¼ � sin he1 þ cos he2 )
deRðhÞ
dh

¼ ehðhÞ; dehðhÞ
dh

¼ �eRðhÞ
ð6:2:36Þ

From the definitions of base vectors we now find:

g1 ¼
@r
@R

¼ eR; g2 ¼
@r
@h

¼ R
@eR
@h

¼ Reh; g3 ¼
@r
@z

¼ ez

g1 ¼ eR; g2 ¼ 1
R
eh; g3 ¼ ez; h1 ¼ 1; h2 ¼ R; h3 ¼ 1; g ¼ R

ð6:2:37Þ
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gij
� � ¼ gi � gj

� � ¼ 1 0 0
0 R2 0
0 0 1

0
@

1
A; g ¼ det gij

� � ¼ R2 ð6:2:38Þ

gij
� � ¼ gi � g j

� � ¼ 1 0 0
0 1=R2 0
0 0 1

0
@

1
A ð6:2:39Þ

In spherical coordinates ðr; h;/Þ; Fig. 6.3, we introduce unit vectors erðh;/Þ;
ehðh;/Þ; and e/ð/Þ in the directions of the tangents to the coordinate lines, and
write for the place vector:

r ¼ rerðh;/Þ ð6:2:40Þ

From Fig. 6.3 we find:

erðh;/Þ ¼ sin h cos/e1 þ sin h sin/e2 þ cos he3
ehðh;/Þ ¼ cos h cos/e1 þ cos h sin/e2 � sin he3
e/ð/Þ ¼ � sin/e1 þ cos/e2

9=
;)

@erðh;/Þ=@h ¼ cos h cos/e1 þ cos h sin/e2 � sin he3
@erðh;/Þ=@/ ¼ � sin h sin/e1 þ sin h cos /e2
@ehðh;/Þ=@h ¼ � sin h cos/e1 � sin h sin/e2 � cos he3
@ehðh;/Þ=@/ ¼ � cos h sin/e1 þ cos h cos/e2
de/ð/Þ=d/ ¼ � cos/e1 � sin/e2

9>>>>=
>>>>;

)

@erðh;/Þ
@h ¼ eh ;

@erðh;/Þ
@/ ¼ sin he/ ; @ehðh;/Þ

@h ¼ �er ;
@ehðh;/Þ

@/ ¼ cos he/
de/ð/Þ
dh ¼ 0; de/ð/Þ

d/ ¼ � cos/e1 � sin/e2 ¼ � cos heh � sin her

ð6:2:41Þ

From the definitions of base vectors gi and gi we find:

g1 ¼
@r
@r

¼ er; g2 ¼
@r
@h

¼ r
@er
@h

¼ r eh; g3 ¼
@r
@/

¼ r
@er
@/

¼ r sin h e/

g1 ¼ er; g2 ¼ 1
r
eh; g3 ¼ 1

r sin h
e/

h1 ¼ 1; h2 ¼ r; h3 ¼ r sin h; h ¼ r2 sin h

ð6:2:42Þ

gij
� � ¼ gi � gj

� � ¼ 1 0 0

0 r2 0

0 0 r2 sin2 h

0
B@

1
CA; g ¼ det gij

� � ¼ r4 sin2 h

gij
� � ¼ gi � g j

� � ¼ 1 0 0

0 1=r2 0

0 0 1=ðr sin hÞ2

0
B@

1
CA

ð6:2:43Þ
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6.3 Vector Fields

Any vector field a(y) may be decomposed into components ai along the directions
of the base vectors gi or into components ai along the directions of the reciprocal
base vectors gi; as illustrated in Fig. 6.5, which for simplicity does not show the
third dimension. We write:

a ¼ ai gi ¼ ai gi ð6:3:1Þ

It follows that:

ai ¼ gi � a ¼ gi � ak gk
� � ¼ gikak; ai ¼ gi � a ¼ gi � ak gk

� � ¼ gika
k ð6:3:2Þ

The parameters ai are called the contravariant components, and the parameters ai
are called the covariant components of the vector field a. From Eqs. (6.2.20) and
(6.3.2) it follows that when changing from one general coordinate system y to
another general coordinate system �y, the contravariant components and the co-
variant components of the vector a transform according to the contravariant rule or
covariant rule respectively:

�ai ¼ @�yi

@yk
ak; �ai ¼ @yk

@�yi
ak ð6:3:3Þ

1g

2g

2g

1g

2
2a g

2
2a g 1

1a g

1
1a g

a

y

y

2 22/a g

1 11/a g

2 22/a g

1 11/a g

2

1

Fig. 6.5 Contravariant components ai and covariant components ai of a vector field a. Coordinate
lines y1 and y2 for general coordinates y. Base vectors gi and reciprocal base vectors gi
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The unit vectors in the directions of the base vectors gi are gi=
ffiffiffiffiffi
gii

p
(no sum-

mation), and the magnitude of the vector components aigi are ai
ffiffiffiffiffi
gii

p
(no summa-

tion). The unit vectors in the directions of the reciprocal base vectors gi are gi=
ffiffiffiffiffi
gii

p
(no summation), and the magnitude of the vector components aigi are ai

ffiffiffiffiffi
gii

p
(no

summation).
The normal projections of the vector a onto the directions of the base vectors gi

and the reciprocal base vectors gi, respectively, become:

Normal projection of a onto the base vector gi :

a � gi=
ffiffiffiffiffi
gii

p
(no summation) ¼

Xk¼3

k¼1

akgk � gi=
ffiffiffiffiffi
gii

p� � ¼ ai=
ffiffiffiffiffi
gii

p ðno summation)

ð6:3:4Þ

Normal projection of a onto the reciprocal base vector gi :

a � gi=
ffiffiffiffiffi
gii

p
(no summation) ¼

Xk¼3

k¼1

akgk � gi=
ffiffiffiffiffi
gii

p
 �
¼ ai=

ffiffiffiffiffi
gii

p
ðno summation)

ð6:3:5Þ

These results are illustrated in Fig. 6.5. Note that the contravariant component ai of
the vector field a represents both the vector component aigi and the projection of
the vector field a onto the reciprocal base vector gi: Likewise, the covariant com-
ponent ai of the vector field a represents both the vector component aigi and the
projection of the vector field a onto the base vector gi:

The magnitudes ai
ffiffiffiffiffi
gii

p
(no summation) of the vector components aigi (no

summation) of a vector field a, are called the physical components of the vector
field a, and are denoted by aðiÞ:

aðiÞ � ai
ffiffiffiffiffi
gii

p
; a ¼

X
i

aðiÞ giffiffiffiffiffi
gii

p ¼ aðiÞeyi ð6:3:6Þ

In a Cartesian coordinate system we find that:

aðiÞ ¼ ai ¼ ai ð6:3:7Þ

In cylindrical and spherical coordinates the physical components of a vector a are
related to the contravariant and covariant components of the vector through:

aR ¼ a1 ¼ a1; ah ¼ Ra2 ¼ 1
R
a2; az ¼ a3 ¼ a3

ar ¼ a1 ¼ a1; ah ¼ ra2 ¼ 1
r
a2; a/ ¼ r sin h a3 ¼ a3

r sin h

ð6:3:8Þ
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When adding or subtracting vectors, we find that:

aþ b ¼ c , ai þ bi ¼ ci , ai þ bi ¼ ci ð6:3:9Þ

Adding/subtracting the covariant components of one vector to/from the con-
travariant components of another vector has no meaning.

The scalar product of two vectors a and b may be developed as follows.

a � b ¼ ai gi
� � � bj g j

� � ¼ aibj gi � g j
� � ¼ aibj d

j
i ¼ aibi

Similarly we find: a � b ¼ ai bi. Thus:

a � b ¼ ai bi ¼ ai b
i ð6:3:10Þ

If we write:

ai b
i ¼

X
i

aiffiffiffiffiffi
gii

p
� 


bi
ffiffiffiffiffi
gii

p� � ð6:3:11Þ

we may interpret the scalar product a � b as the sum of the products of the normal
projections of the vector a onto the base vectors gi, Formula (6.3.4), and the
physical components of b, formula (6.3.6).

The covariant and contravariant components of the vector product b� c of the
vectors b and c may be found by using the formulas (6.2.22) and (6.2.24). The
result is:

a ¼ b� c , ai ¼ eijk b
j ck , ai ¼ eijkbj ck ð6:3:12Þ

The scalar triple product, or box product, of three vectors a, b, and c may be
computed from:

abc½ � � a � b� cð Þ ¼ eijk a
i b j ck ¼ eijkai bj ck ð6:3:13Þ

In some literature the definitions (6.2.23) and (6.2.25) are replaced by:

eijk ¼ ffiffiffi
g

p
eijk; eijk ¼ 1ffiffiffi

g
p eijk ð6:3:14Þ

When the expressions (6.3.14) are used for the symbols eijk and eijk in the formulas
(6.3.12) for the components of the vector product, the vector product changes
direction when transforming from a right-handed system to a left-handed system
and the other way around. The vector product is now what is called an axial vector.
We shall demonstrate this by transforming from a right-handed Cartesian system
x to a left-handed Cartesian system y:
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y2 ¼ �x1; y2 ¼ x2; y3 ¼ x3 )
g1 ¼ g1 ¼ �e1; g2 ¼ g2 ¼ e2; g3 ¼ g3 ¼ e3; gij ¼ gij ¼ dij

Then:

@xi
@y j

� �
¼ @yi

@xj

� �
¼

�1 0 0
0 1 0
0 0 1

0
@

1
A; Jxy ¼ det

@xi
@y j

� �
¼ �1;

g ¼ Jxy

 �2

¼ 1 ) ffiffiffi
g

p ¼ 1

A vector a with components axj in the x-system will have the following components
in the y-system:

ai ¼ @yi

@xj
axj ; ai ¼ @xj

@yi
axj ) a1 ¼ a1 ¼ �ax1; a2 ¼ a2 ¼ ax2; a3 ¼ a3 ¼ ax3

According to different presentations of vector algebra in the literature, the vector
product b� c may be represented as either of the following two vectors. Using
eijk ¼ Jxyeijk from the definition (6.2.23), we get the first alterative for the vector
product b� c:

a ¼ b� c ¼ eijkb
jckgi ¼ Jxyeijkb

jckgi ¼ � det
� e1 e2 e3
�bx1 bx2 bx3
�cx1 cx2 cx3

0
@

1
A ¼ eijkb

x
j c

x
kei

ð6:3:15Þ

Using the definition (6.3.12)1, we get the second alternative for the vector product
b� c:

aalt ¼ b� c ¼ eijkb
jckgi ¼ ffiffiffi

g
p

eijkb
jckgi ¼ det

� e1 e2 e3
�bx1 bx2 bx3
�cx1 cx2 cx3

0
@

1
A ¼ �eijkb

x
j c

x
kei

ð6:3:16Þ

The vector aalt has the opposite direction of the vector a.
In the present presentation the vector product is defined geometrically in

Sect. 1.2.2 by Fig. 1.9 and the formula (1.2.25) as a coordinate invariant quantity.
This implies that if we do not intend to limit our choices of coordinate systems to
only right-handed systems, or only to left-handed systems, we keep the formula
(6.3.12) for the vector product and the definitions (6.2.23) and (6.2.25) for the
symbols eijk and eijk: Then the vector a in Eq. (6.3.15) is the proper vector product
of the vectors b and c.
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The scalar product and the vector product of the vectors a and b when the
vectors are expressed in physical components, are:

a � b ¼
X
i;k

aðiÞ bðkÞ gikffiffiffiffiffiffiffiffiffiffiffi
gii gkk

p ð6:3:17Þ

a� b ¼ c , Jxy
X
i;j;k

eijkaðiÞ bðjÞgkl
ffiffiffiffiffiffiffiffiffiffi
gll

gii gjj

r
¼ cðlÞ ð6:3:18Þ

The two formulas are derived as follows. For the scalar product a � b we write:

a � b ¼ aigi
� � � bkgk

� � ¼ aibkgi � gk ¼
X
i;k

aðiÞ bðkÞ gikffiffiffiffiffiffiffiffiffiffiffi
gii gkk

p ) 6:3:17

For the vector product c ¼ a� b we write:

c ¼ clgl ¼
X
l

cðlÞffiffiffiffiffi
gll

p gl ¼ a � b

¼ aigi
� �� b jgj

� � ¼ aib jgi � gj ¼ aib jeijkgk ¼ aib jeijkg
klgl ¼ Jxy

X
i;j;k

eijk
aðiÞ bðjÞgklffiffiffiffiffiffiffiffiffiffi

gii gjj
p gl

) a � b ¼ c , Jxy
X
i;j;k

eijkaðiÞ bðjÞgkl
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
gll= gii gjj
� �q

¼ cðlÞ ) 6:3:18

In orthogonal coordinates the formulas (6.3.17) and (6.3.18) reduce to:

a � b ¼ aðiÞ bðiÞ; a� b ¼ c , eijk aðjÞ bðkÞ ¼ cðiÞ ð6:3:19Þ

6.4 Tensor Fields

6.4.1 Tensor Components. Tensor Algebra

In Sect. 3.1 a tensor of order n is defined as a multilinear scalar-valued function of
n argument vectors. Let C be tensor of second order. Then the scalar value of C for
the argument vectors a and b is:

a ¼ C a; b½ � ¼ a � C � b ð6:4:1Þ

In a Cartesian coordinate system x with base vectors ei the tensor is represented by
its components:
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Cij ¼ C ei; ej
� �

in a Cartesian coordinate system ð6:4:2Þ

In a general coordinate system y with base vectors gi and gi the tensor C is rep-
resented by either of four associated sets of components:

Cij ¼ C gi; gj
� �

covariant components

Cij ¼ C gi; g j
� �

contravariant components

C j
i ¼ C gi; g

j
� �

; Ci
j ¼ C gi; gj

� �
mixed components

ð6:4:3Þ

The formula (6.4.1) may now be presented as:

a ¼ C a; b½ � ¼ a � C � b ¼ aiC gi; gj
� �

b j ¼ aiC gi; g
j

� �
bj ¼ aiC gi; gj

� �
b j ¼ aiC gi; g j

� �
bj )

a ¼ C a; b½ � ¼ a � C � b ¼ aiCijb
j ¼ aiCj

ibj ¼ aiC
i
jb

j ¼ aiC
ijbj

ð6:4:4Þ

Using the formulas (6.2.27) for the base vectors in the expressions (6.4.3), we find
the relationships between the four sets of components of the tensor. For example:

Ci
j ¼ C gi; gj

� � ¼ C gikgk; gj
� � ¼ gikC gk; gj

� � ¼ gikCkj

Cij ¼ C gi; g j½ � ¼ C gikgk; g
jlgl

� � ¼ gikgjlC gk; gl½ � ¼ gikgjlCkl

�
)

Ci
j ¼ gikCkj; Cij ¼ gikgjlCkl

ð6:4:5Þ

Such operations are called “raising and lowering of indices”.
A tensor C of second order is symmetric if C a; b½ � ¼ C b; a½ � and antisymmetric

if C a; b½ � ¼ �C b; a½ �: Symmetry implies that Cij ¼ Cji; Cij ¼ Cji; and Ci
j ¼ Ci

j:

For a symmetric tensor we introduce the notation:

Ci
j � Ci

j � Ci
j ð6:4:6Þ

The unit tensor 1 of second order is by formula (3.1.20) defined by the scalar
product of the any to argument vectors a and b:

1 a; b½ � ¼ a � b ð6:4:7Þ

The components of the unit tensor 1 in a Cartesian coordinate system x with base
vectors ei are given by the Kronecker delta dij:

1 ei; ej
� � ¼ dij in any Cartesian coordinate system ð6:4:8Þ

From the definition (6.4.7) it follows that the components in a general coordinate
system y of the second order unit tensor are equal to the fundamental parameters of
first order in that coordinate system:
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1 gi; gj
� � ¼ gi � gj ¼ gij; 1 gi; g j

� � ¼ gi � g j ¼ gij

1 gi; g
j

� � ¼ gi � g j ¼ 1 g j; gi
� � ¼ g j � gi ¼ d j

i

ð6:4:9Þ

Equation (6.4.5) may be considered as component expressions for the identities
C = 1C and C = 11C. The scalar product (6.4.7) may alternatively be expressed
by:

a � b ¼ 1 a; b½ � ¼ aibj1 gi; g
j

� � ¼ aibjd
j
i ¼ aibi ¼ aib

i ð6:4:10Þ

The results agree with the formulas (6.3.10).
When the components of a second order tensor C in one y-system are known, we

may find the components of the tensor in another �y-system by the use of the
formulas (6.2.13) and (6.2.21. For example:

�Cij ¼ C �gi; �gj
� � ¼ @yk

@�yi
@yl

@�y j
C gk; gl½ � ¼ @yk

@�yi
@yl

@�y j
Ckl

Using similar procedures, we obtain the results:

�Cij ¼ @yk

@�yi
@yl

@�y j
Ckl covariant transformation

�Cij ¼ @�yi

@yk
@�y j

@yl
Ckl contravariant transformation

�C j
i ¼

@yk

@�yi
@�y j

@yl
Cl
k;

�Ci
j ¼

@�yi

@yk
@yl

@�y j
Ck
l mixed transformations

ð6:4:11Þ

A generalization of the results above to tensors of higher order is straight for-
ward. A tensor of order n has in every y-system 2n associated sets of components.
The algebra of tensors using components in general coordinate systems is very
similar to what applies in Cartesian coordinates. However, addition and subtraction
of tensors of the same order must be performed with components of the same kind.
For example, the sum of two tensors A and B of second order is a tensor C of
second order, which may be represented by either of the following sets of
components:

Cij ¼ Aij þBij; Cij ¼ Aij þBij; Ci
j ¼ Ai

j þBi
j; C j

i ¼ Aj
i þBj

i ð6:4:12Þ

The tensor product of a tensor A of order 2 and a tensor B of order 3 is a tensor C of
order 2 + 3 = 5:

A� B ¼ C , AijB
k
lp ¼ Ck

ij lp etc: ð6:4:13Þ
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Contraction of a tensor must be performed with respect to indices of opposite kind:
one superindex and one subindex. For example, a vector a may be constructed from
the tensor C of third order in the following manner:

ai ¼ Ck
ik; ai ¼ Cik

k ð6:4:14Þ

Scalar product, dot product, double dot product, linear mapping, and composition
of tensors, defined in Cartesian coordinates by the formulas (3.2.12, 3.2.15, 3.2.16,
3.2.17, 3.2.20, 3.2.22, 3.2.23, 3.2.24), are illustrated by the following examples:

a ¼ A : B ¼ Aij Bij; a ¼ Ab � A � b , ai ¼ Aikb
k ð6:4:15Þ

d ¼ A : C , dk ¼ Aij C
ij
k ; D ¼ AB , Dij ¼ AikB

k
j ð6:4:16Þ

The component form of tensor equations in a Cartesian coordinate system x are
readily translated into component equations in a general coordinate system y as
shown by the following example. Let a and b be two vectors, A and C two tensors
of second order, and B a tensor of third order with the following components in a
Cartesian coordinate system x: ai; bj; Aij; Cjk; and Bijk: Suppose that these five
tensor are related by the tensor equation:

a ¼ A � bþB : C , ai ¼ Aij bj þBijk Cjk ðx-system) ð6:4:17Þ

Two possible representations of the tensor equation in a general coordinate system
y are:

ai ¼ Aij b j þBijk Cjk , ai ¼ Aij bj þBi
jk C

jk; ðy-systemÞ ð6:4:18Þ

Note that all terms in a tensor equation must be tensors of the same order. In the
tensor Eq. (6.4.14) all terms are first order tensors.

The trace, the norm, and the determinant of a second order tensor B are in a
general coordinate system y given by:

trB ¼ Bi
i ¼ Bi

i ð6:4:19Þ

norm B � Bk k ¼
ffiffiffiffiffiffiffiffi
B:B

p
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tr BBT
� �q

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tr BBTð Þ

p
¼ ffiffiffiffiffiffiffiffiffiffi

BijBij

p ð6:4:20Þ

detB ¼ det Bij
� �

=g ¼ det Bj
i

� � ¼ det Bi
j


 �
¼ det Bij

� �
g ð6:4:21Þ

If det B 6¼ 0, the inverse tensor B−1 is found from:
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B�1 B ¼ 1 , B�1
ik Bkj ¼ d j

i ð6:4:22Þ

The derivation of the formula (6.4.21) from the definition (3.3.10) of the deter-
minant detB of the tensor B is given as Problem 6.1.

It may be shown, Problem 6.2, that the symbols eijk and eijk are components of
the permutation tensor P defined by formula (3.1.25), and that, Problem 6.3, the
following identity holds:

eijk ersk ¼ dird
j
s � disd

j
r ð6:4:23Þ

6.4.2 Symmetric Tensors of Second Order

Let S be a symmetric second order tensor and a and b two orthogonal unit vectors.
To find the principal values and the principal directions for the tensor we proceed as
in Sect. 3.3.1. First we defined the vector s of the tensor S for the direction a, the
normal component r of the tensor S for the direction a, and the orthogonal shear
component s of the tensor S for the orthogonal directions a and b:

s ¼ S � a , si ¼ Sik a
k

r ¼ a � s ¼ a � S � a ¼ ai S
i
k a

k; s ¼ b � s ¼ b � S � a ¼ bi S
i
k a

k
ð6:4:24Þ

The principal values ri ¼ r and the principal directions ai ¼ a for the tensor
S are determined from the condition:

s ¼ S � a ¼ r a , r dik � Sik
� �

ai ¼ 0 ð6:4:25Þ

The condition for a solution of these equations is that:

det r dik � Sik
� � ¼ 0 , r3 � Ir2 þ IIr� III ¼ 0 ð6:4:26Þ

I, II, and III are the principal invariants of the tensor S:

I ¼ tr S; III ¼ det S ¼ det Sii
� �

II ¼ 1
2

tr Sð Þ2� norm Sð Þ2
h i

¼ 1
2

Sii S
k
k � Sik S

k
i

� � ð6:4:27Þ

The three principal values ri are determined from Eq. (6.4.26), after which the
principal directions ai are computed from Eq. (6.4.25). As demonstrated in
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Sect. 2.3.1 for the stress tensor T, the principal directions are orthogonal. From the
result expressed by the formula (3.3.26), we may write:

S ai; aj
� �� � ¼ r1 0 0

0 r2 0
0 0 r3

0
@

1
A ¼ ridikð Þ ð6:4:28Þ

6.4.3 Tensors as Polyadics

In Sect. 3.2.2 tensors were expressed as polyadics, i.e. linear combinations of
polyads. For instance, a tensor B of second order with components Bx

kl in a
Cartesian coordinate system x, may be expressed as:

B ¼ Bx
kl ek � el ð6:4:29Þ

We use the formulas (6.4.11) to express the Cartesian components Bx
kl in terms of

components in a general coordinate system y and the formulas (6.2.11) to express
the base vectors ei by the base vectors gi and gi in the y-system: We then obtain
from the expression (6.4.29):

B ¼ Bx
kl ek � el ¼ @xk

@yi
@xl
@y j

Bij

� �
@yr

@xk
gr

� �
� @ys

@xl
gs

� �
¼ @yr

@xk

@xk
@yi

� �
@ys

@xl

@xl
@y j

� �
Bijgr � gs )

B ¼ drid
s
j B

ijgr � gs ¼ Bijgi � gj

Similar expressions for the tensor B are obtained by raising and lowering of indices.
Hence:

B ¼ Bijgi � gj ¼ Bj
i g

i � gj ¼ Bi
jgi � g j ¼ Bijgi � g j ð6:4:30Þ

The results obtained for second order tensors are readily extended to higher order
tensors. The operations discussed and presented in Sect. 3.2.2 may be generalized
to apply in general coordinate systems. As an example the following operations are
easily verified when D is a third order tensor, B is a second order tensor, and a is a
vector, i.e. a first order tensor:

D � a ¼ B , Di
jk gi � g j � gk


 �
� algl
� � ¼ Di

jk a
lgi � g j gk � gl

� �
¼ Di

jk a
lgi � g jdkl ¼ Di

jk a
kgi � g j ¼ Bi

j gi � g j
ð6:4:31Þ
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6.5 Differentiation of Tensor Fields

6.5.1 Christoffel Symbols

The base vectors in a general curvilinear coordinate system are place functions:
gi(y) and gi(y). We shall now find the changes of the base vectors along the
coordinate lines. Using the comma notation when differentiating with respect to the
coordinates yi we write:

@gi
@y j

� gi;j ¼ Cijkgk ¼ Ck
ijgk ð6:5:1Þ

The components Cijk and Ck
ij are called Christoffel symbols of the first and the

second kind respectively. These symbols have their names after Elwin Bruno
Christoffel ½1829�1900�: Using the formulas (6.2.11) and (6.2.20) we obtain the
results:

gi;j ¼
@2xr
@y j@yi

er ¼ @2xr
@y j@yi

@xr
@yk

gk or ¼ @2xr
@y j@yi

@yk

@xr
gk

By comparing the result with the definitions (6.5.1), we conclude that:

Cijk ¼ @2xr
@yi@y j

@xr
@yk

¼ Cjik; Ck
ij ¼

@2xr
@yi@y j

@yk

@xr
¼ Ck

ji ð6:5:2Þ

In Problem 6.4 the reader is asked to prove the following formulas:

Ck
ij ¼ gkl Cijl; Cijk ¼ gklC

l
ij ð6:5:3Þ

gij;k ¼ Cikj þCjki; Cijk ¼ 1
2

gik;j þ gjk;i �gij;k
� � ð6:5:4Þ

g;kj ¼ �Ck
ij g

i ð6:5:5Þ

In Problem 6.5 the reader is asked to use the formulas (6.5.1, 6.5.3, and 6.5.4)
and (1.1.24) in order to show that:

Ck
ik ¼

1
2g

g;i ¼ 1ffiffiffi
g

p ffiffiffi
g

p� �
;i ð6:5:6Þ

In orthogonal coordinate systems gij ¼ 0 for i 6¼ j; and it follows from formulas
(6.5.4)2 and (6.5.3)1 that:
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Cijk ¼ Ck
ij ¼ 0 when i 6¼ j 6¼ k 6¼ i ð6:5:7Þ

In cylindrical coordinates (R, h, z) the non-zero Christoffel symbols are:

C122 ¼ �C221 ¼ R; C2
12 ¼

1
R
; C1

22 ¼ �R ð6:5:8Þ

In spherical coordinates ðr; h;/Þ the non-zero Christoffel symbols are:

C122 ¼ �C221 ¼ �C1
22 ¼ r; C133 ¼ �C331 ¼ �C1

33 ¼ r sin2 h

C233 ¼ �C322 ¼ r2 sin h cos h; C2
12 ¼ C3

13 ¼
1
r
; C3

23 ¼ cot h

C2
33 ¼ � sin h cos h

ð6:5:9Þ

The Christoffel symbols Cijk and Ck
ij
k do not represent a tensor. This fact follows

from the following transformation formula relating C
k
ij and Ck

ij in two general
coordinate systems �y and y, see Problem 6.6:

�Ck
ij ¼

@yr

@�yi
@ys

@�y j
@�yk

@yt
Ct
rs þ

@2yr

@�yi@�y j
@�yk

@yr
ð6:5:10Þ

6.5.2 Absolute and Covariant Derivatives of Vector
Components

Curves in three-dimensional space have been introduced in Sect. 1.4. A curve in
space is described by the place vector r ¼ rðpÞ from the origin O in a Cartesian
coordinate system Ox to a point on the curve identified by the curve parameter
p. With respect to the coordinate system Ox with base vectors ei; the space vector is
given as rðpÞ ¼ xiðpÞei. The three coordinate functions xiðpÞ define the curve. In a
general coordinate system the curve is defined by the coordinate functions yiðpÞ:
The length of the curve, from a point on the curve represented by the parameter
value p ¼ p0 to the place rðpÞ ¼ xiðpÞ ei, is given by the arc length formula,
equation (1.4.5):

sðpÞ ¼
Zp
po

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
dr
d�p

� dr
d�p

s
d�p ¼

Zp
po

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
dxi
d�p

dxi
d�p

s
d�p; arc length ð6:5:11Þ

To obtain the representation of the arc length formula in the y-system, we set:
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dr
dp

¼ @r
@yi

d yið Þ
dp

¼ gi
dyi

dp
ð6:5:12Þ

The differentials dyi � d(yi) are the contravariant components of the vector dif-
ferential dr:

dr ¼ @r
@yi

dyi ¼ gi dy
i ð6:5:13Þ

The arc length formula (6.5.11) now takes the form:

sðpÞ ¼
Zp
po

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
dr
d�p

� dr
d�p

s
d�p ¼

Zp
po

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
gij

dyi

d�p
dy j

d�p

s
d�p ð6:5:14Þ

From this formula it follows that:

ds ¼ drj j ¼ dsðpÞ
dp

dp ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
gij

dyi

d�p
dy j

d�p

s
dp ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
gij dyidy j

q
)

dsð Þ2¼ gij dy
i dy j and drj j ¼ ds

ð6:5:15Þ

The quadratic form gij dyi dy j, which is a scalar, is called the metric of the space E3

because the form relates the general coordinates y to length measurement. The
result (6.5.15) may also be presented as:

dsð Þ2¼ dr � dr ¼ dr � 1 � dr ¼ dyigij dy
j ð6:5:16Þ

For this reason the unit tensor 1 is also called the metric tensor in the Euclidean
space E3:

With the arc length sðpÞ as the curve parameter the curve is represented by the
coordinate functions yiðsÞ: The tangent vector t to the curve is defined as the unit
vector:

t ¼ dr
ds

¼ @r
@yi

dyi

ds
¼ git

i , ti ¼ dyi

ds
ð6:5:17Þ

Let aðr; tÞ be a scalar field. The change of the field along the space curve
rðyÞ where yi ¼ yiðsÞ; may be expressed by the derivative:

@a
@s

¼ @a
@yi

dyi

ds
� a;i

dyi

ds
¼ a;i t

i ð6:5:18Þ
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Because @a=@s is a scalar the formula (6.5.18) shows that the functions a;i
represent the covariant components of a vector “grad a”, the gradient of the scalar
field aðyÞ; defined in Cartesian coordinates by the formulas (1.6.6) and (1.6.9):

grad a � @a
@r

� ra ¼ ei
@a
@xi

� ei a;i in Cartesian Coordinate systems ð6:5:19Þ

In a general coordinate system y the expression for the vector grad a is:

grad a � @a
@r

� ra ¼ gi
@a
@yi

� gi a;i ð6:5:20Þ

The del-operator is a coordinate invariant scalar operator defined in a general
coordinate system y by:

rð Þ ¼ gi
@ð Þ
@yi

ð6:5:21Þ

The definition is in accordance with the del-operator (1.6.10) and with the
left-operator (3.4.15) in Cartesian coordinates. To see that the operator is indeed
coordinate invariant, we use the transformation (6.2.21)2 for reciprocal base vectors
and obtain:

rð Þ ¼ gi
@ð Þ
@yi

¼ @yi

@�yk
�gk

� 

@ð Þ
@�y j

@�y j

@yi
¼ �gk

@�y j

@yi
@yi

@�yk

� 

@ð Þ
@�y j

¼ �gkd j
k
@ð Þ
@�y j

¼ �gk
@ð Þ
@�yk

ð6:5:22Þ

It is convenient to present the formula (6.5.20) as:

grad a � @a
@r

� ra ¼ ajigi ¼ ajigi where aji� a;;i ; aji¼ gika;k ð6:5:23Þ

The functions aji are the contravariant components of the vector grad a:
Equation (6.5.18) may now be presented as:

@a
@s

¼ ðgrad aÞ � t ð6:5:24Þ

This result is presented as formula (1.6.11) in Sect. 1.6, where it was shown that the
vector grad al is a normal vector to the level surface aðr; tÞ ¼ aoðtÞ:

For a space curve sðyÞ along a yi-coordinate line the formula (6.5.24) gives:
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@a
@s

¼ @a
@yi

dyi

ds
¼ ðgrad aÞ � t ¼ ðgrad aÞ � ðdy

i

ds
giÞ ðno summation w.r. to iÞ )

a;i ¼ @a
@yi

¼ ðgrad aÞ � gi
ð6:5:25Þ

This result is also obtained directly from the formula (6.5.20).
The derivative of vector field aðy; tÞ along the curve yiðsÞ is a new vector:

@a
@s

¼ @ aigið Þ
@s

¼ @ai

@s
gi þ aigi;k

dyk

ds
;

@a
@s

¼ @ aigið Þ
@s

¼ @ai
@s

gi þ aigi;k
dyk

ds

Using the formulas (6.5.1) and (6.5.5), we may present the vector @a=@s as:

@a
@s

¼ @ai

@s
þ a jCi

jk t
k

� 

gi ¼

@ai
@s

� ajC
j
ik t

k

� 

gi ð6:5:26Þ

We now define absolute derivatives of the vector components ai and ai as the
contravariant and covariant components of the vector @a=@s :

@a
@s

¼ dai

ds
gi ¼

dai
ds

gi ð6:5:27Þ

dai

ds
¼ @a

@s
� gi ¼ @ai

@s
þ a jCi

jk t
k;

dai
ds

¼ @a
@s

� gi ¼
@ai
@s

� ajC
j
ik t

k ð6:5:28Þ

We write:

@ai

@s
¼ ai;k

dyk

ds
¼ ai;k t

k;
@ai
@s

¼ ai;k
dyk

ds
¼ ai;k t

k ð6:5:29Þ

Then the expressions for the absolute derivatives of the vector components in
Eq. (6.5.28) take the forms:

dai

ds
¼ aijktk;

dai
ds

¼ aijktk ð6:5:30Þ

where

aijk ¼ ai;k þ a jCi
jk; aijk ¼ ai;k �ajC

j
ik ð6:5:31Þ

The expressions aijk and aijk are called covariant derivatives of the vector com-
ponents ai and ai respectively.
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In Cartesian coordinate systems the Christoffel symbols are all zero and the
absolute derivatives of vector components reduce to partial derivatives with respect
to the curve parameter s and the covariant derivatives reduce to partial derivatives
with respect to the general coordinates y:

dai

ds
¼ dai

ds
¼ @ai

@s
and aijk ¼ ai;k ¼ aijk ¼ ai;k in Cartesian coordinate systems

ð6:5:32Þ

The covariant derivatives of vector components are components of the tensor we
in Sect. 3.4.1 have called the gradient of the vector field aðy; tÞ. Equations (6.5.30)
is now seen to express the coordinate invariant relation between the vector @a=@s;
the second order tensor grad a, and the tangent vector t:

@a
@s

¼ grad að Þ � t ð6:5:33Þ

We may express grad a as the polyadic, confer the formulas (3.4.6):

grad a ¼ aijkgi � gk ¼ aijkgi � gk ð6:5:34Þ

For a space curve sðyiÞ along a yi-coordinate line the formula (6.5.33) gives:

@a
@s

¼ @a
@yi

dyi

ds
¼ ðgrad aÞ � t ¼ ðgrad aÞ � ðdy

i

ds
giÞ ðno summation w:r: to iÞ )

a;i � @a
@yi

¼ ðgrad aÞ � gi ¼ akjigk ¼ akjigk

ð6:5:35Þ

This result is also obtained by differentiating the formulas: a ¼ akgk ¼ akgk with
respect to yi.

A vector field aðy; tÞ is said to be uniform at the time t along a curve yiðsÞ if the
vector aðy; tÞ has the same direction and magnitude at all points on the curve at the
time t. This implies that:

@a
@s

¼ 0 , dai

ds
¼ 0 along the space curve yiðsÞ ð6:5:36Þ

If the vector field aðy; tÞ is uniform everywhere in a volume V in space, then:

grad a ¼ 0 , aijk ¼ 0 everywhere in the volumeV ð6:5:37Þ
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6.5.3 The Frenet-Serret Formulas for Space Curves

Curves in space were introduced in Sect. 1.4. We shall present the components of
the properties of a space curve given by the coordinate functions yi(s), where
s represents the arc length from some reference point on the curve to the curve point
given by the coordinates yiðsÞ; or by a place vector r(s) from some fixed point O in
space to the curve point yiðsÞ: The tangent vector t to the curve is given by formula
(6.5.17). The principal normal to the curve is defined by the unit vector n in
formula (1.4.10), and now presented as:

n ¼ 1
j

dt
ds

¼ 1
j
d2r
ds2

, ni ¼ 1
j
dti

ds
ð6:5:38Þ

j is the curvature to the space curve and defined by:

j ¼ dt
ds

				
				 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
gij

dti

ds
dt j

ds

r
ð6:5:39Þ

The binormal b to the curve is defined by the unit vector b in formula (1.4.11), and
now presented as:

b ¼ t� n , bi ¼ eijkt
jnk ð6:5:40Þ

The torsion s of the curve is defined by the formula (1.4.12):

db
ds

¼ �sn ) s ¼ �n � db
ds

ð6:5:41Þ

From the formulas (1.4.14) we obtain the formula for the torsion of the space curve
in general curvilinear coordinates y:

s ¼ b � dn
ds

¼ t� nð Þ � dn
ds

¼ tn
dn
ds

� 

¼ eijkt

in j dn
k

ds
ð6:5:42Þ

The three Frenet-Serret formulas (1.4.13) for a space curve are in general
coordinates:

dt
ds

¼ jn , dti

ds
¼ jni

dn
ds

¼ sb� jt , dni

ds
¼ sbi � jti

db
ds

¼ �sn , dbi

ds
¼ �sni

ð6:5:43Þ
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Example 6.1. Kinematics of a Particle Moving on a Space Curve
A mass particle is at the time t at the place r(t). The path of the particle is given by
the space curve yi (t). Let s(t) be the path length along the curve, measured from
some reference point on the path to the place r(t). The velocity of the particle is
given by:

v ¼ dr
dt

¼ dr
ds

ds
dt

¼ _s t , vi ¼ dyi

dt
¼ dyi

ds
ds
dt

¼ _s ti ð6:5:44Þ

The acceleration of the particle is:

a ¼ dv
dt

¼ €s tþ _s
dt
ds

ds
dt

) a ¼ dv
dt

¼ €s tþ j_s2n ð6:5:45Þ

The first term in the expression for the acceleration a, €s t; is the tangential accel-
eration and the second term, j_s2n; is the normal acceleration. The contravariant
components of the acceleration vector a ¼ dv=dt are, according to the formulas
(6.5.45), (6.5.29), and (6.5.30):

ai ¼ dvi

dt
¼ dvi

ds
ds
dt

¼ vi
		
kt
k _s ¼ vi

		
kv

k ¼ vi;k þ v jCi
jk

h i
vk ¼ dvi

dt
þ v jCi

jkv
k ð6:5:46Þ

The contravariant components and the physical components of the velocity
vector v in cylindrical coordinates ðy1; y2; y3Þ � ðR; h; zÞ are obtained from the
formulas (6.5.44), (6.3.6), (6.5.46), and (6.5.8):

v ¼ dr
dt

¼ @r
@yi

dyi

dt
¼ g1

dR
dt

þ g2
dh
dt

þ g3
dz
dt

¼ eR _RþReh _hþ ez _z )

v ¼ vigi ) vi
� � ¼ _R _h _z

n o
_R; _h; _z

 �

; v ¼ vðiÞeyi ) vðiÞð Þ ¼ vi
ffiffiffiffiffi
gii

p� � ¼ _R R _h _z
n o
ð6:5:47Þ

The contravariant components and the physical components of the acceleration
vector a in cylindrical coordinates ðy1; y2; y3Þ � ðR; h; zÞ are obtained from the
formulas (6.5.46) and (6.5.8):

a1 ¼ €Rþ _h �Rð Þ _h; a2 ¼ €hþ _R
1
R
_hþ _h

1
R
_R ¼ €hþ 2

_R _h
R

; a3 ¼ €z )

a ¼ aigi ) ai
� � ¼ €R� R _h2 €hþ 2

_R _h
R

€z

( )
€R� R _h2 €hþ 2

_R _h
R

€z

 !

a ¼ aðiÞeyi ) aðiÞð Þ ¼ ai
ffiffiffiffiffi
gii

p� � ¼ €R� R _h2 R€hþ 2 _R _h €z
n o

ð6:5:48Þ
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6.5.4 Divergence and Rotation of Vector Fields

The divergence and the rotation of a vector field aðy; tÞ are defined by the formulas
(1.6.12) and (1.6.15) respectively. The expression for the divergence of a vector
field aðy; tÞ in general coordinates y is obtained by application of the formula
(6.5.21) for the del-operator r and the formulas (6.5.35):

div a ¼ r � a ¼ gi � @a
@yi

¼ gi � ðakjigkÞ ¼ gi � ðakjigkÞ ¼ aiji ¼ akjigik ¼ akjk )

div a ¼ r � a ¼ aiji ¼ akjk
ð6:5:49Þ

The rotation of a vector field aðy; tÞ in general coordinates y is also obtained by
application of the formula (6.5.20) for the del-operator r and the formulas (6.5.34):

rot a � curl a � r� a ¼ g j � @a
@yj

¼ g j � akjjgk

 �

¼ eijkakjjgi )

rot a � curl a � r� a ¼ eijkakjjgi ¼ eijkak;j gi ¼
1ffiffiffi
g

p det

g1 g2 g3
@
@y1

@
@y2

@
@y3

a1 a2 a3

0
B@

1
CA

ð6:5:50Þ

In Problem 6.7 the reader is asked to prove the last two equalities in Eq. (6.5.50). In
Problem 6.8 the reader is asked to use formulas (6.5.6) and (6.5.31)1 to derive the
formula:

div a � r � a ¼ 1ffiffiffi
g

p ffiffiffi
g

p
ai

� �
;i ð6:5:51Þ

This formula may be utilized to develop expression for r � a in a particular coor-
dinate system.

6.5.5 Orthogonal Coordinates

In an orthogonal coordinate system we introduce the unit tangent vectors eyi and the
symbols hi defined in Eq. (6.2.34). We also apply the symbol:

h ¼ ffiffiffi
g

p ¼ h1h2h3 ð6:5:52Þ
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A vector a may be represented by contravariant components ai, covariant com-
ponents ai, or by physical components aðiÞ: From the formulas (6.3.4) and (6.2.34)
we obtain:

aðiÞ ¼ aihi ¼ ai=hi ð6:5:53Þ

To express the del-operator (6.5.21) we use the formula ð6:2:35Þ1 :

rð Þ ¼ gi
@ð Þ
@yi

¼
X
i

1
hi
eyi
@ð Þ
@yi

ð6:5:54Þ

From the general formulas (6.5.54), (6.5.51), and (6.5.50) we obtain for orthogonal
coordinates:

grad a � ra ¼
X
i

1
hi

a;i e
y
i ð6:5:55Þ

div a � r � a ¼ 1
h

X
i

@

@yi
h
aðiÞ
hi

� �
ð6:5:56Þ

rot a � curl a � r� a ¼ 1
h

X
i;j;k

eijk
@

@y j
hk aðkÞð Þhi eyi

¼ 1
h
det

h1 e
y
1 h2 e

y
2 h3 e

y
3

@
@y1

@
@y2

@
@y3

h1 að1Þ h2 að2Þ h3 að3Þ

0
B@

1
CA

ð6:5:57Þ

div grad a � r � ra � r2a ¼ 1
h

X
i

@

@yi
h
h2i

@a
@yi

� �
ð6:5:58Þ

In cylindrical coordinates ðR; h; zÞ we have from the formulas (6.2.38) and
(6.5.52): h1 ¼ h3 ¼ 1; h2 ¼ R; h ¼ R: The formulas (6.5.55)–(6.5.58) provide the
results:

grad a � ra ¼ @a
@R

eR þ 1
R
@a
@h

eh þ @a
@z

ez ð6:5:59Þ

div a ¼ 1
R

@

@R
RaRð Þþ 1

R
@ah
@h

þ @a
@z

ð6:5:60Þ

rot a ¼ eR
1
R
@az
@h

� @ah
@z

� 

þ eh

@aR
@z

� @az
@R

� 

þ ez

1
R

@

@R
Rahð Þ � 1

R
@aR
@h

� 

ð6:5:61Þ
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r2a ¼ 1
R

@

@R
R
@a
@R

� �
þ 1

R2

@2a

@h2
þ @2a

@z2
¼ @2a

@R2 þ 1
R
@a
@R

þ 1
R2

@2a

@h2
þ @2a

@z2
ð6:5:62Þ

In spherical coordinates ðr; h;/Þ we have from the formulas (6.2.42) and
(6.5.52): h1 ¼ 1; h2 ¼ r; h3 ¼ r sin h; h ¼ r2 sin h: The formulas (6.5.55)–
(6.5.58) provide the results:

grad a � ra ¼ @a
@r

er þ 1
r
@a
@h

eh þ 1
r sin h

@a
@/

e/ ð6:5:63Þ

div a ¼ 1
r2

@

@r
r2ar
� �þ 1

r sin h
@

@h
sin hahð Þþ 1

r sin h
@a/
@/

ð6:5:64Þ

rot a ¼ er
1

r sin h
@

@h
sin ha/
� �� 1

r sin h
@ah
@/

� 


þ eh
1

r sin h
@ar
@/

� @

@r
ra/
� �� 


þ e/
1
r
@

@r
rahð Þ � 1

r
@ar
@h

� 
 ð6:5:65Þ

div grad a ¼ r � ra ¼ r2a

¼ 1
r2

@

@r
r2
@a
@r

� �
þ 1

r2 sin h
@

@h
sin h

@a
@h

� �
þ 1

r2 sin2 h

@2a

@/2

ð6:5:66Þ

In order to find expressions for the Christoffel symbols of the first kind we first
develop from the formulas (6.5.4) some special results:

Cijk ¼ Cjik ¼ 1
2

gik;j þ gjk;i �gij;k
� �

; gij ¼ h2i d
i
j )

C111 ¼ 1
2
g11;1 ¼ 1

2
h21
� �

; 1 ¼ h1h1;1 ; C123 ¼ 0; C112 ¼ � 1
2
g11;2 ¼ � 1

2
h21
� �

;2 ¼ �h1h1;2

C122 ¼ 1
2
g22;1 ¼ 1

2
h22
� �

;1 ¼ h2h2;1 ; C121 ¼ 1
2
g11;2 ¼ 1

2
h21
� �

;2 ¼ h1h1;2

Keeping in mind the symmetry Cijk ¼ Cjik; the above results are generalized to the
formulas:

Cijk ¼ 0 for i 6¼ j 6¼ k 6¼ i

Ciik ¼ �hihi;k no summation w.r. to i and k 6¼ iÞ
Cikk ¼ Ckik ¼ hkhk;i no summation w.r. to k

Ciki ¼ Ckii ¼ hihi;k no summation w.r. to i

ð6:5:67Þ

For the Christoffel symbols of the second kind we obtain from Eqs. (6.5.3)1 and
(6.5.67) first some special results:
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Ck
ij ¼ Ck

ji ¼ gklCijl; gkl ¼ 1
h2i

dij )

C1
23 ¼ g1lC23l ¼ g11C231 ¼ 0;

C1
22 ¼ g1lC22l ¼ g11C221 ¼ 1

h21
�h2h2;1ð Þ ¼ � h2

h21
h2;1

C1
12 ¼ C1

21 ¼ g1lC12l ¼ g11C121 ¼ 1
h21

h1h1;2 ¼ 1
h1

h1;2 ;

C1
11 ¼ g1lC11l ¼ g11C111 ¼ 1

h21
h1h1;1 ¼ 1

h1
h1;1

Keeping in mind the symmetry Ck
ij ¼ Ck

ji; we may generalize the above results to the
formulas:

Ci
jk ¼ 0 for i 6¼ j 6¼ k 6¼ i ; Ck

ii ¼ � hi
h2k

@hi
@yk

no summation w:r: to i; and k 6¼ i

Ci
ik ¼ Ci

ki ¼
1
hi

@hi
@yk

no summation w:r: to i ð6:5:68Þ

The covariant derivatives of the vector components ai and ai are developed from
Eq. (6.5.31). First we develop some special results for the components aijk:

aijk ¼ ai;k þ a jCi
jk; ai ¼ aðiÞffiffiffiffiffi

gii
p ¼ aðiÞ

hi
)

a1j1 ¼ a1;1 þ a jC1
j1 ¼ a1;1 þ a1C1

11 þ a2C1
21 þ a3C1

31

¼ a1;1 þ a1
1
h1

h1;1 þ a2
1
h1

h1;2 þ a3
1
h1

h1;3

a1j1 ¼
@

@y1
að1Þ
h1

� �
þ
X
k

aðkÞ
hk

1
h1

@h1
@yk

a1j2 ¼ a1;2 þ a jC1
j2 ¼ a1;2 þ a1C1

12 þ a2C1
22 þ a3C1

32 ¼ a1;2 þ a1
1
h1

h1;2 �a2
h2
h21

h2;1

¼ 1
h1

@að1Þ
@y2

� að1Þ 1
h21

h1;2 þ að1Þ
h1

1
h1

h1;2 � að2Þ
h2

h2
h21

h2;1 ¼ a1j2 ¼
1
h1

@að1Þ
@y2

� að2Þ
h21

@h2
@y1

The above results are generalized to the formulas:

aiji ¼
@

@yi
aðiÞ
hi

� �
þ
X
k

aðkÞ
hk

1
hi

@hi
@yk

no summation w.r. to i

aijk ¼
1
hi

@aðiÞ
@yk

� aðkÞ
h2i

@hk
@yi

i 6¼ k

ð6:5:69Þ
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Next we shall derive the formulas for the components aijk ¼ gilaljk:

aijk ¼ h2i a
ijk ¼ hi

@aðiÞ
@yk

� aðkÞ @hk
@yi

i 6¼ k

aiji ¼ h2i a
iji ¼ h2i

@

@yi
aðiÞ
hi

� �
þ
X
k

aðkÞ
hk

hi
@hi
@yk

no summation w.r. to i

ð6:5:70Þ

Example 6.2. Covariant Derivatives of Vector Components in Cylindrical
Coordinates
A vector a is expressed in physical, contravariant, and covariant components in
cylindrical coordinates (R, h, z) in the formulas (6.3.8) and we write:

a ¼ aReR þ aheh þ azez ¼ aigi ¼ aigi , að1Þ; að2Þ; að3Þ½ � � aR; ah; az½ �

a1; a2; a3
� � � aR;

1
R
ah; az

� 

; a1; a2; a3½ � � aR;Rah; az½ � ð6:5:71Þ

We shall derive expressions for the covariant derivatives of the contravariant vector
components ak and the covariant vector components ak in cylindrical coordinates
(R, h, z). From the formulas (6.2.37), (6.5.69), and (6.5.70) we obtain the following
matrices:

aijk
� � ¼

@aR
@R

@aR
@h � ah

@aR
@z

1
R
@ah
@R

1
R
@ah
@h þ aR

R
1
R
@ah
@z

@az
@R

@az
@h

@az
@z

0
B@

1
CA; aijk

� � ¼
@aR
@R

@aR
@h � ah

@aR
@z

R @ah
@R R @ah

@h þRaR R @ah
@z

@az
@R

@az
@h

@az
@z

0
B@

1
CA

ð6:5:72Þ

6.5.6 Absolute and Covariant Derivatives of Tensor
Components

The results derived in Sect. 6.5.2 for scalar and vector fields, i.e. for tensors of order
0 and 1, will now be generalized to tensor fields of any order.

Let Aðy; tÞ be a tensor field of order n. The components of the two new tensors:
@A=ds of order n and grad A of order (n + 1), are well-defined in any Cartesian
coordinate system Ox, as presented in Sect. 3.4.1:

@A
@s

is defined through the components:
@Ai::j
@s

in Cartesian coordinates ð6:5:73Þ
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grad A is defined through the Cartesian components:
@Ai::j
@xk

� Ai::j;k ð6:5:74Þ

The following tensor relation is valid in a Cartesian coordinate system, confer the
formulas (3.3.8):

@A
@s

¼ grad Að Þ � t , @Ai::j
@s

¼ Ai::j;k tk in Cartesian coordinates ð6:5:75Þ

In a general coordinate system y we write:

@A
@s

¼ grad Að Þ � t , dAi::j
ds

¼ Ai::jjktk ð6:5:76Þ

Confer the formulas (6.5.33) and (6.5.30) for tensors of first order. The tensor
@A=@s is now represented by the absolute derivatives dAi::j=ds of the tensor
components Ai::j; and the tensor grad A is represented by the covariant derivatives
Ai::jjk of the tensor components Ai::j:

It will be demonstrated below how we may obtain the expressions for the
covariant derivatives of the tensor components. Analogous to the development of
the formulas (6.5.24) and (6.5.35) for scalar fields and vector fields, we obtain in
general for tensor fields of any order:

A;i ¼ grad Að Þ � gi ð6:5:77Þ

From the definitions above it also follows that the rules of ordinary and partial
differentiation also apply to absolute and covariant differentiation. For example,
from the tensor equation:

A ¼ b� c , Ai
j ¼ bi cj ð6:5:78Þ

we may compute:

@A
@s

¼ @b
@s

� cþ b� @c
@s

, dAi
j

ds
¼ dbi

ds
cj þ bi

dcj
ds

ð6:5:79Þ

grad A ¼ grad bð Þ � cþ b� grad cð Þ , Ai
jjk ¼ bijkcj þ bicjjk ð6:5:80Þ

Equations (6.5.79) and (6.5.80) are true in Cartesian coordinate systems, and as
tensor equations are thus true in general coordinates.

We now seek the expressions for covariant derivatives of the component sets of
a tensor field, which by definition represent the component sets of the gradient of
the tensor field. In order to simplify the presentation, we take as an example a tensor
field C of second order, and we shall find the expressions:
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Ci
jjk ¼ Ci

j ;k þCl
j C

i
lk � Ci

l C
l
jk ð6:5:81Þ

Cijjk ¼ Cij;k �Clj C
l
ik � Cil C

l
jk ð6:5:82Þ

Cijjk ¼ Cij;k þClj Ci
lk þCil C j

lk ð6:5:83Þ

C j
i jk ¼ C j

i ;k �C j
l C

l
ik þCl

i C
j
lk ð6:5:84Þ

With these expressions for the covariant derivatives of tensor components, the
absolute derivatives of the tensor components may be found from the formulas
(6.5.76).

To derive the formulas (6.5.81)–(6.5.84) we may use either one of three
methods:

1. by application of the transformation rules for tensor components from the partial
derivatives in a Cartesian x-system to the covariant derivatives in a general
y-system,

2. by partial and covariant differentiations of the component form of the
scalar-valued function that the tensor represents,

3. by partial differentiation of the tensor presented as a polyadic.

The first method is straightforward but leads to some lengthy manipulations, and for
that reason the method will not be demonstrated here. The second method shall now
be applied to find the covariant derivative (6.5.81) as follows. Let a and b be two
vector fields, such that according to the formulas (6.5.31):

aijk ¼ ai;k �al C
l
ik; b jjk ¼ b j;k þ bl C j

lk ð6:5:85Þ

The scalar value a of the second order tensor C for the argument vectors a and b is:

a ¼ C a; b½ � ¼ Ci
j ai b

j

Partial differentiation of this equation yields:

a;k ¼ Ci
j ;k ai b

j þCi
j ai;k b

j þCi
j ai b

j;k ð6:5:86Þ

Since partial differentiation coincides with covariant differentiation in a Cartesian
coordinate system, Eq. (6.5.86) may also be considered to be the Cartesian form of
the more general tensor equation:

ajk¼ Ci
j jkai b j þCi

j aijkb j þCi
j ai b

jjk ð6:5:87Þ

Now since ajk � a;k , we obtain from Eqs. (6.5.87) and (6.5.86) that:
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Ci
jjkai b j þ Ci

j aijkb j þCi
j ai b

jjk
h i

� ajk¼ 0 )

Ci
jjkai b j þ Ci

j ai;k �al C
l
ik

� �
b j þCi

j ai b
j;k þ bl C j

lk

� �h i
� Ci

j;k ai b
j þCi

j ai;k b
j þCi

j ai b
j;k

h i
¼ 0 )

Ci
jjkai b j � Ci

j ;k ai b
j þCi

j al C
l
ik b

j � Ci
j ai b

l C j
lk

h i
¼ 0

From the last result we obtain by renaming indices appropriately:

Ci
j jk � Ci

j;k þCl
j C

i
lk � Ci

l C
l
jk

h in o
ai b

j ¼ 0

Because the vector fields a and b may be chosen arbitrarily, it follows that the
coefficients in the brackets fg must be zero. Hence:

Ci
jjk ¼ Ci

j;k þCl
j C

i
lk � Ci

l C
l
jk ) ð6:5:81Þ

The result indicates a general recipe on how to obtain covariant derivatives of
tensor components as a sum of the partial derivative of the component and con-
tracted products of the components and the Christoffel symbols, one product for
each component index. The products are added with a positive/negative sign
according to whether the contracted tensor index is a superscript or a subscript. This
rule applies to tensors of any order.

The third method for finding the covariant derivatives of tensor components will
now be illustrated. The tensor C and grad C are presented as:

C ¼ Ci
j gi � g j; grad C ¼ Ci

jjlgi � g j � gl ð6:5:88Þ

Substituting the expression for grad C into formula (6.5.77), we get:

C;k ¼ grad Cð Þ � gk ¼ Ci
jjlgi � g j � gl


 �
� gk ¼ Ci

j jlgi � g j

 �

dlk ¼ Ci
jjkgi � g j )

C;k ¼ grad Cð Þ � gk ¼ Ci
jjkgi � g j

ð6:5:89Þ

The expression for C;k is also obtained by differentiation of equation in (6.5.88)1:

C;k ¼ Ci
j ;k gi � g j þCi

j gi;k � g j þCi
j gi � g j;k

By use of the formulas (6.5.1) and (6.5.5), the above equation is rewritten to:
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C;k ¼ Ci
j;k þCl

j C
i
lk � Ci

l C
l
jk

h i
gi � g j ð6:5:90Þ

By comparing the two expressions for C;k in Eqs. (6.5.89) and (6.5.90), we get the
expression for the covariant derivatives presented in Eq. (6.5.81).

A tensor field Aðy; tÞ is said to be uniform at the time t along a space curve yiðsÞ
if its components in a Cartesian coordinate system are constants at all points on the
curve at the time t. This implies that:

along the curve yiðsÞ : @A
@s

¼ 0 and grad A ¼ 0 , dAi::j
ds

¼ 0 and Ai::jjk ¼ 0

ð6:5:91Þ

If the tensor field Aðy; tÞ is uniform everywhere in a volume V in space, then:

grad A ¼ 0 , Ai::jjk ¼ 0 everywhere in the volume V ð6:5:92Þ

The unit tensor 1 and the permutation tensor P are uniform tensor fields
everywhere in E3. Therefore:

dgij
ds

¼ dgij

ds
¼ 0; gijjk ¼ gijjk ¼ 0 ð6:5:93Þ

deijk
ds

¼ deijk

ds
¼ 0; eijkjl ¼ eijkjl ¼ 0 ð6:5:94Þ

Second covariant derivatives of the tensor components Cj
i are presented by:

Ci
jjkjl � Ci

jjkl ¼ Ci
jjlk ð6:5:95Þ

The symmetry with respect to the last two indices follows from the fact that this
symmetry is true in Cartesian coordinate systems. This type of symmetry, which in
fact shows that the order of differentiation is immaterial, is an inherent property of
Euclidean spaces. As will be demonstrated in Sect. 8.5, this property does not in
general hold in the two-dimensional Riemannian space R2:

The second covariant derivatives of a scalar field aðy; tÞ are components of a
tensor of second order appropriately called the gradient of the gradient of the scalar
fieldaðy; tÞ:

grad grad a ¼ ajijgi � g j ð6:5:96Þ

The symmetry implies that we may write:
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ajij ¼ aj ij ¼ ajij ð6:5:97Þ

For div grad a ¼ r2a; we obtain, using the formulas (6.5.22) and (6.5.55):

div grad a ¼ r2a � r � ra ¼ aji� �ji ¼ ajiji ¼ ajii ð6:5:98Þ

In Problem 6.9 the reader is asked to use formulas (6.5.6) and (6.5.51) to derive the
formula:

r2a ¼ 1ffiffiffi
g

p ffiffiffi
g

p
gija;j

� �
;i ð6:5:99Þ

This formula may be utilized to develop the expression for r2a in a particular
coordinate system.

The divergence of a tensor field Aðy; tÞ of order n is a new tensor field divA of
order ðn� 1Þ and defined by the components Ai::

kjk , confer Eq. (3.4.9):

divA ¼ Ai::
kjkgi � :: ð6:5:100Þ

The rotation of a tensor field Aðy; tÞ of order n is a new tensor rotA of order n and
defined by the components eijkAr::kjj, confer Eq. (3.4.13):

rot A � curl A ¼ eijkAr::kjjgr � ::� gi ð6:5:101Þ

The rotation of a vector field aðy; tÞ is the following vector rot a, confer the for-
mulas (1.6.15) and (3.4.14):

rot a � curl a ¼ eijkakjjgi ð6:5:102Þ

The Laplace-operator ∇2 is used to express the divergence of the gradient of a
tensor A of order n, confer formulas (3.4.11):

r2A � div gradA ¼ Ai::jjkkgi � ::� g j ð6:5:103Þ

In the Navier equations (5.2.27) in linear theory of elasticity and in the Navier-
Stokes equations (5.3.16) for linearly viscous fluids the divergence of the gradient
of a vector field and the gradient of the divergence of a vector field appear. For a
vector field aðy; tÞ:

div grad a � r2a ¼ aijkkgi; grad div a ¼ akjikgi ð6:5:104Þ
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We shall present formulas for these two vector fields. With the help of the
formulas (6.5.20) and (6.5.51) we obtain the result:

grad div a ¼ rðr � aÞ ¼ akjikgi ¼
@

@yi
1ffiffiffi
g

p @

@yk
ffiffiffi
g

p
ak

� �� 

gi ð6:5:105Þ

The following expression for div grad a ¼ r2a shall be derived:

r2a ¼ @

@y j
1ffiffiffi
g

p @

@yk
ffiffiffi
g

p
ak

� �� 

gij � 1ffiffiffi

g
p @

@yk
ffiffiffi
g

p
gkrgis

@ar
@ys

� @as
@yr

� �� 
� �
gi

ð6:5:106Þ

We need the result, see Problem 6.10:

r� r� að Þ ¼ 1ffiffiffi
g

p @

@yk
ffiffiffi
g

p
gkrgis

@ar
@ys

� @as
@yr

� �� 

gi ð6:5:107Þ

The formula (1.6.17)2 is rewritten to:

div grad a ¼ grad div a� rot rot a , r2a ¼ r r � að Þ � r � r� að Þ
ð6:5:108Þ

The expression (6.5.106) is now obtained by substitutions of the result (6.5.105) for
r r � að Þ and the result (6.5.107) for r� r� að Þ into the formula (6.5.108).

In orthogonal coordinates:

ffiffiffi
g

p ¼ h; gi ¼ hie
y
i ; gi ¼ eyi

hi
; gi ¼ hie

y
i ; gij ¼ 1

h2i
dij; ak ¼ aðkÞ

hi
;

ak ¼ hkaðkÞ

From the formulas (6.5.99), (6.5.105), (6.5.107), and (6.5.108) we obtain:

r2 ¼
X
i

1
h

@

@yi
h
h2i

@

@yi

� �� 

ð6:5:109Þ

grad div a ¼ rðr � aÞ ¼
X
i;k

1
hi

@

@yi
1
h

@

@yk
h
aðkÞ
hk

� �� 

eyi ð6:5:110Þ

r � r� að Þ ¼
X
i;k

hi
h

@

@yk
h

hkhið Þ2
@

@yi
hkaðkÞð Þ � @

@yk
hiaðiÞð Þ

� �" #
eyi ð6:5:111Þ
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r2a ¼ rðr � aÞ � r � r� að Þ ¼
X
i;k

1
hi

@

@yi
1
h

@

@yk
h
aðkÞ
hk

� �� 
� �
eyi

�
X
i;k

hi
h

@

@yk
h

hkhið Þ2
@

@yi
hkaðkÞð Þ � @

@yk
hiaðiÞð Þ

� �" #( )
eyi

ð6:5:112Þ

In the following two examples we record the formulas for the operators pre-
sented in the formulas (6.5.109)–(6.5.112) in cylindrical coordinates ðR; h; zÞ and
spherical coordinates ðr; h;/Þ. These formulas will be applied in the Navier
equations for linearly elastic materials in Sect. 7.8 and in the Navier�Stokes
equations for linearly viscous fluids in Sect. 7.9.

Example 6.3. Vector Operators in Cylindrical Coordinates ðR; h; zÞ:
In cylindrical coordinates: h ¼ R; h1 ¼ h3 ¼ 1; h2 ¼ R: Formula (6.5.109) yields:

r2 ¼ @2

@R2 þ 1
R

@

@R
þ 1

R
@2

@h2
þ @2

@z2
ð6:5:113Þ

Formula (6.5.110) gives:

grad div a � rðr � aÞ ¼ b ¼ bReR þ bheh þ bzez )

bR ¼ @2aR
@R2 þ 1

R
@aR
@R

� aR
R2 þ 1

R
@2ah
@R@h

� 1
R2

@ah
@h

þ @2az
@R@z

bh ¼ 1
R
@2aR
@h@R

þ 1
R2

@aR
@h

þ 1
R2

@2ah
@h2

þ 1
R
@2az
@h@z

bz ¼ @2aR
@z@R

þ 1
R
@aR
@z

þ 1
R
@2ah
@z@h

þ @2az
@z2

ð6:5:114Þ

Formula (6.5.111) gives:

r� ðr� aÞ ¼ c ¼ cReR þ cheh þ czez )

cR ¼ 1
R
@2ah
@h@R

þ 1
R2

@ah
@h

� 1
R2

@2aR
@h2

þ @2az
@z@R

� @2aR
@z2

ch ¼ 1
R
@2aR
@R@h

� 1
R2

@aR
@h

� @2ah
@R2 � 1

R
@ah
@R

þ 1
R2 ah þ

1
R
@2az
@z@h

� @2ah
@z2

cz ¼ @2aR
@R@z

þ 1
R
@aR
@z

� 1
R
@az
@R

� @2az
@R2 þ 1

R
@2ah
@h@z

� 1
R2

@2az
@h2

ð6:5:115Þ
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Formulas (6.5.112) gives:

r2a ¼ rðr � aÞ � r � r� að Þ ¼ d ¼ dReR þ dheh þ dzez ¼ b� c

¼ r2aR � aR
R2 �

2
R2

@ah
@h

� 

er ¼ r2ah � 1

R2 ah þ
2
R2

@aR
@h

� 

eh þr2aze/

ð6:5:116Þ
Example 6.4. Vector Operators in Spherical Coordinates ðr; h;/Þ:
In spherical coordinates:h ¼ r2 sin h; h1 ¼ 1; h2 ¼ r; h3 ¼ r sin h: Formula
(6.5.109) yields:

r2 ¼ @2

@r2
þ 2

r
@

@r
þ 1

r2
@2

@h2
þ 1

r2
cot h

@

@h
þ 1

r2 sin2 h

@2

@/2 ð6:5:117Þ

Formula (6.5.110) gives:

grad div a � rðr � aÞ ¼ b ¼ brer þ bheh þ b/e/ )

br ¼ @2ar
@r2

þ 2
r
@ar
@r

� 2
r2
ar þ 1

r
@2ah
@r@h

� 1
r2
@ah
@h

þ 1
r sin h

@2a/
@r@/

� 1
r2 sin h

@a/
@/

bh ¼ 1
r2
@2ah
@h2

þ cot h
r2

@ah
@h

� 1

r2 sin2 h
ah þ 1

r
@2ar
@h@r

þ 2
r2
@ar
@h

� cot h
r2 sin h

@a/
@/

þ 1
r2 sin h

@2a/
@h@/

b/ ¼ 1

r2 sin2 h

@2a/
@/2 þ 2

r2 sin h
@ar
@/

þ 1
r2 sin h

@2ah
@/@h

þ 1
r sin h

@2ar
@/@r

þ cot h
r2 sin h

@ah
@/

ð6:5:118Þ

Formula (6.5.111) gives:

r� ðr � aÞ ¼ c ¼ crer þ cheh þ c/e/ )
cr ¼ 1

r2
cot hah þ 1

r
cot h

@ah
@r

� 1
r2
cot h

@ar
@h

þ 1
r2
@ah
@h

þ 1
r
@2ah
@h@r

� 1
r2
@2ar
@h2

þ 1
r2 sin h

@a/
@/

þ 1
r sin h

@2a/
@/@r

� 1

r2 sin2 h

@2ar
@/2

ch ¼ 1
r sin h

@2ar
@r@h

� 2
r
@ah
@r

� @2ah
@r2

þ cot h
r2 sin h

@a/
@/

þ 1
r2 sin h

@2a/
@/@h

� 1

r2 sin2 h

@2ah
@/2

c/ ¼ 1
r sin h

@2ar
@r@/

� 2
r
@a/
@r

� @2a/
@r2

� cos h

r2 sin2 h

@ah
@/

þ 1
r2 sin h

@2ah
@h@/

þ 1

r2 sin2 h
a/ � cot h

r2
@a/
@h

� 1
r2
@2a/
@h2

ð6:5:119Þ
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Formula (6.5.112) gives:

r2a ¼ rðr � aÞ � r � r� að Þ ¼ b� c

¼ r2ar � 2
r2
ar � 2

r2
@ah
@h

� 2 cot h
r2

ah � 2
r2 sin h

@a/
@/

� 

er

þ r2ah � 1

r2 sin2 h
ah þ 2

r2
@ar
@h

� cos h

r2 sin2 h

@a/
@/

� 

eh

þ r2a/ � 1

r2 sin2 h
a/ þ 2

r2 sin2 h

@ar
@/

þ 2

r2 sin2 h
cos h

@ah
@/

� 

e/

ð6:5:120Þ

6.6 Two-Point Tensor Components

The content in this section will be applied in the deformation analysis in Sect. 7.3.
With reference to Fig. 6.6 we introduce three coordinate systems: y and Y are
general curvilinear coordinate systems, while x is a Cartesian system. The coor-
dinate sets y and Y may represent two different places in E3. The place y has the
position vector r and Cartesian coordinates xi, while the place Y has the position
vector r0 and Cartesian coordinates Xi. The base vectors in the Y-system are
gK and gK ; and in the y-system gi and gi: Upper case and lower case letter indices
shall refer to the Y-system and the y-system respectively.

2x

1( )Yg

O

0r
1( )yg

r

1x

a

1y
3x

a

2y
3y

1Y

3Y
2Y

,X Y

,x y

Fig. 6.6 Threes coordinate systems:general coordinates y and Y, and Cartesian coordinates
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The base vectors gK and gK at the place Y are moved to the place y and
decomposed there. We write:

gK ¼ giK gi ¼ gKi gi; gK ¼ gKi gi ¼ gKi gi ð6:6:1Þ

The components giK ; gKi; g
Ki; and gKi are called Euclidean shifters and represent

two-point components of the unit tensor 1 of second order:

giK ¼ gK � gi ¼ 1 gK ; gi
� � ¼ @Xj

@YK

@yi

@xj
ð6:6:1Þ

gKi ¼ giK ¼ gK � gi ¼ 1 gK ; gi½ � ¼ @Xj

@YK

@xj
@yi

ð6:6:2Þ

gKi ¼ gK � gi ¼ 1 gK ; gi
� � ¼ @YK

@Xj

@xj
@yi

ð6:6:3Þ

gKi ¼ giK ¼ gK � gi ¼ 1 gK ; gi
� � ¼ @YK

@Xj

@yi

@xj
ð6:6:4Þ

When the base vectors gi and gi at the place y are shifted (moved) to the place Y, we
get:

gi ¼ gKi gK ¼ giK gK ; gi ¼ giK gK ¼ giK gK ð6:6:5Þ

A vector a may be decomposed at the places Y or y with respect to either set of base
vectors:

a ¼ aK gK ¼ aK gK ¼ ai gi ¼ ai gi ð6:6:6Þ

From these expressions we get the following relations between the component sets:

aK ¼ gKi ai ¼ gKiai; aK ¼ giK ai ¼ gKi a
i

ai ¼ giK aK ¼ giKaK ; ai ¼ gKi aK ¼ giK aK
ð6:6:7Þ

We conclude that the Euclidean shifters have the property of moving a vector from
one place in space to another place in space. The Euclidean shifters are functions of
both y-and Y -coordinates.

Let Cðy; tÞ be a tensor field of second order and a and b two argument vectors
fields. The scalar field C[a, b] may now be calculated from alternative formulas, as
for instance:

a ¼ C a; b½ � ¼ CKi a
K bi ¼ CK

i aK bi ¼ CiK ai bK etc. ð6:6:8Þ
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The components:

CKi ¼ C gK ; gi½ �; CK
i ¼ C gK ; gi

� �
etc: ð6:6:9Þ

are called two-point components of the tensor C: The component sets are related
through formulas of the type:

CKi ¼ g j
K Cji; CK

i ¼ gLi C
K
L ð6:6:10Þ

Two-point components of a second order tensor C may be used to transform a
vector a at one place to a new vector b at another place. For example, let a be a
vector at the place r0: Then:

bi ¼ Ci
Ka

K ð6:6:11Þ

are the components of a vector b at the place r. For each distinct value of the index
K the components Ci

K and CiK represent a vector at the place r. Likewise, for each
distinct value of the index i the components Ci

K and CiK represent a vector at the
place r0: In the literature, the two-point tensor components are therefore often
presented as the components of a two-point tensor or a double vector. In the present
exposition, we shall not distinguish between tensors with argument vectors at one
and the same place or at two different places.

A vector field a = a(y, Y) is called a two-point vector field, or a two-point tensor
field of order 1. The components of the vector in both the y-system and the
Y-system are in general functions of the six variables yi and YK , with special cases
when a = a(y) or a = a(Y).

a y; Yð Þ , ai y; Yð Þ and aK y; Yð Þ
a yð Þ , ai yð Þ and aK y; Yð Þ
a Yð Þ , ai y; Yð Þ and aK Yð Þ

ð6:6:12Þ

Two� point tensor fields of higher order are defined similarly.
Let C(y, Y) be a two-point tensor field of second order. Since the components CK

i

behave as vector components at the places y and Y, we may calculate covariant
derivatives at these places from Eq. (6.5.31):

Ci
K jj ¼ Ci

K ;j þ Ck
K Ci

kj; Ci
K jL ¼ Ci

K ;L �Ci
N CN

KL ð6:6:13Þ

The Christoffel symbols Ci
kj
i and CN

KL refer to the systems y and Y respectively. The
expressions (6.6.14) are called partial-covariant derivatives of the two-point
components of C. If the coordinate systems y and Y are chosen to be identical to the
Cartesian system Ox, the partial-covariant derivatives reduce to:
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Ci
K jj ¼

@Ci
K

@xj
; Ci

K jL ¼ @Ci
K

@XL
ð6:6:14Þ

If a one-to-one mapping between the places y and Y is given:

y ¼ y Yð Þ , Y ¼ Y yð Þ ð6:6:15Þ

the total-covariant derivatives of tensor components may be defined:

Ai
K jjj ¼ Ai

K jj þAi
K jL

@YL

@y j
; Ai

K jjL ¼ Ai
K jL þAi

K jj
@y j

@YL
ð6:6:16Þ

6.7 Relative Tensors

The tensor fields presented so far in this book will in the present section be called
absolute tensors fields, absolute vectors fields, or absolute scalar fields. In the
extended definition to relative tensor fields the tensors lose some of their charac-
teristic coordinate invariance. Since relative tensors are used in the literature to
some extend, they will be given a brief introduction here.

An NP-scalar field is defined as a quantity that in every coordinate systems y is
represented by a magnitude a; such that:

a ¼ Jxy

			 			N sign Jxy

 �P

a0 ð6:7:1Þ

N is an integer, P = 0 or = 1, and a0 is a scalar field. If y is a right-handed Cartesian
system x, it follows that a ¼ a0: In the case P = 0, the quantity is called a relative
scalar field of weight N. A relative scalar field of weight N = 1 is called a scalar
density. From Eq. (6.2.31) it follows that the quantity g ¼ det ðgijÞ is a relative
scalar of weight 2, and that

ffiffiffi
g

p
is a scalar density. For N = 0 and P = 1 the quantity

a in Eq. (6.7.1) is called an axial scalar. Note that the magnitude a of an axial
scalar changes sign by a transformation from a right-handed/left-handed coordinate
system and to a left-handed/right-handed coordinate system. For N = P = 0 the NP-
scalar is an absolute scalar. From Eq. (6.7.1) it finally follows that the magnitudes
a and �a in two coordinate systems y and �y respectively, are related through the
formula:

�a ¼ Jy�y
		 		N sign Jy�y

� �P
a ð6:7:2Þ

AnNP-vector field b is defined as a linear NP-scalar-valued function of a vector a:
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a ¼ b a½ � ð6:7:3Þ

In the coordinate system y the NP-vector field b is represented by the component
sets:

bi ¼ b gi½ �; bi ¼ b gi
� � ð6:7:4Þ

It now follows from Eqs. (6.7.2)–(6.7.4) that the components sets of b in two
coordinate system y and �y are related through the formulas:

�bi ¼ Jy�y
		 		N sign Jy�y

� �P@yk
@�yi

bk; �bi ¼ Jy�y
		 		N sign Jy�y

� �P@�yi
@yk

bk ð6:7:5Þ

For P = 0 the NP-vector is called a relative vector of weight N, and for N = 0 and
P = 1 the NP-vector is called an axial vector. For N = P = 0 the NP-vector is an
absolute vector. If the vector product of two absolute vectors a and b are defined by
the components

ffiffiffi
g

p
eijk a j bk rather then by the components eijk a j bk as in Sect. 6.3,

the vector product becomes an axial vector.
An NP-tensor of order n is defined as a multilinear NP-scalarvalued function of

n absolute vectors. In the coordinate system y the NP-tensor is represented by
component sets defined similarly to the components of absolute tensors. For P = 0
the NP-tensor is called a relative tensor of weight N, and for N = 0 and P = 1 the
NP-tensor is called an axial tensor. For N = P = 0 the NP-tensor is an absolute
tensor. The components

ffiffiffi
g

p
eijk define an axial tensor of third order. Confer the

discussion in Sect. 6.3.
The algebra of NP-tensors follows the rules applying for absolute tensors.

Addition has only meaning for tensors of equal weight N and of the same value of
P. By tensor multiplication the weights of the tensors are added as are the P-values.

Problems 6.1–6.10 with solutions see Appendix

Reference

1. Sokolnikoff IS (1939) Advanced calculus. McGraw-Hill, New York
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Chapter 7
Elements of Continuum Mechanics
in General Coordinates

7.1 Introduction

In this chapter the basic equations of continuum mechanics are presented in general
curvilinear coordinates. Section 7.2 presents the kinematics and the material
derivative of intensive quantities. In Sect. 7.3 the deformation analysis presented in
Chap. 4 is extended to applications in curvilinear coordinates. The analysis of large
deformations introduced in Sect. 4.5, is generalized in Sect. 7.4. The concept of
convected coordinates is presented in Sect. 7.5. Section 7.6 introduces the concept
of convected derivatives. The components of the Cauchy stress tensor T and the
Cauchy equations of motion, introduced in Chap. 2, are presented in curvilinear
coordinates in Sect. 7.7. Some basic equations of linear elasticity and linear viscous
fluids, from Chap. 5, are the subject matter of Sects. 7.8 and 7.9.

7.2 Kinematics

Figure 7.1 illustrates a reference Rf to which motion and deformation of a material
body will be referred, a reference configuration K0 representing the body at a
reference time t0 and the present configuration K representing the same body at the
time t, which we call the present time. The reference configuration will usually be
chosen to be real configuration of the body, such that the configurations K and K0

coincide at t ¼ t0:
Figure 7.1 also introduces three coordinate systems fixed in the reference Rf:

(1) an orthogonal Cartesian coordinate system Ox with base vectors ei, (2) a general
coordinate system y with base vectors gi, and (3) a general coordinate system Y with
base vectors gK . In Sect. 7.5 the coordinate system Y will be used as a material
coordinate system imbedded in the continuum.
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A particle in the body is a material point which at the reference time t0 is
denoted by P0 and localized by the Cartesian coordinates Xi, the general coordinates
YK , or the place vector r0ðYÞ; which we call the particle vector. At the present time
t the particle is denoted by P and localized by the Cartesian coordinates xi, the
general coordinates yi, or by the place vector rðY ; tÞ. The coordinates Xi and YK are
called particle coordinates, while the coordinates xi and yi are called place coor-
dinates. We use the alternative notations for a particle and for the place of the
particle at the present time t, confer the notations (2.1.1) and (2.1.2):

particle: r0; X1;X2;X3½ �; Xi; X �
X1

X2

X3

0
B@

1
CA; YK ; Y �

Y1

Y2

Y3

0
B@

1
CA

place: r; x1; x2; x3½ �; xi; x �
x1
x2
x3

0
B@

1
CA; yi; y �

y1

y2

y3

0
B@

1
CA

ð7:2:1Þ

Note that lower case Latin letters are used as indices in the x-system and the y-
system, while upper case Latin letters are used as indices in the Y-system.

The motion of the body at the present time t may be given by the functional
relationship between the place vector r and the place vector r0, or the functional
relationships between the place coordinates yi and the particle coordinates YK ,
confer the expressions (2.1.3):

2x

K
Kv=v g

O

0 ( )Yr

( , )Y tu

( , )Y tr

1x Rf

1y3x

2y
3y

1Y

3Y 2Y

,X Y
,x y

i
iv=v g

0 0,K t
,K t

0P

P
3e

2e
1e

Fig. 7.1 Body of a continuum in a reference configuration K0 at the time t0 and in a present
configuration K at the time t. Three coordinate systems fixed relative to the reference Rf: Cartesian
coordinate system Ox with base vectors ei. General coordinate system y with base vectors gi.
General coordinate system Y with base vectors gK. Particle vector r0 (Y). Place vector r(Y, t).
Displacement vector u(Y, t). Velocity vector v = vigi = vkgK
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r ¼ rðr0; tÞ or r ¼ rðY ; tÞ; yi ¼ yiðY1; Y2; Y3; tÞ ¼ yiðY ; tÞ ð7:2:2Þ

The motion of the body may also be represented by the displacement vector
uðr0; tÞ, or uðY ; tÞ:

u ¼ uðr0; tÞ ¼ rðr0; tÞ � r0 or u ¼ uðY ; tÞ ¼ rðY ; tÞ � r0ðYÞ ð7:2:3Þ

Intensive physical quantities are expressed either by particle functions or place
functions. Particle functions are field functions of the particle vector r0, or particle
coordinates Y, at the reference time t0; and the present time t. Place functions are field
functions of the place vector r, or the place coordinates y, and the present time t.

particle function: f ðr0; tÞ ¼ f ðY ; tÞ � f ðY1; Y2; Y3; tÞ
place function: f ðr; tÞ ¼ f ðy; tÞ � f ðy1; y2; y3; tÞ ð7:2:4Þ

In accordance with the presentation in Sect. 2.1.1 the coordinates ðY ; tÞ �
ðY1; Y2; Y3; tÞ are called Lagrangian coordinates, material coordinates, or refer-
ence coordinates. The application of these coordinates is called Lagrangian
description or reference description. The coordinates ðy; tÞ � ðy1; y2; y3; tÞ are
called Eulerian coordinates or space coordinates, and their application is Eulerian
description or spacial description.

7.2.1 Material Derivative of Intensive Quantities

Let the particle function f ðr0; tÞ ¼ f ðY ; tÞ represent an arbitrary intensive physical
quantity. For a particular choice of the particle r0 or the particle coordinates Y the
function f ðr0; tÞ ¼ f ðY ; tÞ is connected to that particle at all times. The material
derivative of the particle function f is defined as the time rate of change of the
function when it is attached to the particle:

_f ¼ _f ðr0; tÞ � df
dt

����
r0¼constant

¼ @f ðr0; tÞ
@t

� @tf ðr0; tÞ ,

_f ¼ _f ðY ; tÞ � df
dt

����
Y¼constant

¼ @f ðY ; tÞ
@t

� @tf ðY ; tÞ
ð7:2:5Þ

This definition is in accordance with the definition (2.1.8) in Sect. 2.1.1.
The velocity v of the particle r0 is given by:

v ¼ vðr0; tÞ ¼ _r ¼ @trðr0; tÞ ¼ @tuðr0; tÞ , v ¼ vðY ; tÞ ¼ _r ¼ @trðY ; tÞ
¼ @tuðY ; tÞ ð7:2:6Þ
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Another expression for the particle velocity v is found as follows.

v ¼ vðY ; tÞ ¼ _r ¼ @r
@yi

@yiðY ; tÞ
@t

¼ giv
i ¼ vKgK ; v

i ¼ @yiðY ; tÞ
@t

; vK ¼ vigKi ð7:2:7Þ

The symbols gKi ¼ gK � gi are Euclidian shifters as defined by the formulas (6.6.3),
and vK are components of the velocity vector v with respect to the Y-system at the
place r0.

The material derivative of a tensor field Aðr0; tÞ ¼ AðY ; tÞ ¼ AK ::
LgK�::�gL of

order n is a new tensor field of the same order and defined by, confer with the
formulas (3.4.27):

_A ¼ @AðY ; tÞ
@t

¼ _AK ::
LgK�::�gL ) _AK ::

L ¼ @

@t
AK ::

L
� � ¼ _A gK ; ::; g

L
� � ð7:28Þ

Let the place function f ðr; tÞ ¼ f ðy; tÞ represent an arbitrary intensive physical
quantity. The local change of the function f per unit time is:

@f ðr; tÞ
@t

� @tf ðr; tÞ , @f ðy; tÞ
@t

� @tf ðy; tÞ ð7:2:9Þ

In order to find the material derivative of the place function f ðr; tÞ ¼ f ðy; tÞ, we
attach the function to the particle r0, or Y, that takes the place r, or y, at the time
t. Thus we write:

f ðr; tÞ ¼ f ðrðr0; tÞ; tÞ , f ðy; tÞ ¼ f ðyðY ; tÞ; tÞ ð7:2:10Þ

The definition (7.2.5) of the material derivative of an intensive quantity leads us to
the result:

_f � df
dt

����
r0¼constant

¼ @f ðy; tÞ
@t

þ @f ðy; tÞ
@yi

@yiðY ; tÞ
@t

¼ @tf ðy; tÞþ f ðy; tÞ;i vi )

_f ¼ @tf ðy; tÞþ f ðy; tÞ;i vi ¼ @tf ðy; tÞþ ðgrad f Þ � v
ð7:2:11Þ

The material derivative of a tensor field Aðy; tÞ of order n is a new tensor field of
the same order and defined by the following formulas, confer with the formulas
(3.4.28):

_A ¼ @

@t
AðyðY ; tÞ; tÞ ¼ @tAðy; tÞþ grad Aðy; tÞ � vðy; tÞ ,

_Ai::
j � _A gi; ::; g

j
� � ¼ @tA i::

j þAi::
j jkvk

ð7:2:12Þ

234 7 Elements of Continuum Mechanics in General Coordinates



Note that _Ai::
j are components of the tensor _A and not the material derivatives of

the tensor components Ai::
j. The latter are given by:

@

@t
A i::

jðyðY ; tÞ; tÞ� � ¼ @

@t
A i::

jðy; tÞ� �þ @

@yk
A i::

jðy; tÞ� �
vk ð7:2:13Þ

and do not represent a tensor in general coordinates y, only when the coordinate
system y is Cartesian.

Material differentiation follows the standard differentiation rules. For example,
the material derivative of the vector a ¼ Bc, where B is a second order tensor and
c is a vector, has the components:

_ai ¼ _Bk
i ck þBk

i _ck ð7:2:14Þ

This result is easy to prove by use of Eq. (7.2.12) and the differentiation rules for
covariant derivatives.

Because the unit tensor 1 and the permutation tensor P are time independent and
uniform tensors it follows that:

_gij ¼ _gij ¼ 0; _eijk ¼ _eijk ¼ 0 ð7:2:15Þ

The definition (7.2.11) may be used to find the following expression for the
particle acceleration a(y, t):

a ¼ _v ¼ @tvþ grad vð Þ � v ¼ @tvþ v � rð Þv , ai ¼ @tv
i þ vi jkvk ð7:2:16Þ

If A is a steady tensor field: A = A(y), the material derivative of A may be
expressed by the absolute derivative of tensor components with respect to time.
From the formulas (7.2.12) and (6.5.76) we obtain:

_Ai::
j ¼ Ai::

j jkvk ¼ Ai::
j jk tk

ds
dt

¼ dAi::
j

dt
ð7:2:17Þ

_A ¼ dA
dt

, _Ai::
j ¼ dAi::

j

dt
ð7:2:18Þ

7.3 Deformation Analysis

It has been shown in Sect. 4.2 that the deformation in the neighborhood of a particle
Y, or X, is determined by the deformation gradient tensor F defined by the formulas
(4.2.7) and (4.2.8):
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dr ¼ F � dr0; F ¼ Grad r ¼ @r
@r0

ð7:3:1Þ

dr0 and dr represent a material line element respectively in the reference configu-
ration K0 and in the present configuration K. In the Cartesian coordinate system
x the relations (7.3.1) are represented by:

dxi ¼ FikdXk; Fik ¼ @xi
@Xk

ð7:3:2Þ

In a general curvilinear coordinate system y the motion of the particles in body of
continuous material is given by y ðY ; tÞ and the relation (7.3.1) has the component
representation:

dyi ¼ Fi
KdY

K ; Fi
K ¼ @yi

@YK
ð7:3:3Þ

Fi
K are two-point components of the deformation gradient tensor F.
The lengths ds0 and ds of the material line element in K0 and K are found from

the formulas:

ds0ð Þ2¼ dr0 � dr0 ¼ gKLdY
KdYL; dsð Þ2¼ dr � dr ¼ gijdy

i dy j ð7:3:4Þ

We introduce the unit vector e in the direction of the material line element dr0, see
Fig. 4.2:

e ¼ dr0
ds0

ð7:3:5Þ

Using Eqs. (7.3.1) and (7.3.5) we may write:

dsð Þ2¼ dr � dr ¼ F � dr0ð Þ � F � dr0ð Þ ¼ e � FTF
� � � e ds0ð Þ2 )

dsð Þ2 ¼ e � FTF
� � � e ds0ð Þ2¼ e � C � e ds0ð Þ2

ð7:3:6Þ

C is Green’s deformation tensor and is defined by:

C ¼ FTF , CKL ¼ Fi
KFiL ð7:3:7Þ

As an alternative to the result (7.3.6) we write:

dsð Þ2¼ dr � dr ¼ F � dr0ð Þ � F � dr0ð Þ ¼ dr0 � FTF
� � � dr0 ¼ dr0 � C � dr0 )

dsð Þ2 ¼ dr0 � C � dr0 ¼ CKLdY
KdYL

ð7:3:8Þ
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It follows that we can write:

ds0ð Þ2¼ dr0 � 1 � dr0 ¼ gKLdY
KdYL ð7:3:9Þ

dsð Þ2� ds0ð Þ2¼ dr0 � C� 1ð Þ � dr0 ¼ 2dr0 � E � dr0 ð7:3:10Þ

E is Green’s strain tensor and defined by:

E ¼ 1
2

C� 1ð Þ , EKL ¼ 1
2

CKL � gKLð Þ ð7:3:11Þ

If we imagine that the Y-system is imbedded in the continuum and moves and
deforms with the body as a convected coordinate system, the result (7.3.8) shows
that the components CKL of the Green deformation tensor also represent the fun-
damental parameters of first order for the convected Y-system. This interpretation of
CKL will be utilized below in Sect. 7.5.

7.3.1 Strain Measures

The following strain measures are defined in Sect. 4.1: the longitudinal strain e in
the direction e, formula (4.2.13), the volumetric strain ev, formula (4.2.18), and the
shear strain c with respect to two material line elements, which in the reference
configuration are orthogonal and have the directions �e and e, formula (4.2.16). The
expressions for these strain measures in general coordinates are:

e ¼ ds� dso
dso

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
e � C � e

p
� 1 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
eK CKL eL

p
� 1

e ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2e � E � ep � 1 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2eKEKLeL

p
� 1

ð7:3:12Þ

ev ¼ dV � dVo

dVo
¼ det F� 1 ¼

ffiffiffiffiffiffiffiffiffiffiffi
det C

p
� 1 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
det 1þ 2Eð Þ

p
� 1

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
det CL

Kð Þ
q

� 1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
det dLK þ 2EL

K

� �q
� 1

ð7:3:13Þ

sin c ¼ �e � C � effiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�e � C � �eð Þ e � C � eð Þp ¼ �eKCKLeLffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

�eMCMN�eNð Þ ePCPQ eQð Þp
sin c ¼ 2�e � E � effiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ 2�e � E � �eð Þ 1þ 2e � E � eð Þp ¼ 2 �eK EKL eLffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ�eð Þ 1þ eð Þp ð7:3:14Þ

�e is the longitudinal strain in the direction �e.

7.3 Deformation Analysis 237



When the motion is expressed by the displacement vector:
u r0; tð Þ ¼ r r0; tð Þ � r0, the deformation will be defined in terms of the displace-
ment gradient tensor H:

H ¼ @u
@r0

¼ F� 1; HKL � uK jL ¼ FKL � gKL ð7:3:15Þ

It now follows that:

C ¼ 1þHþHT þHTH , CKL ¼ gKL þ uK jL þ uLjK þ uN
��
KuN jL ð7:3:16Þ

E ¼ 1
2

HþHT þHTH
� � , EKL ¼ 1

2
uK jL þ uLjK þ uN jKuN jL
� � ð7:3:17Þ

7.3.2 Small Strains and Small Deformations

The special but very important case of small strains and small deformations has
been discussed in Sect. 4.3. Small strains may be characterized by the inequality:
norm E � 1. The expressions (7.3.12–7.3.14) for the primary strain measures are
reduced to:

e ¼ e � E � e ¼ eKEKLe
L; c ¼ 2�e � C � e ¼ 2�eKEKLe

L; ev ¼ trE ¼ EK
K ð7:3:18Þ

Small deformations imply small strains and small rotations. The condition of
small deformations is defined by the formulas (4.3.5) and (7.3.15):

normH ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tr HHT
� �q

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
uK jLuLjK

q
� 1 ð7:3:19Þ

Note that the components uK jL are dimensionless quantities. The expressions
(7.3.16–7.3.17) for the Green deformation tensor C and the Green strain tensor
E may be approximated by:

C ¼ 1þHþHT , CKL ¼ gKL þ uK jL þ uK jL ð7:3:20Þ

E ¼ 1
2

HþHT
� � , EKL ¼ 1

2
uK jL þ uK jLð Þ ð7:3:21Þ

If we further can assume that the displacements are small, such that the K0 and
K are configurations close to one another, the place coordinates yi may be used as
particle coordinates. The expressions (7.3.21) are now written as:
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E ¼ 1
2

HþHT
� � , Eij ¼ 1

2
uijj þ ujji

� 	
ð7:3:22Þ

The tensor E defined by the formulas (7.3.21) is the strain tensor for small
deformation.

The three characteristic strain measures at a particle Y: the longitudinal strain e
in the direction e, the shear strain c with respect to two orthogonal directions e and
�e, and the volumetric strain ev are now expressed by:

e ¼ e � E � e ¼ eiuijje j; c ¼ 2�e � E � e ¼ �ei uijj þ ujji
� 	

e j; ev ¼ trE ¼ uiji ð7:3:23Þ

The rotation tensor for small deformations ~R is defined by formula (4.3.20) and
now by:

~R ¼ 1
2

H�HT
� � , ~Rij ¼ 1

2
uijj � ujji

� 	
ð7:3:24Þ

The principal directions of the strain tensor E rotates a small angle determined by
the rotation vector in the formula (4.3.21):

z ¼ 1
2
r� u , zi ¼ 1

2
eijkukjj ¼

1
2
eijkuk;j ¼ 1

2
eijk~Rkj ð7:3:25Þ

We shall now present coordinate strains for small deformations in orthogonal
coordinates. First we present the physical components uðiÞ of the displacement
vector u, according to the formulas (6.5.53):

u ¼ uðiÞeyi , uðiÞ ¼ uihi ¼ ui
hi
; eyi ¼

1
hi
gi ¼ higi ð7:3:26Þ

eyi are the unit tangent vectors to coordinate lines in the orthogonal system y. The
physical components of the strain tensor for small deformations E are defined by:

eii ¼ EðiiÞ ¼ eyi � E � eyi ¼
1
h2i

Eii ¼ 1
h2i

uij i no summationw:r:t i

cij ¼ 2EðijÞ ¼ 2eyi � E � eyj ¼
2
hihj

Eij ¼ 1
hihj

uij j þ ujj i
� � ð7:3:27Þ

Using the formulas (6.5.70) we obtain from the formulas (7.3.27):
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eii ¼ EðiiÞ ¼ 1
h2i

Eii ¼ @

@yi
uðiÞ
hi


 �
þ

X
j

@hi
@y j

uðjÞ
hi hj

" #
no summation w. r. to i

cij ¼ 2EðijÞ ¼ 2
hi hj

Eij ¼ hi
hj

@

@y j
uðiÞ
hi


 �
þ hj

hi

@

@yi
uðjÞ
hj


 �
i 6¼ j

ð7:3:28Þ

ev ¼ trE ¼ EðiiÞ ¼ 1
h

X
i

@

@yi
huðiÞ
hi


 �
ð7:3:29Þ

The physical components of the angle of rotation z in formula (7.3.25) becomes
according to the formula (6.5.57):

zðiÞ ¼ hi
2h

X
j;k

eijk
@

@y j
hkuðkÞ½ � ð7:3:30Þ

The results of applying the formulas (7.3.28–7.3.29) in cylindrical coordinates
and spherical coordinates are presented in the examples below.

Example 7.1 Physical Components of E in Cylindrical Coordinates.
ðR; h; zÞ: u ¼ uR; uh; uz½ �; h1 ¼ 1; h2 ¼ R; h3 ¼ 1; h ¼ R. The formulas (7.3.28–
7.3.29) yield:

E ijð Þð Þ ¼
eR cRh=2 cRz=2

chR=2 eh chz=2

czR=2 czh=2 ez

0
B@

1
CA

¼
@uR
@R

1
2R

@uR
@h þ R

2
@
@R

uh
R

� �
1
2
@uz
@R þ 1

2
@uR
@z

1
2R

@uR
@h þ R

2
@
@R

uh
R

� �
1
R
@uh
@h þ uR

R
1
2
@uh
@z þ 1

2R
@uz
@h

1
2
@uz
@R þ 1

2
@uR
@z

1
2
@uh
@z þ 1

2R
@uz
@h

@uz
@z

0
BB@

1
CCA

ev ¼ trE ¼ EðiiÞ ¼ eR þ eh þ ez ¼ @uR
@R

þ uR
R

þ 1
R
@uh
@h

þ @uz
@z

Example 7.2 Physical Components of E in Spherical Coordinates.
ðr; h;/Þ : u ¼ ur; uh; u/

� �
; h1 ¼ 1; h2 ¼ r; h3 ¼ r sin h; h ¼ r2 sin h. The formulas

(7.3.38–7.3.43) yield:

E ijð Þð Þ ¼
er crh=2 cr/=2

chr=2 eh ch/=2
c/r=2 c/h=2 e/

0
@

1
A
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er ¼ @ur
@r

; eh ¼ 1
r
@uh
@h

þ ur
r
; e/ ¼ 1

r sin h
@u/
@/

þ ur
r
þ cot h

r
uh

crh ¼
1
r
@ur
@h

þ r
@

@r
uh
r

� 	
; ch/ ¼ 1

r sin h
@uh
@/

þ sin h
r

@

@h
u/
sin h

� 	
;

c/r ¼ r
@

@r
u/
r

� 	
þ 1

r sin h
@ur
@/

ev ¼ trE ¼ EðiiÞ ¼ er þ eh þ e/ ¼ @uR
@R

þ uR
R

þ 1
R
@uh
@h

þ @uz
@z

7.3.3 Rates of Deformation, Strain, and Rotation

The velocity gradient tensor L, the rate of deformation tensor D, and the rate of
rotation tensor W at the time t are introduced and defined in Sect. 4.4. The com-
ponents of these tensors in a general curvilinear coordinate system y are directly
transformed from the corresponding expressions in a Cartesian coordinate systemOx:

L ¼ grad v � @v
@r

, Lij ¼ vijj ð7:3:31Þ

D ¼ 1
2

LþLT
� � , Dij ¼ 1

2
vijj þ vjji

� 	
ð7:3:32Þ

W ¼ 1
2

L� LT
� � , Wik ¼ 1

2
vijj � vjji

� 	
¼ 1

2
vi;j �vj;i
� � ð7:3:33Þ

The last equality follows from the fact that the rate of rotation tensor is
antisymmetric.

The longitudinal strain rate _e in the direction e, the shear strain rate _c with
respect to two orthogonal directions e and�e, and the volumetric strain rate _ev have
been defined in Sect. 4.4. The expressions in general coordinates are:

_e ¼ e � D � e ¼ eiDij e j ¼ eivijje j ð7:3:34Þ

_c ¼ 2�e � D � e ¼ 2�eiDij e
j ¼ �ei vijj þ vjji

� 	
e j ð7:3:35Þ

_ev ¼ trD ¼ div v ¼ Di
i ¼ viji ð7:3:36Þ

The principal directions of the tensor D rotate with the angular velocity w:
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w ¼ 1
2
r� v , wi ¼ 1

2
eijk vk;j ¼ 1

2
eijk Wkj ð7:3:37Þ

To find the physical components of the rate tensors in orthogonal coordinates we
first present the physical components of the velocity vector v:

v ¼ vðiÞeyi , vðiÞ ¼ vihi ¼ vi
hi
; eyi ¼

1
hi
gi ¼ higi ð7:3:38Þ

The physical components of the rate of deformation tensor D are defined by:

_eii ¼ DðiiÞ ¼ eyi � D � eyi ¼
1
h2i

Dii ¼ 1
h2i

viji no summationw:r: to i

_cij ¼ 2DðijÞ ¼ 2eyi � D � eyj ¼
2

hi hj
Dij ¼ 1

hi hj
vijj þ vjji

� 	
i 6¼ j

ð7:3:39Þ

Using the formulas (6.5.70) we obtain from the formulas (7.3.39):

_eii ¼ DðiiÞ ¼ 1
h2i

Dii ¼ @

@yi
vðiÞ
hi


 �
þ

X
j

vðjÞ
hi hj

@hi
@y j

" #
no summationw:r: to i

_cij ¼ 2DðijÞ ¼ 2
hi hj

Dij ¼ hi
hj

@

@y j
vðiÞ
hi


 �
þ hj

hi

@

@yi
vðjÞ
hj


 �
i 6¼ j

ð7:3:40Þ

_ev ¼ trD ¼ DðiiÞ ¼ 1
h

X
i

@

@yi
hvðiÞ
hi


 �
ð7:3:41Þ

The physical components of the vorticity vector c ¼ rot v are according to the
formulas (6.5.57):

cðiÞ ¼ hi
h

X
j;k

eijk
@

@y j
hkvðkÞ½ � ) cð1Þ ¼ 1

h2h3

@

@y2
h3vð3Þ½ � � @

@y3
h2vð2Þ½ �


 �
etc:

ð7:3:42Þ

In Cartesian coordinate systems the vorticity vector c and the rate of rotation tensor
W are according to Eqs. (4.4.12) and (4.4.15) related through:

ci ¼ eijk Wkj , Wij ¼ � 1
2
eijk ck in Cartesian coordinate systems ð7:3:43Þ

In orthogonal coordinate systems we define the physical components of c and
W through relations similar to the relations (7.3.43):
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cðiÞ ¼ eijk WðkjÞ , WðijÞ ¼ � 1
2
eijk cðkÞ ð7:3:44Þ

From Eqs. (7.3.44) and (7.3.42) we obtain:

Wð23Þ ¼ � 1
2
e231 cð1Þ ¼ 1

2
1

h2h3
h2vð2Þ½ �;3 � h3vð3Þ½ �;3ð Þ etc: )

WðijÞ ¼ 1
2

1
hihj

hivðiÞ½ �;j � hjvðjÞ
� �

;i
� � ð7:3:45Þ

The results of applying the formulas (7.3.40–7.3.45) in cylindrical coordinates
and spherical coordinates are presented in the examples below.

Example 7.3 Physical Components of D, W and c in Cylindrical Coordinates.
ðR; h; zÞ : v ¼ vR; vh; vz½ �; h1 ¼ 1; h2 ¼ R; h3 ¼ 1; h ¼ R. The formulas (7.3.40–
7.3.45) yield:

D ijð Þð Þ ¼
_eR _cRh=2 _cRz=2

_chR=2 _eh _chz=2

_czR=2 _czh=2 _ez

0
B@

1
CA

¼
@vR
@R

1
2R

@vR
@h þ R

2
@
@R

vh
R

� �
1
2
@vz
@R þ 1

2
@vR
@z

1
2R

@vR
@h þ R

2
@
@R

vh
R

� �
1
R
@vh
@h þ vR

R
1
2
@vh
@z þ 1

2R
@vz
@h

1
2
@vz
@R þ 1

2
@vR
@z

1
2
@vh
@z þ 1

2R
@vz
@h

@vz
@z

0
BB@

1
CCA

_ev ¼ trD ¼ DðiiÞ ¼ _eR þ _eh þ _ez ¼ @vR
@R

þ vR
R

þ 1
R
@vh
@h

þ @vz
@z

W ijð Þð Þ ¼
0 WRh WRz

WhR 0 Whz

WzR Wzh 0

0
B@

1
CA

¼

0 1
2R

@vR
@h � @ Rvhð Þ

@R

h i
� 1

2
@vz
@R � @vR

@z

h i
� 1

2R
@vR
@h � @ Rvhð Þ

@R

h i
0 1

2
@vh
@z � 1

R
@vz
@h

h i
1
2

@vz
@R � @vR

@z

h i
� 1

2
@vh
@z � 1

R
@vz
@h

h i
0

0
BBBB@

1
CCCCA

cð1Þ � cR ¼ 2Wzh ¼ 1
R
@vz
@h

� @vh
@z

; cð2Þ � ch ¼ 2WRz ¼ @vR
@z

� @vz
@R

cð3Þ � cz ¼ 2WhR ¼ 1
R

@vR
@h

� @ Rvhð Þ
@R

� 
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Example 7.4 Physical Components of D, W and c in Spherical Coordinates.
ðr; h;/Þ : v ¼ vr; vh; v/

� �
; h1 ¼ 1; h2 ¼ r; h3 ¼ r sin h; h ¼ r2 sin h. The formulas

(7.3.38–7.3.43) yield:

D ijð Þð Þ ¼
_er _crh=2 _cr/=2

_chr=2 _eh _ch/=2
_c/r=2 _c/h=2 _e/

0
@

1
A

_er ¼ @vr
@r

; _eh ¼ 1
r
@vh
@h

þ vr
r
; _e/ ¼ 1

r sin h
@v/
@/

þ vr
r
þ cot h

r
vh

_crh ¼
1
r
@vr
@h

þ r
@

@r
vh
r

� 	
; _ch/ ¼ 1

r sin h
@vh
@/

þ sin h
r

@

@h
v/
sin h

� 	
;

_c/r ¼ r
@

@r
v/
r

� 	
þ 1

r sin h
@vr
@/

W ijð Þð Þ ¼
0 Wrh Wr/

Whr 0 Wh/

W/r W/h 0

0
B@

1
CA;Wrh ¼ �Whr ¼ 1

2r
@vr
@h

� @

@r
r vhð Þ

� 


Wh/ ¼ �W/h ¼ 1
2r sin h

@vh
@/

� @

@h
sin h v/
� �� 


;

W/r ¼ �Wr/ ¼ 1
2r

@

@r
r v/
� �� 1

sin h
@vr
@/

� 


cð1Þ � cr ¼ 2W/h ¼ 1
r sin h

@

@h
sin h v/
� �� @vh

@/

� 

;

cð2Þ � ch ¼ 2Wr/ ¼ 1
r

1
sin h

@vr
@/

� @

@r
r v/
� �� 


cð3Þ � c/ ¼ 2Whr ¼ 1
r

@

@r
r vhð Þ � @vr

@h

� 


7.4 General Analysis of Large Deformations

The deformation of a differential material line element dr0 from the reference
configuration K0 to the line element dr in the present configuration K may be
decomposed into a deformation of pure strain and a rigid-body motion as discussed
in Sect. 4.5 and illustrated in the Figs. 4.15 and 4.16. In addition to the deformation
the line element may experience a displacement u. The decomposition of the
deformation, which does not necessarily represent the actual deformation of the
material, may be considered in two alternative ways. We applied the coordinate
systems presented in Fig. 7.1.
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In the first alternative let the material be subjected to pure strain through the right
stretch tensor U, transforming the line element dr0 ¼ dYKgK emanating from the
particle Y at the place r0 to the line element d�r:

d�r ¼ U � dr0 , d�YL ¼ UL
K dYK ð7:4:1Þ

Then the line element d�r is rotated to give the element d~r:

d~r ¼ R � d�r , d~YN ¼ RN
L d�YL ð7:4:2Þ

Finally, the line element d~r is given the displacement u from the place r0 to the
place r with coordinates y, and becomes the element d r ¼ dyigi:

dr ¼ d~r , dyi ¼ giNd~Y
N )

dr ¼ d~r ¼ RU � dr0 , dyi ¼ giNR
N
L UL

KdY
K

ð7:4:3Þ

The symbols are Euclidean shifters as defined by the formulas (6.6.1).
In the second alternative of deformation decomposition the material line element

dr0 is given a displacement u and moved from the reference place r0 to the final
place r. The element dr0 is then represented by the element d~r0 emanating from the
place r:

d~r0 ¼ d r0 , dyk0 ¼ gkN dYN ð7:4:4Þ

Then the line element d~r0 is rotated according to the rotation tensor R to give the
element d~r:

d~r ¼ R � d~r0 , d~y j ¼ Rj
kdy

k
0 ð7:4:5Þ

The element is finally subjected to pure strain through the left stretch tensor V,
transforming the element from d~r to dr:

dr ¼ V � d~r , dyi ¼ Vi
j d~y

j )
dr ¼ VR � d~r0 ¼ VR � dr0 ) dyi ¼ Vi

j R
j
kg

k
NdY

N
ð7:4:6Þ

The displacement gradient tensor F is defined by the relation (4.2.7) and
expresses the relation between the line elements dr0 and dr:

F ¼ Grad r ¼ @r
@r0

; dr ¼ F � dr0 ð7:4:7Þ

The results (7.4.3) and (7.4.6) show that the displacement gradient tensor F may be
decomposed in either of two ways:
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F ¼ RU ¼ VR , Fi
N ¼ giN RN

L UL
K ¼ Vi

j R
j
kg

k
N ð7:4:8Þ

The decomposition (7.4.8) represents the polar decomposition theorem presented in
Sect. 3.8 with an analytical proof, and in Sect. 4.5 with a proof equivalent to the
proof presented above.

When the present configuration K is used as reference configuration it is con-
venient to introduce the inverse deformation gradient tensor F�1:

F�1 � @r0
@r

, F�1K
i ¼ @YK

@yi
) dr0 ¼ F�1 � dr ð7:4:9Þ

The inverse deformation tensor, also called Cauchy’s deformation tensor, is defined
by:

B�1 ¼ F�TF�1 , B�1
ij ¼ F�1K

i F�1
Kj ð7:4:10Þ

It follows that:

ds0ð Þ2¼ dr0 � dr0 ¼ dr � B�1 � dr ¼ dyi B�1
ij dy j ð7:4:11Þ

Euler’s strain tensor ~E, also called Almansi’s strain tensor after Emilio Almansi
[1869–1948], is a symmetric tensor defined by the expression:

dsð Þ2� ds0ð Þ2¼ 2dr � ~E � dr ð7:4:12Þ

From the relation dsð Þ2¼ dr � dr ¼ dr � 1 � dr and the formulas (7.4.11–7.4.12) we
obtain:

~E ¼ 1
2

1� B�1� �
; ~Eij ¼ 1

2
dij � B�1

ij

� 	
ð7:4:13Þ

The following formulas are to be derived in Problem 7.1:

~Eij ¼ 1
2

gi � u;j þ gj � u;i �u;i �u;j
� � ¼ 1

2
uijj þ ujji � ukjiukjj

� 	
ð7:4:14Þ

E ¼ FT ~EF , EKL ¼ ~Eij F
i
K F j

L ð7:4:15Þ

7.5 Convected Coordinates

The coordinate system Y presented in Fig. 7.1 to represent the reference configu-
ration K0 of a body of continuous material is now assumed to be imbedded in the
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continuum, which implies that the coordinate system moves and deforms with the
material. The system is called a convected coordinate system. Convected coordinate
systems are used in Rheology to describe constitutive models for non-Newtonian
fluids, see the author’s book Rheology and Non-Newtonian Fluids [1].

The base vectors and the fundamental parameters for the Y-system are place and
time functions. The base vectors of the convected Y coordinate system are denoted
by cK and defined by:

cKðY ; tÞ ¼ @rðY ; tÞ
@YK

) cKðY ; toÞ ¼ gKðYÞ ð7:5:1Þ

The reciprocal base vectors cKðY ; tÞ are defined by:

cK � cL ¼ dKL ð7:5:2Þ

The fundamental parameters for the Y-system are:

CKL ¼ CKLðY ; tÞ ¼ cK � cL; CKL ¼ CKLðY ; tÞ ¼ cK � cL ð7:5:3Þ

The length ds0 and ds of a material line element in the two configurations K0 and
K are respectively given by:

ds0ð Þ2¼ gKL dY
K dYL; dsð Þ2¼ CKL dY

K dYL ð7:5:4bÞ

The components CKLðY ; tÞ now represent two tensors in the Y-system: In the for-
mulas (7.3.7) and (7.3.8) CKLðY ; tÞ are components in K0 of the deformation tensor
C. In Eq. (7.5.4)2 the components CKLðY ; tÞ are fundamental parameters in the
convected Y-system and components of the unit tensor 1 in K. In particular:

CKLðY ; t0Þ ¼ gKLðYÞ ð7:5:5Þ

The components CKLðY ; tÞ also represent two tensors in the Y-system: con-
travariant components in K0 of the deformation tensor C and fundamental
parameters in the convected Y-system in K, and components of the unit tensor 1 in
the Y-system in K. In particular:

CKLðY ; t0Þ ¼ gKLðYÞ ð7:5:6Þ

It follows from the expressions (7.3.11) that in convected coordinates the
components EKL of the strain tensor represent half of the change in the fundamental
parameters from gKL inK0 to CKL inK:

If the y-system in K is chosen such that the coordinate system coincides with the
convective Y-system at time t then:
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Fi
K ¼ @yi

@YK
¼ diK ð7:5:7Þ

The Eqs. (7.5.7) and (7.4.15) show that the matrix of Green’s strain tensor and the
matrix of Euler’s strain tensor become identical for this choice of the y-system.

If the motion from K0 to K is given by the displacement vector u(Y, t) in
Eq. (7.2.3), then:

cK ¼ @r
@YK

¼ @r0
@YK

þ @u
@YK

¼ gK þ @u
@YK

ð7:5:8Þ

CKL ¼ cK � cL ¼ gK � gL þ gK � @u
@YL

þ @u
@YK

� gL þ
@u
@YK

� @u
@YL

)
CKL ¼ gKL þ uK jL þ uLjK þ uN

��
KuN jL

ð7:5:9Þ

Note that the displacement components uK and uK are related to the Y-system in K0:

uK ¼ u � gK ; uK ¼ u � gK ð7:5:10Þ

and that covariant differentiation is to be performed in Ko with Christoffel symbols
based on the fundamental parameters gKL.

Alternatively we may use the displacement components uK and uK related to the
Y-system in K:

uK ¼ u � cK ; uK ¼ u � cK ð7:5:11Þ

For simplicity we use the same symbols for the displacement components here.
Using the result (7.5.8), we obtain:

gKL ¼ gK � gL ¼ cK � u;K
� � � cL � u;L

� �
¼ cK � cL � cK � u;L � u;K � cL þ u;K � u;L )

CKL ¼ gKL þ uK jjL þ uLjjK � uN jjKuN jjL
ð7:5:12Þ

Covariant differentiation is now marked by a double vertical line to indicate that it
is to be performed in K and with Christoffel symbols computed from the funda-
mental parameters CKL: The strain components EKL in the formulas (7.3.17) will
have two different forms:

EKL ¼ 1
2

uK jL þ uLjK þ uN jKuN jL
� � ð7:5:13Þ

EKL ¼ 1
2

uK jjL þ uLjjK � uN jjKuN jjL
� � ð7:5:14Þ
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Note the two sets of the strain components EKL in the formulas (7.5.13) and
(7.5.14) are identical, while the displacement components uK and the covariant
differentiations are not the same. Comparing the formulas (7.5.14) for the com-
ponents of Green’s strain tensor with formulas (7.4.14) for the components of
Euler’s strain tensor, we see that the two components set are identical if we choose
a y-system that coincides with the Y-system at the present time t.

Example 7.5 Simple Shear
Figure 7.2 illustrates the deformation of a material block from the reference con-
figuration K0 at the time t0 to the present configuration K at the present time t. Ox is
a Cartesian coordinate system. The coordinate system Y is attached to the body and
moves and deforms with the body as a convected coordinate system. The defor-
mation is called simple shear and is described by:

x1ðY1; Y2; tÞ ¼ Y1 þ bðtÞ Y2; x2ðY2Þ ¼ Y2; x3ðY3Þ ¼ Y3 ð7:5:15Þ

bðtÞ is a scalar function of time and bðt0Þ ¼ 0: Compare the deformation simple
shear with simple shear flow in Example 4.1.

The inverse mapping of the mapping (7.5.15) is:

Y1ðx1; x1; tÞ ¼ x1 � bðtÞx2; Y2ðx2Þ ¼ x2; Y
3ðx3Þ ¼ x3 ð7:5:16Þ

The matrices for Green’s deformation tensor C and Green’s strain tensor E will be
computed. First we compute:

@xi
@YK


 �
t0

¼
1 0 0
0 1 0
0 0 1

0
@

1
A;

@xi
@YK


 �
t
¼

1 b 0
0 1 0
0 0 1

0
@

1
A

The base vectors cK and the fundamental parameters CKL for the Y-system are
found from the formulas (6.2.11) and (6.2.27):

Fig. 7.2 Deformation of a
material block from
configuration K0 at the time t0
to configuration K at the time
t. Cartesian coordinate system
Ox. Convected coordinate
system Y
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cKðY ; tÞ ¼ @r
@YK ¼ @r

@xi

@xi
@YK ¼ @xi

@YK ei; cKðY ; t0Þ ¼ eK

CKLðY ; tÞ ¼ cK � cL , CKLð Þ ¼
1 b 0

b 1þ b2 0

0 0 1

0
B@

1
CA;

CKLðY ; t0Þ ¼ gKLðYÞ ¼ dKL

The components of Green’s strain tensor become are obtained from the formula
(7.3.11):

EKLð Þ ¼ 1
2

CKL � gKLð Þ

 �

¼ 1
2

0 b 0
b b2 0
0 0 0

0
@

1
A

Because the Y-system in K0 is Cartesian the non-zero coordinate strains e22 and c12
are obtained from the Eqs. (4.2.13) and (4.2.16):

e22 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2e2 � E � e2

p
� 1 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2E22

p
� 1 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ b2

q
� 1

sin c12 ¼
2e1 � E � e2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ 2e1 � E � e1
p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ 2e2 � E � e2
p

¼ 2E12ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2E11

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2E22

p ¼ bffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ b2

p
These results are easily obtained directly from Fig. 7.2. For small deformations:
b � 1 ) b2 � b; the strain matrix and the non-zero coordinate strains are:

EKLð Þ ¼ 1
2

0 b 0
b 0 0
0 0 0

0
@

1
A; c12 ¼ b

7.6 Convected Derivatives of Tensors

A tensor quantity that is independent of the choice of reference, is called a reference
invariant tensor or objective tensor. Tensor quantities dependent of the choice of
reference, are called reference related tensors.

In this section we apply convected coordinates Y with base vectors cKðY ; tÞ: The
material derivatives of these base vectors are:
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_cK ¼ @

@t
@r
@YK ¼ @

@YK

@r
@t

¼ @v
@YK � v;K ð7:6:1Þ

v is the particle velocity vector. The components of the material derivatives of the
base vectors are covariant derivatives of the velocity components:

_cK ¼ vLjjK cL ð7:6:2Þ

It is straight forward to show that, see Problem 7.2:

_cK ¼ �vK jjL cL ð7:6:3Þ

Let a(Y, t) be a convected vector field, i.e. a vector field associated with the
particles in the material we are considering:

a ¼ aK cK ¼ aK cK ð7:6:4Þ

The material derivative of a is:

_a ¼ _aK cK ¼ @aK

@t
þ aLvK jjL

� 

cK ; _a ¼ _aK cK ¼ @aK

@t
� aLv

LjjK
� 


cK ð7:6:5Þ

_a is a reference related vector field, while the two vector fields defined by the
components:

@ca
K � @aK

@t
; @caK � @aK

@t
ð7:6:6Þ

are objective. The expressions (7.6.6) are called convected differentiated vector
components. It follows from the expressions (7.6.5) that the vectors defined by the
components (7.6.6) are two different vector fields. In order to determine the com-
ponents of these vectors in a reference fixed coordinate system y, we rearrange
Eq. (7.6.5) to:

@ca
K ¼ _aK � aLvK jjL; @caK ¼ _aK þ aLv

LjjK ð7:6:7Þ

Because these equations are tensor equations, they may directly be transformed
to the fixed y-system:

@ca
i ¼ _ai � akvijk ¼

@ai

@t
þ aijkvk � akvijk ð7:6:8Þ
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@cai ¼ _ai þ akv
kji ¼

@ai
@t

þ aijkvk þ ak v
kji ð7:6:9Þ

Note that the convective derivatives of the contravariant and the covariant vector
components do not result in one and the same vector. The vector field defined by
Eq. (7.6.8) is called the upper-convected derivative of the vector field a, and the
vector field defined by Eq. (7.6.9) is called the lower-convected derivative of the
vector field a. The two derivatives are also presented as:

ar ¼ _a� La , ari ¼ _ai � vijkak upper�convected derivate of a ð7:6:10Þ

aD ¼ _aþLT a , aDi ¼ _ai þ vkjiak lower�convected derivate of a ð7:6:11Þ

Convected differentiated tensor components are defined by their representation
in a convected Y-system in which they are given directly by the material derivatives
of the tensor components. As an example we consider a second order tensor B. The
convected derivatives of the components BK

L in the Y-system are defined by:

@cBK
L � @

@t
BK
L ð7:6:12Þ

If B is an objective tensor then so is the tensor defined by the components (7.6.12).
One set of components of this tensor in the y-system is denoted @c Bi

j and is found as
follows. Let a and b be two objective vectors. The scalar a ¼ B a; b½ � may alter-
natively be computed from:

a ¼ BK
L aK b

L; a ¼ Bi
jaib

j ð7:6:13Þ

Then we may write:

_a ¼ @cB
K
L aKb

L þBK
L @caKb

L þBK
L aK @cb

L ð7:6:14Þ

_a ¼ _Bi
j ai b

j þBi
j _aib

j þBi
j ai _b

j ð7:6:15Þ

Equation (7.6.14) is transformed to the y-system:

_a ¼ @cB
i
jaib

j þBi
j@caib

j þBi
jai@cb

j ð7:6:16Þ

The formulas (7.6.8–7.6.9) are used for @cai and @cb j in Eq. (7.6.16), and then
Eq. (7.6.15) is subtracted from Eq. (7.6.16). The result is:
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@cBi
j � _Bi

j þBk
j v

ijk � Bi
kv

kjj
h i

aib j ¼ 0

Because the vectors a and b may be chosen arbitrarily, the expression in the
brackets must be zero. Thus we have the result:

@cB
i
j ¼ _Bi

j � Bk
j v

ijk þBi
kv

kjj ð7:6:17Þ

When the material derivative and the covariant derivatives in Eq. (7.6.17) are
written out in detail, we shall see that the terms with Christoffel symbols are
eliminated, and that the result is, see Problem 7.3:

@cB
i
j ¼

@

@t
Bi
j þBi

j;k v
k � Bk

j v
i
;k þBi

kv
k
;j ð7:6:18Þ

Oldroyd [2] derived the formula (7.6.18) by evaluating the material derivative
@cBK

L from the transformation equation:

BK
L ¼ @YK

@yi
@y j

@YL B
i
j ð7:6:19Þ

The result is then substituted into the transformation equation, see Problem 7.4:

@c B
i
j ¼

@yi

@YK

@YL

@y j
@c B

K
L ð7:6:20Þ

Now we define two tensors by their components in the fixed y-system and the
corresponding components in the convected Y -system:

@c Bij in the y�system , @

@t
BKL in the Y�system ð7:6:21Þ

@c Bij in the y�system , @

@t
BKL in theY�system ð7:6:22Þ

Starting with the representations a ¼ Bijaib j ¼ Bijai bj for the scalar a ¼ B a; b½ �
and following the procedure that gave the result (7.6.17) we can derive the for-
mulas, see Problem 7.5:

@cBij ¼ _Bij þBkjv
k
��
i þBikv

k
��
j; @cB

ij ¼ _Bij � Bkjvi
��
k�Bikv j

��
k ð7:6:23Þ

The results (7.6.8), (7.6.9), (7.6.17), and (7.6.23) show a pattern for constructing
the convected derivatives of objective tensors of any order. Note that the convective
derivatives of the tensor components of different types do not result in one and the
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same tensor. For a second order tensor B it is customary to let the components
(7.6.23)1 define the lower-convected derivative of the tensor B, while the compo-
nents (7.6.23)2 define the upper-convected derivative of the tensor B. Special
symbols are introduced for these two tensors:

BD ¼ _BþLTBþBL ,
BD
ij ¼ _Bij þ vk

��
iBkj þBikvk

��
j

lower�convected derivative of B ð7:6:24Þ

Br ¼ _B� LB� BLT ,
Brij ¼ _Bij � vijkBkj � Bikv jjk

upper�convected derivative of B ð7:6:25Þ

These tensors play an important role in constitutive modeling of non-Newtonian
fluids, see the author’s book Rheology and Non-Newtonian Fluids [4].

7.7 Cauchy’s Stress Tensor. Equations of Motion

The stress vector t on a material surface through a particle P and with unit normal
n is determined by the Cauchy stress theorem (2.2.27) and is in a general coordinate
system y represented by the three sets of components Tik; Tik; and Ti

k:

t ¼ T � n , ti ¼ Tiknk ¼ Ti
k n

k; ti ¼ Tk
i nk ¼ Tik n

k ð7:7:1Þ

T is the Cauchy stress tensor. The normal stress r and the shear stress s on the
surface are given by (Fig. 7.3):

r ¼ n � t ¼ n � T � n ¼ ni T
i
k n

k

s ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t � t� r2

p
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tk tk � r2

p ð7:7:2Þ

We shall develop expressions for the stress vector ti, the normal stress ri, and the
shear stress si on a coordinate surface yi ¼ constant: The unit normal vector to the
surface is:

n

t

material surface

τ

σ

P

Fig. 7.3 Stress vector t from
a particle P on a material
surface with normal
n. Normal stress r and shear
stress s
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ni ¼ giffiffiffiffiffi
gii

p ð7:7:3Þ

In order to simplify the development we start by showing the stresses on the
material coordinate surface y3 ¼ constant in Fig. 7.4. From the formulas (7.7.1–
7.7.3) we obtain:

t3 ¼ T � n3 ) tk3 ¼ Tkjn3j ¼
Tk3ffiffiffiffiffiffi
g33

p ð7:7:4Þ

r3 ¼ n3 � T � n3 ¼ 1ffiffiffiffiffiffi
g33

p T33 1ffiffiffiffiffiffi
g33

p ¼ T33

g33
; s3 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tk3t3k � ðr3Þ2

q

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Tk3T3

k

g33
� ðr3Þ2

s
ð7:7:5Þ

On a coordinate surface yi ¼ constant, we write:

ti ¼ T � ni ) tki ¼
Tkiffiffiffiffiffi
gii

p ; ri ¼ Tii

gii
; si ¼

X
k

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
TkiTi

k

gii
� ðriÞ2

s
ð7:7:6Þ

The shear stress si has two components on the material coordinate surface
yi ¼ constant:

ðsiÞk ¼
gkffiffiffiffiffiffi
gkk

p � ti ¼ gkffiffiffiffiffiffi
gkk

p � T � giffiffiffiffiffi
gii

p ¼ Ti
kffiffiffiffiffiffiffiffiffiffiffi

gkkgii
p ð7:7:7Þ

3y

3 3 33/ g=n g

1y2y

3t
3material coordinate surface  constanty =

3τ
3σ

P

Fig. 7.4 Stress vector t3 from a particle P on a material coordinate surface y3 ¼ constant. Unit
normal vector n3 ¼ g3=

ffiffiffiffiffiffiffi
g33

p
. Normal stress r3 and shear stress s3. General coordinate system y.

Coordinate lines y1; y2, and y3
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7.7.1 Physical Stress Components

The physical components of the stress vector ti are denoted by ski; and are by Green
and Zerna [3] called the physical stress components. Figure 7.5 shows the physical
components s13; s23; and s33 of the stress vector t3. Note that while s13 and s23 are
shear stresses, the component s33 represents in general both a shear stress and a
normal stress.

According to the general definition (6.3.4) of physical components of a vector a:
aðkÞ ¼ ak

ffiffiffiffiffiffi
gkk

p
; we get:

ski ¼ Tki
ffiffiffiffiffiffi
gkk
gii

r
¼ tki

ffiffiffiffiffiffi
gkk

p ¼ Tkiffiffiffiffiffi
gii

p ffiffiffiffiffiffi
gkk

p )

ski ¼ Tki
ffiffiffiffiffiffi
gkk
gii

r
physical stress components according toGreen and Zerna ½3�

ð7:7:8Þ

Truesdell [4] defined physical stress components differently from Green and
Zerna [3]. First the stress vector t and the unit normal surface vector n are expressed
in physical components:

tðkÞ ¼ tk
ffiffiffiffiffiffi
gkk

p
; nðiÞ ¼ ni

ffiffiffiffiffi
gii

p ð7:7:9Þ

From the Cauchy stress theorem (7.7.1) we now obtain:

tk ¼ Tk
i n

i ) tðkÞ 1ffiffiffiffiffiffi
gkk

p ¼ Tk
i
nðiÞffiffiffiffiffi
gii

p ) tðkÞ ¼ Tk
i

ffiffiffiffiffiffi
gkk
gii

r
 �
nðiÞ )

tðkÞ ¼ TðkiÞnðiÞ Cauchy0 stress theorem in terms of physical components

ð7:7:10Þ

3y

3 3 33/ g=n g

33τ

1y2y 23τ 13τ

3t

P 3material coordinate surface  constanty =

Fig. 7.5 Physical stress components s13; s23, and s33 of a stress vector t3 from a particle P on a
material coordinate surface y3 ¼ constant. Unit normal vector n3 ¼ g3=

ffiffiffiffiffiffiffi
g33

p
General coordinate

system y. Coordinate lines y1; y2, and y3
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TðkiÞ ¼ Tk
i

ffiffiffiffiffiffi
gkk
gii

r
Truesdell0s physical stress components ð7:7:11Þ

Since the physical components n(i) are dimensionless and the physical com-
ponents t(k) have dimension force per unit area, the dimension of the components T
(ki) is also force per unit area. T(ki) are called physical stress components because
they are the proper coefficients in the linear relations (7.7.10) between the physical
components of the unit normal vector n and the physical components of the stress
vector t. Note that the components T(ki) are not in general symmetric. It may be
shown, see Problem 7.6, that the two sets of physical components defined by
Eqs. (7.7.8) and (7.7.11) are related through:

ski ¼
X
j

TðkjÞ gij
ffiffiffiffiffi
gjj
gii

r
ð7:7:12Þ

In orthogonal coordinate systems:

gij ¼ gij ¼ 0 for i 6¼ j; gii ¼ 1
gii

¼ h2i

Now formulas (7.7.11) and (7.7.10) yield:

ð7:7:11Þ ) TðkiÞ ¼ Tk
i

ffiffiffiffiffi
gkk
gii

q
¼ h2i T

ki
� � ffiffiffiffi

h2k
h2i

r
¼ hkhiTki

ð7:7:12Þ ) ski ¼
P
j
TðkjÞ gij

ffiffiffiffi
gjj
gii

q
¼ TðkiÞ 1

h2i

ffiffiffiffiffiffiffi
h2i

1=h2i

r
¼ TðkiÞ

9>>>=
>>>;

ski ¼ TðkiÞ ¼ hk
hi
Tk
i ¼ hkhiTki

) ð7:7:13Þ

TðkiÞ for k ¼ i is the normal stress ri on the coordinate surface yi = constant, while
TðkiÞ for k 6¼ i are orthogonal components of the shear stress si on the same surface.
In the following the physical stress components are only used in orthogonal
coordinates, and for practical reasons we shall use the notation TðkiÞ: Note that,
with the unit tangent vectors to the coordinate lines eyi :

TðkiÞ ¼ eyk � T � eyi ð7:7:14Þ

Example 7.6 Physical Stress Components in Cylindrical Coordinates, Fig. 7.6
The physical components TðkiÞ of the stress tensor T in cylindrical coordinates are
expressed in Fig. 7.6 and with alternative symbols in the formulas (7.7.15). The
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formulas also present the mixed tensor components and the contravariant tensor
components.

TðijÞð Þ �
rR sRh sRz
shR rh shz
szR szh rz

0
B@

1
CA �

TRR TRh TRz
ThR Thh Thz
TzR Tzh Tzz

0
B@

1
CA ðFig: 7:6Þ

¼
T1
1 T1

2=R T1
3

RT2
1 T2

2 RT2
3

T3
1 T3

2=R T3
3

0
B@

1
CA ¼

T11 RT12 T13

RT21 R2T22 RT23

T31 RT31 T33

0
B@

1
CA

ð7:7:15Þ

7.7.2 Cauchy’s Equations of Motion

The Cauchy equations of motion (2.2.35) have the following representation in a
general curvilinear coordinates:

Tik
��
k þ qbi ¼ qai , Tik;k þ TlkCi

lk þ TilCk
lk þ qbi ¼ qai ð7:7:16Þ

By using the result (6.5.6), we obtain the alternative form:

1ffiffiffi
g

p @

@yk
ffiffiffi
g

p
Tik

� �þ TlkCi
lk þ qbi ¼ qai ð7:7:17Þ

In orthogonal coordinates we use the formulas (6.5.51), (7.7.12), and (6.5.51) and
can rewrite Eq. (7.7.17) to:

X
k

1
h

@

@yk
h
hk

TðikÞ

 �

þ 1
hihk

@hi
@yk

TðikÞ � 1
hihk

@hk
@yi

TðkkÞ
� 


þ qbðiÞ ¼ qaðiÞ

ð7:7:18Þ

RRT
RT θRTθ

zT θ

zTθ

zzT

RzT
zRT

θ

Tθθ

z

R

Fig. 7.6 Physical stress
components in cylindrical
coordinates
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Example 7.7 Cauchy’s Equations in Cylindrical Coordinates.
See Problem 7.7

@rR
@R

þ rR � rh
R

þ 1
R
@sRh
@h

þ @sRz
@z

þ qbR ¼ qaR

1
R2

@

@R
R2shR
� �þ 1

R
@rh
@h

þ @shz
@z

þ qbh ¼ qah

1
R

@

@R
RszRð Þþ 1

R
@shz
@h

þ @rz
@z

þ qbz ¼ qaz

ð7:7:19Þ

Polar coordinates and rotational symmetry:

drR
dR

þ rR � rh
R

þ qbR ¼ qaR , d
dR

RrRð Þ � rh þ qRbR ¼ qRaR ð7:7:20Þ

Example 7.8 Cauchy’s Equations in Spherical Coordinates. See Problem 7.8

@rr
@r

þ 2rr � rh � r/
r

þ 1
r sin h

@

@h
sin h srhð Þþ @sr/

@/

� 

þ qbr ¼ qar

1
r3

@

@r
r3shr
� �þ 1

r sin h
@

@h
sin h rhð Þþ @sh/

@/

� 

� cot h

r
r/ þ qbh ¼ qah

1
r3

@

@r
r3s/r
� �þ 1

r sin2 h

@

@h
sin2 h s/h
� �þ 1

r sin h
@r/
@/

þ qb/ ¼ qa/

ð7:7:21Þ

Point symmetry:

rh ¼ r/; srh ¼ sh/ ¼ s/r ¼ 0 )
drr
dr

þ 2 rr � r/
� �

r
þ qbr ¼ qar , 1

r2
d
dr

r2rr
� �� 2r/

r
þ qbr ¼ qar

ð7:7:22Þ

7.8 Basic Equations in Linear Elasticity

The classical theory of elasticity has been presented in Sect. 7.5.2. The most
important equations of the theory will now be transformed to general coordinates.

In the Cauchy equations of motion represented above by Eqs. (7.7.16–7.7.18)
the particle acceleration will be expressed through the displacement vector u(y, t):

a ¼ �u , ai ¼ €ui ð7:8:1Þ
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The constitutive equations for isotropic, linearly elastic material are represented by
the generalized Hooke’s law, which in tensorial form, i.e. invariant form, and in the
Cartesian form, is represented by Eq. (5.2.7), and repeated here:

T ¼ g
1þ m

Eþ m
1� 2m

trEð Þ1
h i

, Tik ¼ g
1þ m

Eik þ m
1� 2m

Ejjdik
h i

ð7:8:2Þ

In general coordinates the generalized Hooke’s law is expressed by the formula:

Ti
k ¼

g
1þ m

Ei
k þ

m
1� 2m

E j
j d

i
k

h i
ð7:8:3Þ

The element Ei
k of the strain tensor E for small deformation may be expressed by

the displacement gradients:

Ei
k ¼

1
2

uijk þ ukji
� � ð7:8:4Þ

Navier’s equations, i.e. the equations of motion expressed through the dis-
placement u y; tð Þ; are in invariant form and Cartesian form given by Eq. (5.2.27).
The invariant form and the form in general coordinates are:

r2uþ 1
1� 2m

r r � uð Þþ q
l

b� �uð Þ ¼ 0 , uijkk þ
1

1� 2m
ukjik þ

q
l

bi � €ui
� � ¼ 0

ð7:8:5Þ

The any orthogonal coordinate system Navier’s equations may be expanded in
details by application of formula (6.5.104) for r2u and formula (6.5.102) for
r r � uð Þ. The result is:

P
k

1
hi

@
@yi

1
h

@
@yk h uðkÞ

hk

� 	h i
� hi

h
@
@yk

h
hkhið Þ2

@
@yi hkuðkÞð Þ � @

@yk hiuðiÞð Þ
� 	h in o

þ P
k

1
1�2m

1
hi

@
@yi

1
h

@
@yk h uðkÞ

hk

� 	h in o
þ q

l bðiÞ � €uðiÞð Þ ¼ 0
ð7:8:6Þ

Example 7.9 Navier’s Equations in Cylindrical Coordinates
Applying the formula (6.5.114) for r2u and formula (6.5.112) for r r � uð Þ we
obtain:

r2uR � uR
R2 �

2
R2

@uh
@h

þ 1
1� 2m

@

@R
r � uð Þþ q

l
bR � €uRð Þ ¼ 0

r2uh þ 2
R2

@uR
@h

� uh
R2 þ 1

1� 2m
1
R

@

@h
r � uð Þþ q

l
bh � €uhð Þ ¼ 0

r2uz þ 1
1� 2m

@

@z
r � uð Þþ q

l
bz � €uzð Þ ¼ 0

ð7:8:7Þ
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where:

r2 ¼ 1
R

@

@R
R

@

@R


 �
þ 1

R2

@2

@h2
þ @2

@z2
;r � u ¼ 1

R
@

@R
RuRð Þþ 1

R
@uh
@h

þ @uz
@z

ð7:8:8Þ
Example 7.10 Navier’s Equations in Spherical Coordinates
Applying the formula (6.5.117) for r2u and formula (6.5.115) for r r � uð Þ we
obtain:

r2ur � 2
r2
ur � 2

r2
@uh
@h

� 2 cot h
r2

uh � 2
r2 sin h

@u/
@/

þ 1
1� 2m

@

@r
r � uð Þ

þ q
l

br � €urð Þ ¼ 0

r2uh � 1

r2 sin2 h
uh þ 2

r2
@ur
@h

� cos h

r2 sin2 h

@u/
@/

þ 1
1� 2m

1
r
@

@h
r � uð Þ

þ q
l

bh � €uhð Þ ¼ 0

ð7:8:9Þ

r2u/ � 1

r2 sin2 h
u/ þ 2

r2 sin2 h

@ur
@/

þ 2

r2 sin2 h
cos h

@uh
@/

þ 1
1� 2m

1
r sin h

@

@/
r � uð Þþ q

l
b/ � €u/
� � ¼ 0

ð7:8:10Þ

where:

r2 ¼ @2

@r2
þ 2

r
@

@r
þ 1

r2
@2

@h2
þ 1

r2
cot h

@

@h
þ 1

r2 sin2 h

@2

@/2

r � u ¼ 1
r2

@

@r
r2ur
� �þ 1

r sin h
@

@h
sin huhð Þþ 1

r sin h
@u/
@/

ð7:8:11Þ

7.9 Basic Equations for Linearly Viscous Fluids

This section will only present the most important equations pertaining to the
mechanics of linearly viscous fluids. The equations have been presented in invariant
forms and in terms of Cartesian components in Sect. 5.3 and will now be given the
general versions in general curvilinear coordinates.

The equation of continuity introduced in Eq. (5.3.9) is represented by:

@q
@t

þ div qvð Þ ¼ 0 , @q
@t

þ qvi
� �ji ¼ 0 ð7:9:1Þ
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By application of formula (6.5.51) we may rewrite the component form to:

@q
@t

þ 1ffiffiffi
g

p ffiffiffi
g

p
q vi

� �
;i ¼ 0 ð7:9:2Þ

The linearly viscous fluid also called the Newtonian fluid is defined by the
constitutive equation (5.3.11), which are now generalized to:

T ¼ �pðq; hÞ 1þ 2lDþ j� 2l
3


 �
trDð Þ1 ,

Ti
j ¼ �pðq; hÞ dij þ 2lDi

j þ j� 2l
3


 �
Dk

k d
i
j ,

Ti
j ¼ �pðq; hÞ dij þ l vijj þ vjji

� 	
þ j� 2l

3


 �
vkjkdij

ð7:9:3Þ

When these constitutive equations are substituted into the Cauchy equation of
motion (2.2.37) we obtain the Navier-Stokes’ equations, which are presented in
invariant form and Cartesian form by Eqs. (5.3.16) and (5.3.17). These equations
are repeated here for reference:

@v
@t

þ v � rð Þv ¼ � 1
q
rpþ l

q
r2vþ 1

q
l
3
þ j

� 	
r r � vð Þþ b ,

@vi
@t

þ vkvi;k ¼ � 1
q
p;i þ l

q
vi;kk þ 1

q
l
3
þ j

� 	
vk;ki þ bi in Cartesian coordinates

ð7:9:4Þ

In general curvilinear coordinates y we obtain the contravarient components of
v � rð Þv using formula (6.5.31)1, of rp using formula (6.5.23), of r2 v using
formula (6.5.106), and of r r � vð Þ using formula (6.5.105). The Navier-Stokes
equations in general coordinates y now become:

@vi

@t
þ vkvijk ¼ � 1

q
p ji þ l

q
vi jkk þ

1
q

l
3
þ j

� 	
vkjik ,

@vi

@t
þ vk vi;k þ vlCi

lk

� � ¼ � 1
q
gikp;k

þ l
q

gij
@

@y j
1ffiffiffi
g

p @

@yk
ffiffiffi
g

p
vk

� �� 

� 1ffiffiffi

g
p @

@yk
ffiffiffi
g

p
gkrgis

@vr
@ys

� @vs
@yr


 �� 
� �

þ 1
q

l
3
þ j

� 	
gij

@

@y j
1ffiffiffi
g

p ffiffiffi
g

p
vk

� �
;k

� 

þ bi

ð7:9:5Þ
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7.9.1 Basic Equations in Orthogonal Coordinates

The velocity vector v will now be represented by the physical components
vðiÞ ¼ vi hi.

The equation of continuity expressed in orthogonal coordinates is obtained from
Eq. (7.9.2) and with

ffiffiffi
g

p ¼ h:

@q
@t

þ 1
h

X
i

@

@yi
h
hi
q vðiÞ


 �
¼ 0 ð7:9:6Þ

We may use the expressions (6.5.69–6.5.70) for the covariant derivatives of vector
components in orthogonal coordinates to obtain the formulas for the physical
components of the particle acceleration in the Navier-Stokes’ equations, see
Problem 7.9:

aðiÞ ¼ DvðiÞ
Dt

þ
X
k

vðkÞ
hi hk

@hi
@yk

vðiÞ � @hk
@yi

vðkÞ
� 


ð7:9:7Þ

where we have introduced the operator:

D
Dt

¼ @

@t
þ

X
k

vðkÞ
hk

@

@yk
ð7:9:8Þ

In cylindrical coordinates the physical acceleration components become:

aR ¼ @vR
@t

þ vR
@vR
@R

þ vh
R
@vR
@h

þ vz
@vR
@z

� v2h
R
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@R
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R
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þ vz
@vz
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ð7:9:9Þ

In spherical coordinates the physical acceleration components become:

ar ¼ @vr
@t

þ vr
@vr
@r

þ vh
r
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þ v/
r sin h

@vr
@/

� v2h þ v2/
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r
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r sin h
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ð7:9:10Þ
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The constitutive equations of the Newton fluid in terms of physical components
are:

TðijÞ ¼ �pðq; hÞ dij þ 2lDðijÞþ j� 2l
3


 �
DðkkÞdij ð7:9:11Þ

The physical components T(ij) and D(ij) are given by the formulas (7.7.11) and
(7.3.38) respectively.

In order to obtain the physical components of the Navier-Stokes equations we
need the expressions for r r � vð Þ and r2v presented respectively by the formulas
(6.5.109) and (6.5.111) in the general case and the formulas (6.5.112) for rðr � vÞ
and the formulas (6.5.114) for r2v in cylindrical coordinates and the formulas
(6.5.115) for rðr � vÞ and the formulas (6.5.117) for r2v in spherical coordinates.
The results are:

General orthogonal coordinates:
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X
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1
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ð7:9:13Þ

Example 7.11 Expressions for r r � vð Þ and r2v in Cylindrical Coordinates
ðR; h; zÞ

b ¼ grad div v ¼ rðr � vÞ ¼ bReR þ bheh þ bzez )

bR ¼ @2vR
@R2 þ 1

R
@vR
@R

� vR
R2 þ 1

R
@2vh
@R@h

� 1
R2

@vh
@h

þ @2vz
@R@z

bh ¼ 1
R
@2vR
@h@R

þ 1
R2

@vR
@h

þ 1
R2

@2vh
@h2

þ 1
R
@2vz
@h@z

bz ¼ @2vR
@z@R

þ 1
R
@vR
@z

þ 1
R
@2vh
@z@h

þ @2vz
@z2

ð7:9:14Þ
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r2v ¼ rðr � vÞ � r � r� vð Þ

¼ r2vR � vR
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Example 7.12 Expressions for r r � vð Þ and r2v in Spherical Coordinates
ðr; h;/Þ

b ¼ grad div v ¼ rðr � vÞ ¼ brer þ bheh þ b/e/ ) ð7:9:16Þ
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r2 ¼ @2
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r
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r2
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r2
cot h
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r2 sin2 h
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@/2 ð7:9:18Þ

The Navier-Stokes equations for orthogonal coordinates are obtained by
applying the formulas (7.9.7), (7.9.12), and (7.9.13) in the general expression
(7.9.4)1 The result is:
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Example 7.13 Navier-Stokes Equations in Cylindrical Coordinates
In cylindrical coordinates: h1 ¼ 1; h2 ¼ R; h3 ¼ 1; and h ¼ R: Applying the for-
mulas (7.9.9), (7.9.14), and (7.9.15), we obtain:
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vh þ 2
R2

@vR
@h


 �

þ 1
q

l
3
þ j

� 	 1
R
@2vR
@h@R

þ 1
R2

@vR
@h

þ 1
R2

@2vh
@h2

þ 1
R
@2vz
@h@z


 �
þ bh

@vz
@t

þ vR
@vz
@R

þ vh
R
@vz
@h

þ vz
@vz
@z

¼ � 1
q
@p
@z

þ l
q
r2az

þ 1
q

l
3
þ j

� 	 @2vR
@z@R

þ 1
R
@vR
@z

þ 1
R
@2vh
@z@h

þ @2vz
@z2


 �
þ bz

r2 ¼ 1
R

@

@R
R

@

@R


 �
þ 1

R2

@2

@h2
þ @2

@z2
¼ @2

@R2 þ 1
R

@

@R
þ 1

R2

@2

@h2
þ @2

@z2

Example 7.14 Pipe Flow
A linearly viscous fluid with viscosity l flows through a vertical straight pipe with
internal diameter d. The body force is the gravitational force per unit mass g. We
aim to determine the pressure p and the velocity distribution in the pipe.

We assume that the fluid sticks to the pipe wall and that the flow is steady. We
may then assume the following velocity profile expressed in cylindrical coordinates
ðR; h; zÞ; with the z-axis along the axis of the pipe and positive upwards:
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vzðRÞ ¼ vðRÞ; vðd=2Þ ¼ 0; vR ¼ vh ¼ 0 ð7:9:20Þ

The body force is given by bz ¼ g; bR ¼ bh ¼ 0: The flow is isochoric, i.e.
r � v ¼ 0; and the Navier-Stokes equations from Example 7.9 are in this case
reduced to:

@v
@t

þ v � rð Þv ¼ � 1
q
rpþ l

q
r2vþ b )

0 ¼ � 1
q
@p
@R

; 0 ¼ � 1
qR

@p
@h

0 ¼ � 1
q
@p
@z

þ l
q
r2vz þ g ¼ � 1

q
@p
@z

þ l
q
1
R

d
dR

R
dv
dR


 �
þ g

It follows from these equations that the pressure p is only a function of the
coordinate z, i.e. p ¼ pðzÞ, and that the pressure gradient dp=dz is a constant c. We
thus have the result with four constants of integration: C1;C2;C3; andC4:

p ¼ pðzÞ ¼ czþC1
1
R

d
dR R dv

dR

� � ¼ 1
l c� qgð Þ ) d

dR R dv
dR

� � ¼ 1
l c� qgð ÞR ) R @v

@R ¼ 1
l c� qgð Þ R2

2 þC2

) @v
@R ¼ 1

l c� qgð Þ R2 þ C2
R ) v ¼ 1

l c� qgð Þ R2

4 þC2 ln RþC3

With the boundary conditions: vðd=2Þ ¼ 0; vð0Þ 6¼ 1; and pð0Þ ¼ p0; we
obtain the solution to problem:

vR ¼ vðRÞ ¼ v0 1� 2R
d


 �2
" #

; v0 ¼ c� qgð Þd2
16l

; p ¼ pðzÞ ¼ czþ p0

The velocity profile vR ¼ vðRÞ is shown in Fig. 7.7. In order to obtain this
velocity profile the fluid must have a rather high viscosity for the flow to be laminar.
Otherwise the flow becomes turbulent and the Navier-Stokes equations do not
apply for solution of the present flow problem.

Example 7.15 Navier-Stokes Equations in Spherical Coordinates
In spherical coordinates: h1 ¼ 1; h2 ¼ r; h3 ¼ r sin h; and h ¼ r2 sin h: We apply
the formulas (7.9.10), (7.9.16), and (7.9.17), and obtain:

@v
@t

þ v � rð Þv ¼ � 1
q
rpþ l

q
r2vþ 1

q
l
3
þ j

� 	
r r � vð Þþ b )
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Problems 7.1–7.9 with solutions see Appendix

References

1. Irgens F (2014) Rheology and non-Newtonian fluids. Springer, London
2. Oldroyd JG (1950) On the formulation of rheological equations of state. Proc Roy Soc

London A 200:523–541
3. Green AE, Zerna W (1968) Theoretical elasticity, 2nd edn. Oxford University Press, London
4. Truesdell C (1953) Physical components of vectors and tensors. Z angew Math Mech 33:345–

356

7.9 Basic Equations for Linearly Viscous Fluids 269



Chapter 8
Surface Geometry. Tensors
in Riemannian Space R2

8.1 Surface Coordinates. Base Vectors. Fundamental
Parameters

Points or places in three-dimensional Euclidean space E3 are given by a place
vector r as a function of Cartesian coordinates xi as shown in Fig. 8.1, or by general
coordinates yi. A surface imbedded in E3 is defined by the points given by the place
vector r, the Cartesian coordinates xi; and the general coordinates yi as functions of
two independent parameters u1 and u2 called surface coordinates:

r ¼ r u1; u2
� � � r uð Þ; xi ¼ xi u

1; u2
� � � xi uð Þ; yi ¼ yi u1; u2

� � � yi uð Þ ð8:1:1Þ

In Fig. 8.1 the surface is described by coordinate lines, u1-lines and u2-lines. The
surface defined by the formulas (8.1.1) is said to represent a two-dimensional
Riemannian space R2 imbedded in the three-dimensional Euclidean space E3

Figure 8.2 shows the tangent plane in point P to the surface in Fig. 8.1. The base
vectors aa for the u-system as shown in Fig. 8.2, are tangent vectors to the coor-
dinate lines and defined by:

aa ¼ @r
@ua

� r;a ¼ @r
@yi

@yi

@ua
¼ gi

@yi

@ua
ð8:1:2Þ

It follows that:

@yi

@ua
¼ gi � aa ð8:1:3Þ

The unit normal vector a3 to the surface is determined by:

a3 ¼ a1 � a2
a1 � a2j j ) a3 � aa ¼ 0 ð8:1:4Þ
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The unit normal vector a3 points out from what will be defined as the positive side
of the surface. The three vectors ai represent a right-handed system of three vectors.

Reciprocal base vectors aa for the u-system are defined by the relations:

aa � ai ¼ dai ð8:1:5Þ

These vectors, shown in Fig. 8.2, lie in the tangent plane to the surface and are
normal vectors to the coordinate lines. Because the surface base vectors aa and aa

are all vectors in the same plane, we may write:

aa ¼ aab ab and aa ¼ aab ab ð8:1:6Þ

The components aab are called the fundamental parameters of the first order for the
u-system. The components aab are called the reciprocal fundamental parameters of
the first order for the u-system. Scalar products of the vectors in the formulas
(8.1.6) by the base vectors ab and ab, followed by applications of the formulas
(8.1.2), (8.1.5), and (8.1.6) provide the results:

aa � ab ¼ aab ¼ aba ¼ gij
@yi

@ua
@y j

@ub
; aa � ab ¼ aab ¼ aba; aa � ab ¼ ab � aa ¼ dba

aa � ab ¼ aac ac
� � � abk ak

� � ¼ aaca
bkac � ak ¼ aaca

bkdck ¼ aaca
bc ) aaca

bk ¼ dba

ð8:1:7Þ

It is convenient to define a parameter a for the u-system:

3a

3x

1x

O

1 2( , )u ur

2x

1 lineu −

3  unit normal vector to the surface=a

P 2 lineu −

surface

Fig. 8.1 Two-dimensional
surface imbedded in
three-dimensional space E3.
Coordinate lines: u1-lines and
u2-lines

3a

1 lineu −

1a

2 lineu −

tangent plane at point  in the surfaceP

2a

1a

2a

P

Fig. 8.2 Tangent plane to a
surface in point P. Base
vectors a1 and a2. Reciprocal
base vectors a1 and a2
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a ¼ det aab
� � ¼ a11 a22 � a12ð Þ2 ð8:1:8Þ

Solution of Eq. (8.1.7)4: aac abc ¼ dba ; with respect to the components abc yields:

a11 ¼ a22
a

; a22 ¼ a11
a

; a12 ¼ � a12
a

ð8:1:9Þ

The angle u1; u2ð Þ between two coordinate lines, e.g. a u1-line and a u2-line, may be
computed from the equation:

cos u1; u2
� � ¼ a1 � a2

a1j j a2j j ¼
a12ffiffiffiffiffiffiffiffiffiffiffiffi
a11a22

p ð8:1:10Þ

With the permutation symbol eab defined by the formula (1.1.16) we introduce
the following two sets of permutation symbols: eab and eab:

eab ¼ eab
ffiffiffi
a

p
; eab ¼ eab=

ffiffiffi
a

p
; eab ¼ 0 1

�1 0

� �
ð8:1:11Þ

The following relationships may be derived, see Problem 8.1:

eab e
cq ¼ dca d

q
b � dcb d

q
a ) eab e

cb ¼ dca ð8:1:12Þ

a1 � a2j j ¼ ffiffiffi
a

p
; a1 � a2 ¼

ffiffiffi
a

p
a3

aa � ab ¼ eab a3; aa � ab ¼ eab a3;

a3 � aa ¼ eab ab; a3 � aa ¼ eab ab

ð8:1:13Þ

The components of the unit normal vector a3 in a general curvilinear coordinate
system y in three-dimensional space E3 are denoted by a

i
, i.e. a3 ¼ a

i
gi; and may be

found to be, see Problem 8.2:

a
i
¼ 1

2
eijk

@y j

@ua
@yk

@ub
eab ð8:1:14Þ

Christoffel symbols of the second kind Cc
ab and fundamental parameters of

second order Bab for the u-system on the surface are defined through the
relationships:

aa;b ¼ Cc
abac þBab a3 ð8:1:15Þ

It follows that:
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Cc
ab ¼ Cc

ba ¼ aa;b �ac; Bab ¼ Bba ¼ aa;b �a3 ð8:1:16Þ

In a plane surface the vectors aa;b lie in the surface and the formulas (8.1.16)2 show
that the elements Bab ¼ 0: It will be shown in Sect. 8.7 that the elements Bab are
components in the u-system of the curvature tensor for the surface, which repre-
sents the surface curvatures. Christoffel symbols of the first kind for the u-system on
the surface are defined by:

Cabc ¼ aa;b � ac ¼ Cq
ab aqc , Cc

ab ¼ Cabq a
qc ð8:1:17Þ

The following formulas may be derived, see Problem 8.3:

a3;a ¼ �Bab ab; aa;b ¼ �Ca
cb a

c þBcb a
ca a3 ð8:1:18Þ

aab;c ¼ Cacb þCbca; Cabc ¼ 1
2

aac;b þ abc;a �aab;c
� � ð8:1:19Þ

Cc
cb ¼ 1

2a
a;b ¼ 1ffiffiffi

a
p ffiffiffi

a
p� �

;b ð8:1:20Þ

Example 8.1 Circular Cylindrical Surface
Figure 8.3 shows a circular cylindrical surface of radius R. With respect to cylin-
drical coordinates ðR; h; zÞ the surface is described by the surface coordinates:
u1 ¼ h and u2 ¼ z; with the z-axis equal to the x3-axis in a Cartesian coordinate
system Ox. A point on the surface is given by the place vector:

rðu1; u2Þ ¼ R eRðu1Þþ u2 ez ¼ ReRðhÞþ z ez ð8:1:21Þ

1 θ=a e

2 z=a e

3 R=a e

1 2( , )u u=r r
1u θ=

2u z=

θ

z

1x 2x

3z x=

R

O

Fig. 8.3 Circular cylindrical
surface of radius R:
r ¼ eRðhÞþ zez. Surface
coordinates: u1 ¼ h,
u2 ¼ z ¼ x3. Base vectors
a1 ¼ Reh and a2 ¼ ez:
Surface normal a3 ¼ eR:
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In Cartesian coordinates the surface is described by:

x1 ¼ R cos h; x2 ¼ R sin h; x3 ¼ z ð8:1:22Þ

The unit normal vector to the surface is a3 ¼ eR: Using the result deR=du1 �
deR=dh ¼ eh; obtained from the formulas (6.2.36), we find the base vectors as:

aa ¼ @r
@ua

) a1 ¼ @r
@u1

¼ R eh; a2 ¼ @r
@u2

¼ ez ð8:1:23Þ

By the formulas (8.1.5) and (8.1.24) we find the reciprocal base vectors:

a1 ¼ eh=R; a2 ¼ ez ð8:1:24Þ

The fundamental parameters of first order become:

aab
� � ¼ aa � ab

� � ¼ R2 0

0 1

� �

aab
� � ¼ aa � ab� � ¼ 1=R2 0

0 1

� �
a ¼ det aab

� � ¼ R2

ð8:1:25Þ

In order to obtain the Christoffel symbols and the fundamental parameters of
second order we need the expressions: deh=dh ¼ �eR and deR=dh ¼ eh; obtained
from the formulas (6.2.36). Then we find from the general formulas (8.1.16):

Cc
ab ¼ Cabc ¼ 0; B ¼ Bab

� � ¼ �R 0
0 0

� �
ð8:1:26Þ

1a

2a
3 ( , )r θ φ=a e

r

1u θ=

2u φ=

θ
O

1x

2x

3x

φ

Fig. 8.4 Spherical surface of
radius r: r ¼ rðu1; u2Þ ¼
rerðh;/Þ: Surface
coordinates: u1 ¼ h; u2 ¼ /:
Base vectors: a1 ¼ reh; a2 ¼
r sin he/: Surface normal
a3 ¼ erðh;/Þ:
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Example 8.2 Spherical Surface
Figure 8.4 illustrates a spherical surface of radius r with the centre of the sphere at
the origin of the Cartesian coordinate system Ox. A point on the surface is given by
the place vector:

r ¼ r erðh;/Þ ð8:1:27Þ

The two spherical coordinates h and / in the spherical coordinate system ðr; h;/Þ
are selected as surface coordinates such that: u1 ¼ h; u2 ¼ /: A point on the
surface is given by the place vector:

r ¼ r u1; u2
� � ¼ r er u1; u2

� � ¼ r erðh;/Þ ð8:1:28Þ

The unit normal vector to the surface is a3 ¼ er: In order to find the base vectors
and the reciprocal base vectors, we need the formulas (6.2.41):

@er
@h

¼ eh;
@er
@/

¼ sin he/;
@eh
@h

¼ � er;
@eh
@/

¼ cos he/

de/
dh

¼ 0;
de/
d/

¼ � sin her � cos heh

ð8:1:29Þ

Then:

a1 ¼ @r
@u1

¼ r
@er
@h

¼ r eh; a2 ¼ @r
@u2

¼ r
@er
@/

¼ r sin h e/;

a1 ¼ 1
r
eh; a2 ¼ 1

r sin h
e/

ð8:1:30Þ

The fundamental parameters of the first order become:

aab
� � ¼ aa � ab

� � ¼ r2 0

0 r2 sin2 h

� �
; a ¼ det aab

� � ¼ r4 sin2 h

aab
� � ¼ aa � ab� � ¼ 1=r2 0

0 1=r2 sin2 h

� � ð8:1:31Þ

The non-zero Christoffel symbols and the fundamental parameters of second order
are found from the formulas (8.1.16):

C2
12 ¼ cot h; C1

22 ¼ � sin h cos h;

C122 ¼ r2 sin h cos h; C221 ¼ �r2 sin h cos h
ð8:1:32Þ

B ¼ Bab
� � ¼ �r 0

0 �r sin2 h

� �
ð8:1:33Þ
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8.2 Surface Vectors

Let rðu1; u2Þ � rðuÞ and yiðu1; u2Þ � yiðuÞ define a surface imbedded in the space
E3. On the surface a curve may be defined by the coordinate functions uaðsÞ with
the parameter s being the arc length along the curve. The tangent vector t to the
curve is the unit vector defined by formula (1.4.8):

t ¼ dr
ds

¼ @r
@yi

dyi

ds
¼ dyi

ds
gi ¼

@r
@ua

dua

ds
¼ dua

ds
aa ð8:2:1Þ

The tangent vectors to all surface curves on the surface yiðuÞ and through a place
rðuÞ lie in the tangent plane to the surface at that place. For this reason the tangent
vector to a surface curve is called a surface vector. Vectors in the tangent plane to
the place rðuÞ on the surface yiðuÞ may be represented by surface vector fields.
A steady surface vector field cðuÞ has contravariant components ca and covariant
components ca in the u-system:

cðuÞ ¼ ca aa ¼ ca aa ) ca ¼ aabcb; ca ¼ aabc
b ð8:2:2Þ

Note that throughout this chapter we shall only consider steady fields, in contrast to
what was assumed in Chap. 6. In order to distinguish between the components with
indices 1 and 2 in the space coordinate system y and the components ca and ca in
the surface coordinate system u, we introduce the symbols ck and c

k
for the com-

ponents of the surface vector in the space coordinate system y. We apply the
formula (8.1.3) and obtain:

c ¼ ckgk ¼ caaa ) c � gi ¼ ckgk � gi ¼ caaa � gi

) ckdik ¼ ca
@yi

@ua
) c i ¼ ca

@yi

@ua

ð8:2:3Þ

A space vector field b(y) may be connected to places rðuÞ on the surface yiðuÞ
and decomposed into a vector in the direction of the surface normal a3, and a
surface vector field cðuÞ equal to the projection of b onto the tangent plane to the
surface yiðuÞ:

b ¼ ðb � a3Þa3 þ c; bðyÞ ¼ bi gi; cðuÞ ¼ cbab

Because a3 � aa ¼ 0 and ab � aa ¼ dba we obtain, using the formula (8.1.3):

b � aa ¼ c � aa ) bigi � aa ¼ cb ab � aa ) bi
@yi

@ua
¼ cb d

b
a ¼ ca )
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ca ¼ bi
@yi

@ua
ð8:2:4Þ

We may check the results (8.2.3) and (8.2.4) by considering c
�
k as components

of a space vector. Then by the formulas (8.2.4), (8.2.3), and (8.1.7)1 we get:

ca ¼ c
i

@yi

@ua
¼ gikc

k
� � @yi

@ua
¼ gik cb

@yk

@ub

� �
@yi

@ua
¼ gik

@yi

@ua
@yk

@ub

� �
cb ¼ aabc

b ¼ ca

ok

When we apply the results (8.2.3) and (8.2.4) to the tangent unit tangent vector
t presented by the formulas (8.2.1) we find:

t ¼ dr
ds

¼ tigi ¼ taaa; ti ¼ dyi

ds
; ta ¼ dua

ds
; ti ¼ ta

@yi

@ua
; ta ¼ t

� i
@yi

@ua

ð8:2:5Þ

Example 8.3 Surface Vector c as a Projection of a Space Vector b onto a
Surface
A space vector field b with components bi in a Cartesian coordinate system Ox,
i.e.b ¼ biei, is projected as surface vector c onto the circular cylindrical surface
presented in Example 8.1. Figure 8.5 indicates the surface and shows the compo-
nents b1 and b2 of the space vector. The base vectors and the reciprocal base vectors
for the surface coordinate system: u1 ¼ h and u2 ¼ z ¼ x3; are obtained from the
formulas (8.1.23) and (8.1.24): a1 ¼ Reh; a1 ¼ eh=R; a1 ¼ eh=R; a2 ¼ a2 ¼ ez:
The surface vector field c as a projection of the space vector b is now given by:

c ¼ c1a1 þ c2a2 ¼ c1a1 þ c2a2 ¼ cheh þ czez ) ch ¼ c1=R ¼ Rc1; cz ¼ c2 ¼ c2

r

2 cosc cθ θ=

θ

cθ

1x

2x 2b

R

θ

θ

1b

1 sinb θ

2 cosb θ

O
circular cylindrical surface of radius R

3 R=a e

1 sinc cθ θ= −

1 1 2 2b b+e eFig. 8.5 Projection c ¼ caaa

of a space vector b ¼ biei
onto a circular cylindrical
surface of radius R. Space
vector components c

� i
of c in

a Cartesian coordinate system
Ox
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The physical components ch and cz will be computed below, Fig. 8.5 shows the
component ch: From the coordinate transformation formula (8.1.22) we obtain the
transformation matrix:

@xi
@ua

� �
¼

�R sin h 0
R cos h 0

0 1

0
@

1
A

The formulas (8.2.4) yield:

ca ¼ bi
@xi
@ua

) c1 ¼ b1
@x1
@u1

þ b2
@x2
@u1

þ b3
@x3
@u1

¼ �b1R sin h þ b2R cos h

) ch ¼ b2 cos h� b1 sin h

c2 ¼ cz ¼ b1
@x1
@u2

þ b2
@x2
@u2

þ b3
@x3
@u2

¼ b3

The result for ch is illustrated in Fig. 8.5.
Next we shall compute the space vector components c� i of a surface vector c in

the Cartesian coordinate system Ox: c ¼ c� iei: First we find for the components ca in
the surface coordinate system u:

c ¼ caaa ¼ c1a1 þ c2a2 ¼ c1Reh þ c2ez ¼ cheh þ czez

) c1 ¼ ch=R; c
2 ¼ cz

The formulas (8.2.3) yield:

c
�i � c i ¼ ca

@xi
@ua

) c1 ¼ c1
@x1
@u1

þ c2
@x1
@u2

¼ ch
R

�R sin hð Þ ¼ �ch sin h;

c2 ¼ c1
@x2
@u1

þ c2
@x2
@u2

¼ ch
R

R cos hð Þ ¼ chcosh; c3 ¼ c1
@x3
@u1

þ c2
@x3
@u2

¼ c2 ¼ cz ¼ b3

The results for the Cartesian components c�1 and c�2 are illustrated in Fig. 8.5.

8.2.1 Scalar Product and Vector Product of Surface Vectors

The scalar product of two surface vectors b and c is expressed by:

b � c ¼ ba ca ¼ ba c
a ð8:2:6Þ

The vector product of two surface vectors b and c results in a vector normal to the
surface. Using the formulas (8.1.13), we obtain the result:
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b� c ¼ eab b
a cb a3 ¼ eab ba cb a3 ð8:2:7Þ

We introduce the concept of the rotation (b, c) of two surface vectors b and c:
The rotation (b, c) of two surface vectors b and c is positive/negative if the

vector product b� c is directed in the direction of/the opposite direction of the
surface normal vector a3: In other words:

The rotation b; cð Þ is positive if: (b� cÞ � a3 ¼ eabbacb [ 0:

The rotation b; cð Þ is negative if: (b� cÞ � a3 ¼ eabbacb\0:
ð8:2:8Þ

8.3 Coordinate Transformations

A new �u-system of surfaces coordinates on the surface is now introduced, such that
there is a one-to-one correspondence in the functional relationship between the sets
of coordinates u and �u :

�ua ¼ �uaðu1; u2Þ , ub ¼ ubð�u1; �u2Þ ð8:3:1Þ

The Jacobian Jab to the mapping (8.3.1) must be non-zero:

Jab � det
@�ua

@ub

� �
6¼ 0 ð8:3:2Þ

Confer the condition (6.2.3) in the case of transformation of general coordinates in
E3:

The base vectors �aa and the reciprocal base vectors �aa in �u-system are defined by

�aa ¼ @r
@�ua

¼ gi
@yi

@�ua
; �aa � �ai ¼ dai ; �a3 � a3 ð8:3:3Þ

The fundamental parameters and the reciprocal fundamental parameters of the first
order in the �u-system are:

�aab ¼ �aba ¼ �aa � �ab ¼ gij
@yi

@�ua
@y j

@�ub
; �aab ¼ �aba ¼ �aa � �ab ð8:3:4Þ

From the definitions (8.3.3) and (8.1.2) of the base vectors �aa and ab we obtain the
relations:
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�aa ¼ @r
@�ua

¼ @r
@ub

@ub

@�ua
¼ ab

@ub

@�ua
)

�aa ¼ @ub

@�ua
ab , ab ¼ @�ua

@ub
�aa ð8:3:5Þ

The transformation (8.3.5) of base vectors is called a covariant transformation and
the base vectors are alternatively called covariant base vectors.

A surface vector c has contravariant components �ca in the �u-system and cb in the
u-system: c ¼ �ca �aa ¼ cbab: We find that:

c ¼ �ca �aa ¼ cbab ¼ cb
@�ua

@ub
�aa

� �
¼ @�ua

@ub
cb�aa )

�ca ¼ @�ua

@ub
cb; cb ¼ @ub

@�ua
aa ð8:3:6Þ

The transformation (8.3.6) of contravariant vector components is called a con-
travariant transformation, compare with the formulas (6.3.3) for the
three-dimensional case.

For any surface vector c we may state the identity: c ¼ c � ab
� �

ab. We use this
identity, the result (8.3.5), and the definition (8.3.3)2 of the reciprocal base vectors
�aa to write:

�aa ¼ �aa � ab
� �

ab ¼ �aa � �ac @�u
c

@ub

� �
ab ¼ dac

@�uc

@ub
ab ¼ @�ua

@ub
ab )

�aa ¼ @�ua

@ub
ab , ab ¼ @ub

@�ua
�aa ð8:3:7Þ

Due to the transformation rule (8.3.7) the reciprocal base vectors are also called
contravariant base vectors

The fundamental parameter of the first order and the reciprocal fundamental
parameter of the first order in the two coordinate systems are related through the
formulas:

�aab ¼ �aba ¼ �aa � �ab ¼ @uc

@�ua
@uq

@�ub
acq; �aab ¼ �aba ¼ �aa � �ab ¼ @�ua

@uc
@�ub

@uq
acq ð8:3:8Þ

We say that the fundamental parameters of the first order follow a covariant
transformation rule while the reciprocal fundamental parameters of the first order
follow a contravariant transformation rule.

Christoffel symbols of the first kind and the second kind and fundamental
parameters of the second order in �u-system are:

8.3 Coordinate Transformations 281



�Cabc ¼ �aa;b ��ac; �C
c
ab ¼ �C

c
ba ¼ �aa; b ��ac; �Bab ¼ �Bba ¼ �aa; b � a3 ð8:3:9Þ

In order to develop the relations between Christoffel symbols �C
c
ab ¼ �aa; beta � �ac

for the �u-system and Christoffel symbols Ch
kq ¼ ak;q �ah for the u-system, we first

obtain from the formulas (8.3.5)1:

�aa;b � @�aa
@�ub

¼ @

@�ub
@uk

@�ua
ak

� �
¼ @2uk

@�ub@�ua
ak

þ @uk

@�ua
@ak
@uq

@uq

@�ub
¼ @2uk

@�ub@�ua
ak þ @uk

@�ua
@uq

@�ub
ak;q )

�aa;b ¼ @2uk

@�ub@�ua
ak þ @uk

@�ua
@uq

@�ub
ak;q

ð8:3:10Þ

From the formula (8.3.9)2 we obtain, using the formulas (8.3.10), (8.3.7)1, and
(8.1.16)1 the result:

�Cc
ab ¼ �aa;b ��ac ¼ @2uk

@�ub@�ua
ak � @�uc

@uh
ah

� �
þ @uk

@�ua
@uq

@�ub
ak;q �ah @�u

c

@uh

¼ @2uk

@�ub@�ua
@�uc

@uk
þ @uk

@�ua
@uq

@�ub
@�uc

@uh
Ch
kq )

�Cc
ab ¼ @2uk

@�ua@�ub
@�uc

@uk
þ @uk

@�ua
@uq

@�ub
@�uc

@uh
Ch
kq

ð8:3:11Þ

8.3.1 Geodesic Coordinate System on a Surface

It is not possible in general to find a surface coordinate system for which the
Christoffel symbols are zero everywhere. However, as we now shall demonstrate, it
is always possible to construct a surface coordinate system such that the Christoffel
symbols are all zero in one, arbitrarily selected surface point. Such a coordinate
system is called a geodesic coordinate system for the point, and the special selected
point is called the pole for the geodesic coordinate system.

Let the u-system be defined such that ua ¼ 0 in an arbitrarily selected point P in
the surface. In order for the �u-system to be geodesic for the point P, the following
condition must be fulfilled:

�C
c
ab ¼ 0 in P ð8:3:12Þ

The following coordinate system �u satisfies this condition:
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�ua ¼ ua þ 1
2

Ca
rs

� �		
Pu

r us ð8:3:13Þ

It follows that:

@�uc

@�ua
¼ dca;

@uc

@�ua
¼ @�uc

@�ua
� 1
2

Cc
rs

� �		
P

@ur

@�ua
us þ ur

@us

@�ua


 �
)

@2uc

@�ub@�ua
¼ �1

2
Cc
rs

� �				
P

@2ur

@�ub@�ua
us þ @ur

@�ua
@us

@�ub
þ @ur

@�ub
@us

@�ua
þ ur

@2us

@�ub@�ua


 �

Because ua ¼ 0 in the pole P and Cc
ba ¼ Cc

ab, we obtain from these equations the
results:

@uc

@�ua
¼ @�uc

@ua
¼ dca in P;

@2uc

@�ub@�ua
¼ � Cc

ab

� �			
P
in P ð8:3:14Þ

When the results (8.3.14) are substituted into the formula (8.3.11), we obtain the
result (8.3.12) for the coordinate system (8.3.13). The coordinate system defined by
the formulas (8.3.13) is not unique to obtain the condition (8.3.12). Note that the
results (8.3.14)1 imply that the base vectors for the �u-system and the u-system,
related by the formulas (8.3.5) and (8.3.7), coincide in the point P.

Because the Christoffel symbols are zero for Cartesian coordinate systems in E3;
we say that a Cartesian coordinate system is geodesic in every point in the
three-dimensional Euclidean space E3:

Let the �u-system be geodesic on a surface for a point P, and the u-system
uniquely defined by a coordinate transformation:

�uaðuÞ , uað�uÞ ð8:3:15Þ

It then follows from the formulas (8.3.11) that the Christoffel symbols in the point
P for the u-system may be derived from the formula:

Cc
ab ¼ @2�uk

@ua@ub
@uc

@�uk
in P ð8:3:16Þ

This formula is analogous to the formula (6.5.2)2 in three-dimensional space E3:

8.4 Surface Tensors

A surface tensor of order n is defined as a coordinate invariant quantity that
represents a multilinear scalar-valued function of n surface vectors. Let for example
D be a surface tensor of second order and aa and aa the base vectors for a coor-
dinate system u on a surface in R2: Then for any two surface vectors b and c:
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b ¼ ba aa ¼ ba aa; c ¼ ca aa ¼ ca aa

the tensor D represents a scalar given by the bilinear function:

a ¼ D b; c½ � ¼ D baaa; cbab
� 
 ¼ D aa; ab

� 

ba cb ¼ D ba aa; cb ab

� 
 ¼ D aa; ab
� 


ba cb

a ¼ D b; c½ � ¼ D baaa; cbab
� 
 ¼ D aa; ab

� 

bacb ¼ D ba aa; cbab

� 
 ¼ D aa; ab
� 


bac
b

ð8:4:1Þ

Thus the tensor is represented by any of the following four sets of components in
the coordinate system u on the surface:

Dab ¼ D aa ; ab
� 


covariant components

Dab ¼ D aa ; ab
� 


contravariant components

Db
a ¼ D aa ; ab

� 

; Da

b ¼ D aa ; ab
� 


mixed components

ð8:4:2Þ

The relations (8.4.1) may now be expressed as:

a ¼ D b; c½ � ¼ Dabb
acb ¼ Dabbacb ¼ Db

ab
acb ¼ Da

b bac
b ð8:4:3Þ

Using the relations (8.1.6) for the base vectors, we get the relationships:

Db
a ¼ D aa; ab

� 
 ¼ D aa; abcac
� 
 ¼ abcD aa; ac

� 
 ¼ abcDac etc: ð8:4:4Þ

The algebra for surface tensors is analogous to the algebra for space tensors. The
transformation rules for the components of the tensor D when transforming from a
surface coordinate system u to another surface coordinate system �u; are found as
follows: We apply the formulas (8.3.5) and (8.3.7) and obtain:

�Db
a ¼ D �aa; �ab

� 
 ¼ D
@uc

@�ua
ac;

@�ub

@uq
aq


 �
¼ @uc

@�ua
@�ub

@uq
Dq

c etc: ð8:4:5Þ

It may be shown, Problem 8.4, that the permutation symbols eab and eab defined
by the formulas (8.1.11) represent components of a surface tensor: the permutation
tensor for surfaces.

8.4.1 Symmetric Surface Tensors of Second Order

A symmetric second order surface tensor S satisfies the requirement:

S b; c½ � ¼ S c; b½ � ) S aa; ab
� 
 ¼ S ab; aa

� 
 ) Sab ¼ Sba etc: ð8:4:6Þ
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Let b and c be two orthogonal unit surface vectors at a point P on a surface yiðuÞ.
For a second order symmetric tensor S we define a vector s for the direction b, a
normal component r for the direction b, and a shear component s for the directions
b and c (Fig. 8.6):

s ¼ Sb � S � b , sa ¼ Sabb
b

r ¼ b � s ¼ b � S � b ¼ ba S
abbb

s ¼ c � s ¼ c � S � b ¼ ca S
abbb

ð8:4:7Þ

The principal values r ¼ r1 and r2, and the principal directions b ¼ b1 and b2,
are defined by the by the equations:

rb ¼ S � b ) rbb ¼ Sabba )

rdab � Sab
� �

ba ¼ 0 ð8:4:8Þ

The solution of this set of equations requires that:

det rdab � Sab
� �

¼ 0 )

r2 � Saarþ det S ¼ 0 , r2 � ðtr SÞrþ det S ¼ 0 ð8:4:9Þ

The trace tr S and the determinant det S of the surface tensor S are the two
principal invariants of the surface tensor S:

trace of S : tr S ¼ tr S ¼ tr Sab
� �

¼ Saa ¼ S11 þ S22 ð8:4:10Þ

determinant of S : det S ¼ det S ¼ det Sab
� �

¼ S11S
2
2 � S12S

2
1 ð8:4:11Þ

Equation (8.4.9) is the characteristic equation of the surface tensor S and deter-
mines the principal values r1 and r2 of the surface tensor S:

c

1 lineu −

1a

tangent plane to the surface

s

3surface in E

τ

σ
b

φ

2 lineu −

2a

Fig. 8.6 u1-line and u2-line
on a surface in E3. Tangent
plane on the surface. Vector s
for the direction b, normal
component r for the direction
b, and shear component s for
the directions b and c
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r1
r2

¼ 1
2
tr S�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
4
ðtr SÞ2 � det S

r
¼ 1

2
S11 þ S22
� ��

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
4

S11 � S22
� �2 þ S12S

2
1

r
ð8:4:12Þ

Due to symmetry S21 ¼ S12; which implies that the principal values are real. The
directions b1 and b2 corresponding to the principal values r1 and r2 are called the
principal directions of the surface tensor S and are determined from the linear
equation (8.4.8). The development from the formula (8.4.8) to the formula (8.4.12)
is analogous to the development from the formula (2.3.6)1 to the formula (2.3.9) in
Sect. 2.3.1. Based on the discussion in Sect. 2.3.1 we may conclude that if r1 6¼ r2,
the principal directions are orthogonal, and if r1 ¼ r2, any direction on the surface
is a principal direction for the surface tensor S.

The angle / between a principal direction b; corresponding to the principal
value r, and the base vector a1 is given by the formula, see Problem 8.5:

tan/ ¼ r� S11
S21

a11ffiffiffi
a

p � a12ffiffiffi
a

p ð8:4:13Þ

8.4.2 Space-Surface Tensors

Let E be a space tensor of second order. The covariant components of the tensor
E in a general space coordinate system y are:

Eij ¼ E gi; gj
� 
 ð8:4:14Þ

The components Dab ¼ E aa; ab
� �

represent a surface tensor D of second order. The
relationship between the space components Eij and the surface components Dab are
found by application of the formulas (8.1.2):

Dab ¼ E aa; ab
� 
 ¼ E gi

@yi

@ua
; gj

@y j

@ub


 �
¼ @yi

@ua
@y j

@ub
Eij ð8:4:15Þ

The fundamental parameters aab and aab represent components in the u-system
of the unit tensor of second order 1. The following relations apply:

1 aa; ab
� 
 ¼ @yi

@ua
@y j

@ub
1 gi; gj
� 
 ¼ aab; 1 aa; ab

� 
 ¼ aacabk1 ac; ak
� 
 ¼ aab

1 aa; ab
� 
 ¼ 1 ab; aa

� 
 ¼ aac1 ac; ab
� 
 ¼ aacacb ¼ dab

ð8:4:16Þ

Note that the formula (8.4.16)1 is in agreement with the formula (8.1.7)1
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A space-surface tensor of order n,m is an invariant quantity representing a
multilinear scalar-valued function of n space vectors and m surface vectors. As an
example let F be space-surface tensor of order 1,1. The tensor has then the fol-
lowing component sets with respect to the coordinate systems y in E3 and u in R2 :

Fia ¼ F gi; aa½ � ¼ gi � F � aa; F a
i ¼ F gi; a

a½ � ¼ aabFib

Fi
a ¼ F gi; aa

� 
 ¼ gijFja; Fia ¼ F gi; aa
� 
 ¼ gijaabFjb

ð8:4:17Þ

Let c be a surface vector and d a space vector. Then:

h ¼ F � c with components hi ¼ Fia c
a is a space vector

k ¼ b � F with components ka ¼ biFia is a surface vector
ð8:4:18Þ

The components @yi=@ua represent a space-surface tensor of order 1,1 with the
property of projecting a space vector b onto the tangent plane to a surface, as shown
by the relationships (8.2.4).

8.5 Differentiation of Surface Tensors

Let c(u) be a surface vector field on the surface yiðuÞ:

cðuÞ ¼ caðuÞaaðuÞ ¼ caðuÞaaðuÞ ð8:5:1Þ

We compute the vectors c;b and use the formulas (8.1.15) and (8.1.18)2:

c;b ¼ ca;b aa þ caaa;b ¼ ca;b aa þ caaa;b

¼ ca;b aa þ ca Cc
ab ac þBaba3

� �
¼ ca;b aa þ ca �Ca

cb a
c þBcb a

ca a3
� �

)

c;b ¼ ca;b þ ccCa
cb

� �
aa þ caBaba3 ¼ ca;b �ccC

c
ab

� �
aa þ caB

a
ba3 ð8:5:2Þ

Here we define the covariant derivatives of the vector components:

ca jb ¼ ca;b þ ccCa
cb; cajb ¼ ca;b � ccC

c
ab ð8:5:3Þ

From the results (8.5.2) and the definitions (8.5.3) we obtain:

c;b ¼ cajbaa þ caBaba3 ¼ cajbaa þ caB
a
ba3 ð8:5:4Þ

The tangent vector t to the curve uaðsÞ on the surface yiðuÞ is a surface vector
determined according to formula the formulas (8.2.5) by the components ta in the u-
system and by the components t

�
k in the y-system. We now compute:
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dc
ds

¼ c;b
dub

ds
¼ c;b tb ¼ cajbtbaa þ caBabt

ba3 ¼ cajbtbaa þ caB
a
bt

ba3 ð8:5:5Þ

We define the gradient of the surface vector cðuÞ; denoted by grad c; as the second
order tensor:

grad c ¼ ca jbaa 	 ab ¼ cajbaa 	 ab ,
grad c aa; ab

� 
 ¼ ca jb; grad c aa; ab
� 
 ¼ cajb

ð8:5:6Þ

We also define the vector: the absolute derivative dc=ds of the surface vector field
cðuÞ along the curve uaðsÞ as the vector:

dc
ds

¼ dca

ds
aa ¼ dca

ds
aa , dca

ds
¼ ca jbtb;

dca
ds

¼ cajbtb ð8:5:7Þ

The results (8.5.5) and (8.5.7) are now combined to give:

dc
ds

¼ dc
ds

þ c � B � tð Þa3; dc
ds

¼ grad cð Þ � t ð8:5:8Þ

For plane surfaces the fundamental parameters of second order Bab are all zero,
which implies that:

dc
ds

¼ dc
ds

for plane surfaces ð8:5:9Þ

From the formulas (8.5.7) and (8.5.3) we get the results:

dca

ds
¼ dca

ds
þ ccCa

cbt
b;

dca
ds

¼ dca
ds

� ckC
c
abt

b ð8:5:10Þ

Let bðyÞ be a steady space vector field and uaðsÞ a curve on the surface yiðuÞ,
where s is the arc length parameter along the curve. Along the curve we compute
the vector db=ds from the gradient of the vector field bðyÞ, as presented in
Sect. 6.5.2 by the formulas (6.5.33), (6.5.30), and (6.5.31)1:

db
ds

¼ ðgrad bÞ � t , dbi

ds
¼ bi jj t�

j ; bijj ¼ grad b gi; gj
� 
 ¼ bi;j þ bkCi

kj

ð8:5:11Þ

We introduce the tensor-derivatives bija of the components of the space vector b on
the surface yiðuÞ:
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bi ja ¼ grad gi; aa
� 
 ¼ grad gi;

@y j

@ua
gj


 �
¼ grad gi; gj

� 
 @y j
@ua

¼ bi j j @y
j

@ua
)

bi ja ¼ bi j j @y
j

@ua
; bi ja ¼ bi;j þ bkCi

kj

� � @y j

@ua
¼ bi;a þ bkCi

kj
@y j

@ua

ð8:5:12Þ

We let the quantity grad b be the space tensor field with components bi j j i.e. the
covariant derivatives of the vector components bi, but also a space-surface tensor
called the tensor-derivative of b on the surface yiðuÞ with components bi ja :

bi jj ¼ grad b½gi; gj� ¼ bi;j þ bkCi
kj ð8:5:13Þ

bi ja ¼ grad b½gi; aa� ¼ bi jj
@y j

@ua
¼ bi;a þ bkCi

kj
@y j

@ua
ð8:5:14Þ

Thus the symbol grad b represents both a space tensor field and a space-surface
tensor field.

From the formulas (8.5.11), (8.5.12), and (8.2.5) we obtain the following
alternative expressions for the component form of the vector db=ds:

dbi

ds
¼ bi jj t�

j ¼ bi jata ð8:5:15Þ

Let A be a space-surface tensor of order 1,1 that connects a space vector b and a
surface vector c:

b ¼ A � c ) bi ¼ Ai
a c

a ð8:5:16Þ

The following results will now be derived:

bi jb ¼ Ai
a jb ca þAi

a c
a jb where Ai

a jb ¼ Ai
a;b �Ai

cC
c
ab þAi

aC
i
kj
@yj
@ub

ð8:5:17Þ

We use the formulas (8.5.12) and (8.5.3)1 and obtain:

ð8:5:12Þ ): bi jb ¼ bi;b þ bkCi
kj
@y j

@ub

bi ¼ Ai
a c

a ) bi;b ¼ Ai
a;b c

a þAi
a c

a;b

ð8:5:3Þ1 ): ca;b ¼ cajb � ccCa
cb

9>>>=
>>>;

) bi jb ¼ Ai
a;b �Ai

cC
c
ab þAk

aC
i
kj
@y j

@ub


 �
ca þAi

a c
ajb )

bi jb ¼ Ai
a jb ca þAi

a c
a jb where Ai

a jb ¼ Ai
a;b �Ai

cC
c
ab þAi

aC
i
kj
@y j

@ub
) ð8:5:17Þ
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The components Ai
a jb represent a space-surface tensor of order 1,2 called the

tensor-derivative of A on the surface yiðuÞ and may be presented as the gradient of
the a space-surface tensor A in the following sense:

gradA½gi; aa; ab� ¼ Ai
a jb ð8:5:18Þ

The absolute-derivative of A along the curve uaðsÞ is a tensor of order 1,1 defined
by:

dA
ds

¼ gradAð Þ � t; dAi
a

ds
¼ Ai

a jbtb ð8:5:19Þ

By combining the formulas (8.5.15), (8.5.19), and (8.5.7) we may present the
formula (8.5.17)1 as:

db
ds

¼ dA
ds

� cþA � dc
ds

, dbi

ds
¼ dAi

a

ds
ca þAi

a
dca

ds
ð8:5:20Þ

From the formulas (8.5.17) and (8.5.19) it follows that when the space coordi-
nates are Cartesian and the surface coordinates are geodesic in a point P, the tensor-
derivative components are reduced to a partial derivatives, and the absolute
derivative components are reduced to an ordinary derivatives in the point P:

Ai
a jb ¼ Ai

a;b � @Ai
a

@ub
;

dAi
a

ds
¼ Ai

a jbtb ¼ @Ai
a

@ub
dub

ds
¼ dAi

a

ds
in the point P ð8:5:21Þ

This fact may be used in a general definition of the tensor-derivative gradA and the
absolute-derivative dA=ds of a tensor space-surface tensor A of order m,n. At a
point P on a surface imbedded in a three-dimensional space we introduce a
Cartesian coordinate system x and surface coordinate system �u that is geodesic with
respect to the point P. The tensor-derivative gradA of the tensor A is a tensor of
order m,n + 1 which in point P is represented by the partial derivative of the
components Ai::aj ::b of with respect to �uc, i.e. Ai::aj ::b;c ¼ Ai::ja::b;c. In a general
space coordinates system y and a general system u of surface coordinates, the
formula (8.5.17)2 indicates how the components Ai::aj ::b jc of gradA are presented.

The absolute-derivative of A of order m,n along a curve uðsÞ on the surface is a
space-surface tensor of order m,n and defined by:

dA
ds

¼ gradAð Þ � t , dAi
a

ds
¼ Ai::aj ::b jctc ð8:5:22Þ

In a Cartesian coordinate system x and a geodesic surface coordinate system �u:
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dA
ds

¼ dA
ds

, dAi::aj ::b

ds
¼ dAi::aj ::b

ds
ð8:5:23Þ

From the definitions above we can conclude that tensor-differentiation and
absolute-differentiation follow ordinary rules of differentiation.

The tensor-derivative of a surface tensor is called the surface gradient of the
tensor and are represented by the covariant-derivative components on the surface. It
follows that for a space tensor A:

dA
ds

¼ dA
ds

ð8:5:24Þ

The gradient of a surface tensor A on a surface is represented by covariant
derivative components in space or by tensor-derivative components on the surface,
as indicated by the formulas (8.5.14). A general rule is:

ðÞja ¼ ðÞj i @y
i

@ua
ð8:5:25Þ

For convenience we present the tensor-derivatives of the base vectors
gi; g

i; aa and aa :

gija ¼ gi j j
@yi

@ua
¼ 0; gi ja ¼ gi j j @y

j

@ua
¼ 0 ð8:5:26Þ

aa jb ¼ aa;b � acC
c
ab; aa jb ¼ aa;b � acCa

cb ð8:5:27Þ

It follows that aa jb and aa jb are vectors that, when a change is made from a surface
coordinate system u to another �u-system transform as surface tensors of second
order. By the formula (8.1.15) the formulas (8.5.27) may presented as:

aa jb ¼ Bab a3; aa jb ¼ Ba
b a3 ð8:5:28Þ

For a geodesic coordinate system u for a point P on the surface yiðuÞ we can
show, see Problem 8.6, that:

aab;c ¼ aab;c ¼ a;a ¼ eab;c ¼ eab;c ¼ 0 in P ð8:5:29Þ

These results are used to argue that for any coordinate system u on the surface yiðuÞ,
the following holds true, see Problem 8.7:

aab jc ¼ aab jc ¼ eab jc ¼ eab jc ¼ 0;
daab
ds

¼ daab

ds
¼ deab

ds
¼ deab

ds
¼ 0 ð8:5:30Þ
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The following results can be shown for covariant derivatives of the components
of a second order surface tensor D, see Problem 8.8:

Dab jc ¼ Dab;c �DkbC
k
ac � DakC

k
bc; Da

b jc ¼ Da
b;c þDk

bC
a
kc � Da

kC
k
bc ð8:5:31Þ

These formulas provide a pattern for constructing the covariant-derivatives of the
components of surface tensors.

For the tensor-derivatives of the fundamental parameters and the components of
the permutation tensor P we will find on the surface yiðuÞ, see Problem 8.9:

gij ja ¼ gij ja ¼ 0; eijk ja ¼ eijk ja ¼ 0 ð8:5:32Þ

For the components of the curvature tensor B we shall find, see Problem 8.10:

Bab ¼ @yi

@ua
jb a� i;

@yi

@ua
jb ¼ Bab a�

i ð8:5:33Þ

The covariant-derivative and tensor-derivatives of second order of the compo-
nents of surface tensors shall now be developed. For a surface vector c we use the
formulas (8.5.3) and (8.5.31):

ca jbc ¼ ca;b �crC
r
ab

� �
;c � ck;b �crC

r
kb

� �
Ck
ac � ca;k � crC

r
ak

� �
Ck
bc

¼ ca;bc �cr;c C
c
ab � crC

r
ab;c

� �
� ck;b C

k
ac � crC

r
kbC

k
ac

� �
� ca;k C

k
bc � crC

r
akC

k
bc

� �
)

ca jbc ¼ ca;bc �cr Cr
ab;c �Cr

kbC
k
ac � Cr

akC
k
bc

� �
� cr;c C

c
ab � ck;b C

k
ac � ca;k C

k
bc

ð8:5:34Þ

We introduce the components:

Rr
abc ¼ Cr

ac;b �Cr
ab;c þCr

kbC
k
ac � Cr

kcC
k
ab ð8:5:35Þ

From the formulas (8.5.34) and (8.5.35) we derive the result:

ca jbc � ca jcb ¼ crR
r
abc ð8:5:36Þ

It follows from this result that the components Rr
abc represent the components of a

fourth order surface tensor R. This tensor is called the Riemann-Christoffel tensor
for the surface.

The result (8.5.36) shows that the order of covariant differentiation is not
immaterial, i.e. ca jbc 6¼ ca jcb; unless the Riemann-Christoffel tensor is a zero ten-
sor. We shall discuss this situation in Sect. 8.7.
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For a scalar field /ðyÞ the surface gradient on a surface yiðuÞ is defined by:
grad/ ¼ ð@/=@uaÞ aa: Because grad / is a vector it is convenient to introduce the
symbol / ja � /;a ; such that:

grad/ � @/
@ua

aa � /;a aa � / jaaa ð8:5:37Þ

It follows, see Problem 8.11, that:

/ jab ¼ / jba ð8:5:38Þ

In Problem 8.12 we are asked to show that for the second covariant derivative of
the components Dab of a second order surface tensor D we shall find:

Dabjcd � Dab jdc ¼ DrbR
r
acd þDarR

r
bcd; Dabjcd ¼ Dab jdconly when R ¼ 0

ð8:5:39Þ

Similar results may be shown for surface tensors of higher order and for
space-surface tensors.

From the formula (8.5.35) we can derive the formula:

Rdabc ¼ adrR
r
abc ¼ Cacd;b �Cabd;c þCabrC

r
dc � CakrC

r
db )

Symmetry properties: Rdabc ¼ �Rdacb ¼ Radbc ¼ Rbcda

ð8:5:40Þ

The symmetry properties for the components Rdabc imply that the tensor R only has
one distinct component c different from zero in any specified coordinate system u,
and the properties are satisfied by setting:

Rdabc ¼ cedaebc ) R1212 ¼ ca ð8:5:41Þ

By application of the formulas (8.1.12)2 and (8.5.41) it follows that, see Problem
8.13:

c ¼ 1
4
edrebcRdabc ð8:5:42Þ

The result shows that the component c is an invariant in the surface, i.e. c is
independent of the coordinate system u on the surface. The component c is called
the total curvature or the Gauss curvature for the surface. The geometrical inter-
pretation of c will be demonstrated in Sect. 8.7.

The divergence of a surface vector field c in a surface is defined as the scalar
div c ¼ ca ja: We use the formula (8.1.20) to obtain the result:
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divc ¼ ca ja ¼ ca;a þ cbCa
ba ¼ ca;a þ cb

1ffiffiffi
a

p ffiffiffi
a

p� �
;b ¼ 1ffiffiffi

a
p cb

ffiffiffi
a

p� �
;b )

divc ¼ 1ffiffiffi
a

p cb
ffiffiffi
a

p� �
;b � 1ffiffiffi

a
p @

@ub
cb

ffiffiffi
a

p� � ð8:5:43Þ

The rotation of a surface vector field c in a surface is a vector field defined by the
formula:

rot c ¼ eabcb jaa3 ¼ eabcb;a a3 ð8:5:44Þ

Weingarten [1836–1910] has developed the following formula for the
tensor-derivative of the space components a�

i of the surface normal a3 ¼ a�
igi to a

surface uaðyÞ;, see Problem 8.14:

a�
i ja ¼ �Bb

a
@yi

@ub
Weingarten0s formula ð8:5:45Þ

For a space vector b ¼ bb ab þ b3a3, we shall find, see Problem 8.15:

b;a ¼ bb ja � b3Bba
� �

ab þ b3;a þ bbB
b
a

� �
a3 ð8:5:46Þ

8.6 Intrinsic Surface Geometry

8.6.1 The Metric of a Surface Imbedded in the Euclidean
Space E3

Let a curve on a surface yiðuÞ be described by the place vector rðuÞ with the surface
coordinates given by the functions uaðsÞ and where the curve parameter s is the
length of the curve between two points P and Q on the curve. The arc length
formula (1.4.5) is now presented as:

s ¼
ZQ
P

ffiffiffiffiffiffiffiffiffiffiffiffiffi
dr
d�s

� dr
d�s

r
d�s ð8:6:1Þ

The curve differential dr and its length ds are given by:

dr ¼ @r
@ua

dua ¼ aadua; drj j ¼ ds

dsð Þ2 ¼ dr � dr ¼ aaduað Þ � abdub
� � ¼ aab du

adub
ð8:6:2Þ
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The quadratic form aab duadub, which represents the scalar ds, is called the first
fundamental form of the surface and the metric of the surface.

If it is possible to choose the coordinate systems on two different surfaces such
that the surfaces have the same metric, the surfaces are said to be isometric surfaces.
Surfaces that are isometric with a plane are called developable surfaces, e.g.
cylindrical and conical surfaces. For developable surfaces it is possible to introduce
a coordinate system for which the fundamental parameters of first order and the
metric take the forms:

aab ¼ dab ) aabdu
adub ¼ duadua ð8:6:3Þ

On a plane this coordinate system u is Cartesian and the Pythagoras formula,
Pythagoras ca: 580� 495 BCE½ �, may be used to calculate lengths. A surface that is
isometric with a plane is also called a Euclidian surface, and the surface represents
a two-dimensional Euclidian space E2:

A general surface imbedded in the three-dimensional Euclidean space E3 is said
to represent a two-dimensional Riemannian space R2. A general theorem for n-
dimensional spaces [1] may be stated that:

R2 ¼ E2 , R ¼ 0 i:e: the Riemann� Christoffel tensor is a zero� tensor

, for a Euclidian surface the Gauss curvature c is zero:

ð8:6:4Þ

Note that for Euclidian surfaces the order of covariant-differentiation and
tensor-differentiation is immaterial, e.g. Ai

ajbk ¼ Ai
ajkb.

Surface geometry related only to coordinate systems on the surface and the
corresponding metric is called intrinsic surface geometry. Absolute-differentiation
and covariant-differentiation of components of surface tensors are intrinsic opera-
tions. Isometric surfaces have identical intrinsic surface geometry. This implies that
intrinsic surface properties are common for isometric surfaces, and they have the
same Riemann-Christoffel tensor R and the same Gaussian curvature c: Isometric
surfaces may have different forms in E3 and this form is determined by the cur-
vature tensor B, which will properly be presented in Sect. 8.7.

8.6.2 Surface Curves

The unit tangent vector t to a curve uaðsÞ on the surface yiðuÞ is the surface vector
defined by the formulas (8.2.1):

t ¼ dr
ds

¼ @r
@yi

dyi

ds
¼ dyi

ds
gi ¼

@r
@ua

dua

ds
¼ dua

ds
aa ð8:6:5Þ
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The derivative of t with respect to the arc length parameter s is according to the
formulas (1.4.10) and (8.5.8):

dt
ds

¼ jn ¼ dt
ds

þ t � B � tð Þa3; j ¼ dt
ds

				
				 ð8:6:6Þ

The vector n is the principal normal to the curve and j is curvature of the curve.
The contribution dt=ds is a surface vector and because t is a unit vector this surface
vector is a normal vector to the curve: t � t ¼ 1 ) ðdt=dsÞ � t ¼ 0. We introduce the
unit normal vector m parallel to the vector dt=ds; defined such that the rotation (t,
m) according to the definition (8.2.8) is positive. Because t and m are unit vectors,
the rotation (t, m) is positive when:

eab t
amb ¼ þ 1 ð8:6:7Þ

Figure 8.7, which will be presented later, shows the normal vector m, the tangent
vector t, the unit normal vector a3 to the surface, and the principal normal vector
n to the curve uaðsÞ: From the relation (8.6.7) and the definition of the permutation
symbols eab it follows that:

ta ¼ eabmb; ma ¼ ebatb ð8:6:8Þ

The geodesic curvature r for the curve is defined by the expressions:

r ¼ dta

ds
ma , dta

ds
¼ rma ð8:6:9Þ

3a

surface curve ( )u sα

surface ( )iy u

n

σm t

θ
s

Fig. 8.7 Surface yiðuÞ and surface curve uaðsÞ. t = tangent vector to the curve uaðsÞ. a3 = unit
normal vector to the surface yiðuÞ. n = principal normal vector to the curve uaðsÞ.m = unit normal
vector to the curve uaðsÞ in the surface yi(u). j = curvature of the curve uaðsÞ. ~j = curvature of
surface for the direction t. r = geodesic curvature of the curve uaðsÞ in the surface yiðuÞ
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From the result deba=ds ¼ 0 in the formulas (8.5.30) and the formulas (8.6.8) and
(8.6.9) it follows that:

dma

ds
¼ eba

dtb
ds

¼ ebarmb ¼ �rta ð8:6:10Þ

The following formulas are called the Frenet-Serret formulas for a surface curve:

dta

ds
¼ rma;

dma

ds
¼ �rta ð8:6:11Þ

Confer with the corresponding formulas (1.4.13) for space curves.
We shall now develop equations that may be used to determine the shortest

surface curve uaðsÞ between two points P and Q on the given surface yiðuÞ: A
neighbouring curve to the curve uaðsÞ is defined by the coordinates:

vaðs; eÞ ¼ uaðsÞþ ewaðsÞ; waðsPÞ ¼ waðsQÞ ¼ 0 ð8:6:12Þ

e is a small number and waðsÞ are two arbitrary functions of s. The length L ¼ LðeÞ
of the curve vaðs; eÞ between the points P and Q is given by an integral obtained
from the arc length formula (8.6.1):

LðeÞ ¼
ZQ
P

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
aab

dva

ds
dvb

ds

r
ds ð8:6:13Þ

Because the fundamental parameters aab are functions of the coordinates uaðsÞ the
integrand in the integral can be regarded as a function of vaðs; eÞ and of
dvaðs; eÞ=ds :

f v;
dv
ds

� �
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
aab

dva

ds
dvb

ds

r
ð8:6:14Þ

The requirement for the functions waðsÞ in the formulas (8.6.12) is that the length
LðeÞ shall have a minimum for e ¼ 0; which implies that:

dLðeÞ
de

				
e¼0

¼
ZQ
P

@f
@va

@va

@e

� �
ds

2
4

3
5
e¼0

þ
ZQ
P

@f
@ dva=dsð Þ

@

@e
dva

ds

� �� �
ds

2
4

3
5
e¼0

¼ 0

ð8:6:15Þ

From the formulas (8.6.12) it follows that:
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@va

@e
¼ wa;

@

@e
dva

ds

� �
¼ dwa

ds
ð8:6:16Þ

The first integral on the right-hand side of Eq. (8.6.15) is now reduced to:

ZQ
P

@f
@va

@va

@e

� �
ds

2
4

3
5
e¼0

¼
ZQ
P

@f
@ua

wa

� �
ds ð8:6:17Þ

The second integral on the right-hand side of Eq. (8.6.15) is developed by a partial
integration:

ZQ
P

@f
@ dva=dsð Þ

@

@e
dva

ds

� �� �
ds

2
4

3
5
e¼0

¼
ZQ
P

@f
@ dua=dsð Þ

dwa

ds

� �
ds

¼ @f
@ dua=dsð Þw

a

� �Q

P
�
ZQ
P

d
ds

@f
@ dua=dsð Þ

� �
wads

¼ �
ZQ
P

d
ds

@f
@ dua=dsð Þ

� �
wads )

ZQ
P

@f
@ dva=dsð Þ

@

@e
dva

ds

� �� �
ds

2
4

3
5
e¼0

¼ �
ZQ
P

d
ds

@f
@ dua=dsð Þ

� �
wads

ð8:6:18Þ

When the results (8.6.17) and (8.6.18) are substituted into Eq. (8.6.15), we obtain:

dLðeÞ
de

				
e¼0

¼
ZQ
P

@f
@ua

� d
ds

@f
@ dua=dsð Þ

� �
wads ¼ 0 ð8:6:19Þ

For this integral to be zero for any choice of the functions waðsÞ the integrand must
be zero, see Theorem 9.2. Hence we have found that the functions describing the
shortest curve uaðsÞ between the points P and Q on the surface yiðuÞ must satisfy
the equations:

@f
@ua

� d
ds

@f
@ dua=dsð Þ ¼ 0 ð8:6:20Þ

In standard calculus of variation Eq. (8.6.20) are called the Euler equations to
following problem: Find the functions uaðsÞ representing a curve between the points
P and Q on the given surface yiðuÞ that makes the integral:
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L ¼
ZQ
P

f u;
du
ds

� �
ds ¼ a minimum between the points P and Q ð8:6:21Þ

when compared with value of the integral for any choice of neighbour curves
vaðs; eÞ as given by the formula (8.6.12). The solutions uaðsÞ of the Eq. (8.6.20) are
called the extremes of the functional L.

In the special case where the integrand f is given by formula (8.6.14), the
functional L represents the length of curves between two points P and Q on a
surface yiðuÞ, and the Euler equations determine the curve uaðsÞ on the surface with
the shortest length between the two points. Such curves are called geodesic curves
or geodesics. We shall now find the differential equations that determine geodesic
curves. We compute:

@f
@ua ¼ 1

2f acb;a
duc
ds

dub
ds ;

@f
@ dua=dsð Þ ¼ 1

2f 2aab
dua
ds ¼ 1

f aab
dua
ds

f ¼ 1 along the curve uaðs) )
d
ds

@f
@ dua=dsð Þ ¼

d
ds

aab
dub

ds

� �
¼ aab;c

duc

ds
dub

ds
þ aab

d2ub

ds2

9>>>>=
>>>>;

)

@f
@ua

¼ 1
2
acb;a

duc

ds
dub

ds
;
d
ds

@f
@ dua=dsð Þ ¼ aab;c

duc

ds
dub

ds
þ aab

d2ub

ds2

ð8:6:22Þ

The results (8.6.22) are substituted into Eq. (8.6.20) and the result is:

aab
d2ub

ds2
� 1

2
acb;a �aab;c

� �
duc

ds
dub

ds
¼ 0

Here we use the formula (8.1.19)1 and the symmetry properties of the Christoffel
symbols to obtain the result:

aab
d2ub

ds2
� Cacb þCbca � 1

2
Ccab � 1

2
Cbac

� �
duc

ds
dub

ds
¼ 0

) aab
d2ub

ds2
þCbca

duc

ds
dub

ds
¼ 0

Finally this result is multiplied by aaq, summation is performed over the index a;
the index q is changed to the index a; and the formula (8.1.17)2 is applied. We then
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obtained the following set of differential equations for the geodesic curve uaðsÞ on
the surface yiðuÞ:

d2ua

ds2
þCa

bc
dub

ds
duc

ds
¼ 0 ð8:6:23Þ

The formulas (8.6.5) show that dua=ds are the contravariant components of the unit
tangent vector t to the curve. When Eq. (8.6.23) are compared with Eq. (8.5.10)1,
we see that for a geodesic curve:

dta

ds
¼ 0 ð8:6:24Þ

From Eq. (8.6.9)1 it then follows that the geodesic curvature r is zero for a geo-
desic curve.

With respect to the x3-plane in a Cartesian coordinate system Ox Eq. (8.6.24) for
the geodesics on the plane are:

d2xa
ds2

¼ 0

) xa ¼ aasþ ba; where aa and ba are constant surface vector in the plane:

Thus, as expected: the geodesics on a plane are straight lines.
On developable surfaces like cylindrical and conical surfaces we shall find that

the geodesics are helices, see Example 8.5. Geodesic curves on a spherical surface
are great circles.

Let a (u) be a surface vector field defined on the surface yiðuÞ and uaðsÞ a curve
on the surface. The vector field a (u) is called a parallel vector field with respect to
the surface and the curve if:

da
ds

¼ 0 , daa

ds
¼ daa

ds
þ acCa

cb
dub

ds
¼ 0 along the curve uaðsÞ ð8:6:25Þ

The component equations are two first order ordinary simultaneous equations with a
unique solutions for the vector field a(u) when the vector a is specified in a point on
the curve uaðsÞ: From Eqs. (8.6.25) and (8.5.8) it follows that for a parallel vector
field:

da
ds

¼ a � B � tð Þa3 ð8:6:26Þ

This result shows that the vector da=ds is perpendicular to the surface vector a,
which implies that the magnitude ja j of the vector a is constant. It may be shown,
see Problem 8.14, that along a geodesic curve the unit tangent vectors t represents a
parallel vector field related to the geodesic curve.
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Let P and Q be two points on the surface yiðuÞ; and a(u) and b(u) two parallel
vector fields related to two different curves between P and Q on the surface, and
such that the vectors a and b are parallel in P. It may be shown, see Problem 8.15,
that the angle (a,b) between two parallel vector fields a(u) and b(u) related to the
same curve uaðsÞ on the surface yiðuÞ; is constant.

8.7 Curvatures on a Surface

The curvature j and the principal normal vector n of a space curve are defined in
Sect. 1.4 by the formulas (1.4.9) and (1.4.10):

j ¼ dt
ds

				
				 ¼ d2r

ds2

				
				; n ¼ 1

j
dt
ds

¼ 1
j
d2r
ds2

ð8:7:1Þ

The formula (8.6.6) is now be presented as:

jn ¼ rmþ t � B � tð Þa3 ð8:7:2Þ

The three normal vectors a3, n, and m are all in a plane perpendicular to the tangent
vector t, as shown in Fig. 8.7. The scalar invariant t � B � t is called the curvature ~j
of the surface for the direction t, and is also seen to be the normal component to the
tensor B for the direction t:

~j ¼ t � B � t ð8:7:3Þ

From Fig. 8.7 we derive the results:

~j ¼ j cos h ¼ t � B � t; r ¼ j sin h ð8:7:4Þ

The three curvatures r; j; and ~j are related through the formula:

jn ¼ rmþ ~ja3 ð8:7:5Þ

The second order tensor field B is now called the curvature tensor for the surface
yiðuÞ.

The curvatures of the surface in the direction of the coordinate lines are found to
be:

a~j ¼ aaffiffiffiffiffiffi
aaa

p
� �

� B � aaffiffiffiffiffiffi
aaa

p
� �

¼ 1
aaa

aa � B � aa )

1~j ¼ B11

a11
; 2 ~j ¼ B22

a22
ð8:7:6Þ
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The principal curvatures ~j ¼ ~j1 or ~j2 and the principal curvature directions e ¼
e1 or e2 are found from the equations:

~jdba � Bb
a

� �
eb ¼ 0; non-trivial solution ) det ~jdba � Bb

a

� � ¼ 0 ð8:7:7Þ

The last equation leads to the characteristic equation for the curvature tensor B:

~j2 � trB~jþ detB ¼ 0; the characteristic equation for the curvature tensor B

) ~j2 � 2l~jþ c ¼ 0
l ¼ 1

2B
a
a ¼ 1

2 ~j1 þ ~j2ð Þ the mean curvature

c ¼ detB ¼ det Bb
a

� � ¼ ~j1 ~j2 the Gauss curvature

( ð8:7:8Þ

A surface curve, for which the tangent vector in every point is in the principal
curvature direction, is called a curvature line.

Through every point on a surface pass two curvature lines, which implies that
the curvature lines on a surface may be used as coordinate lines. Because the
principal directions e1 and e2 are orthogonal, it follows that when the coordinate
lines are curvature lines:

a12 ¼ B12 ¼ 0 ð8:7:9Þ

Let h be the angle between direction t on the surface yiðuÞ and the principal
curvature direction e1 :

t ¼ cos h e1 þ sin h e2 ð8:7:10Þ

It follows from the formulas (8.7.3), (8.7.9), and (8.7.10) that:

~j1 ¼ e1 � B � e1; ~j2 ¼ e2 � B � e2; e1 � B � e2 ¼ 0

The curvature ~j for the direction t on the surface yiðuÞ is then found to be:

~j ¼ t � B � t ¼ cos he1 þ sin he2ð Þ � B � cos he1 þ sin he2ð Þ ¼ ~j

¼ e1 � B � e1 cos2 hþ e2 � B � e2 sin2 h )

~j ¼ ~j1 cos2 hþ ~j2 sin2 h ð8:7:11Þ

Example 8.4 Curvatures of Circular Cylindrical Surface
A circular cylindrical surface of radius R is shown in Fig. 8.3 and is defined by the
place vector:

rðu1; u2Þ ¼ R eRðu1Þþ u2 ez; u1 ¼ h; u2 ¼ z;

The unit normal vector to the surface is a3 ¼ eR: The base vectors and the
fundamental parameters are:
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a1 ¼ R eh; a2 ¼ ez; a1 ¼ eh=R; a2 ¼ ez; aab
� � ¼ R2 0

0 1

� �
; aab
� �

¼ 1=R2 0
0 1

� �

The covariant components Bab of the curvature tensor B are given in the formula
(8.1.26), and the mixed components Bb

a are computed from the formulas
Bb
a ¼ abcBac:

Bab
� � ¼ �R 0

0 0

� �
; Bb

a

� � ¼ � 1
R 0

0 0

� �

The coordinate lines are lines of curvature and we find for the principal curvatures,
the mean curvature l, and the Gauss curvature c:

~j1 ¼ � 1
R
; ~j2 ¼ 0; l ¼ � 1

2R
; c ¼ 0

Example 8.5 Helix on a Circular Cylindrical Surface
We shall consider the helix presented in Example 1.1 as a curve uaðsÞ on the
cylindrical surface. In cylindrical coordinates ðR; h; zÞ and with surface coordinates:
u1 ¼ h and u2 ¼ z, the cylinder is defined by R ¼ constant, and the helix is defined
by the place vector:

r ¼ rðu1; u2Þ ¼ ReRðu1Þþ u2ez ) r ¼ rðu1; u2Þ ¼ ReRðhÞþ bhþ z0ð Þez
The tangent vector t for the curve is:

t ¼ dr
ds

¼ dr
dh

dh
ds

¼ R
deR
dh

þ bez

� �
dh
ds

¼ RehðhÞþ bezð Þ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2 þ b2

p )

t ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2 þ b2

p a1 þ bffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2 þ b2

p a2 ) t ¼ dr
ds

¼ taaa )

t1 ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2 þ b2

p ; t2 ¼ bffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2 þ b2

p )

t ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2 þ b2

p Reh þ bezð Þ

The principal normal vector n and the curvature j for the curve are found from:

jn ¼ d2r
ds2

¼ R
deh
dh

dh
ds

� �
dh
ds

¼ �R
R2 þ b2

eR ) n ¼ �eR; j ¼ R
R2 þ b2

Because the components ta are constants and Ca
cb ¼ 0 according to the formula

(8.1.27), it follows from the formulas (8.5.7) and (8.5.3) that:
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dta

ds
¼ ta jbtb ¼ ta;b þ tcCa

cb

� �
tb ¼ ta;b t

b ¼ 0 )

dta

ds
¼ 0 ð8:7:12Þ

The result shows that the helix is a geodesic curve on the circular cylindrical
surface, which agrees with the fact that the helix is a straight line when the
cylindrical surface is opened into a plane.

From the formulas (8.6.8)2, (8.7.12) and (8.6.9)1 we determine the unit normal
vector m and the torsion r :

ma ¼ ebatb ¼ ebaabct
c )

m1 ¼ 1ffiffi
a

p e21a22t2 ¼ 1
R �1ð Þ � 1 bffiffiffiffiffiffiffiffiffiffiffi

R2 þ b2
p ¼ �b

R
ffiffiffiffiffiffiffiffiffiffiffi
R2 þ b2

p

m2 ¼ 1ffiffi
a

p e12a11t1 ¼ 1
R 1 � R2 1ffiffiffiffiffiffiffiffiffiffiffi

R2 þ b2
p ¼ Rffiffiffiffiffiffiffiffiffiffiffi

R2 þ b2
p

(

m ¼ m1a1 þm2a2 ¼ �bffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2 þ b2

p eh þ Rffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2 þ b2

p ez; r ¼ 0

The result that the geodesic curvature r is zero agrees with the fact that the helix is a
geodesic curve on the circular cylindrical surface.

Control of the result for the unit normal vector m:

m �m ¼ �bffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2 þ b2

p
� �2

þ Rffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2 þ b2

p
� �2

¼ 1

m � t ¼ �bffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2 þ b2

p
� �

Rffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2 þ b2

p
� �

þ Rffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2 þ b2

p
� �

bffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2 þ b2

p
� �

¼ 0

t�m ¼ Rffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2 þ b2

p eh þ bffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2 þ b2

p ez

� �
� �bffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

R2 þ b2
p eh þ Rffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

R2 þ b2
p ez

� �

¼ Rffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2 þ b2

p Rffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2 þ b2

p eh � ez þ bffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2 þ b2

p
� � �bffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

R2 þ b2
p

� �
ez � eh ¼ eh � ez ¼ eR ¼ a3

Example 8.6 Curve with Geodesic Curvature on a Circular Cylindrical
Surface
On the cylindrical surface: r ¼ rðu1; u2Þ ¼ ReRðu1Þþ u2ez;, with surface coordi-
nates: u1 ¼ h and u2 ¼ z, we shall investigate the curve uaðsÞ defined by the place
vector:

r ¼ rðu1; u2Þ ¼ ReRðu1Þþ u2ez; u1 ¼ h; u2 ¼ z ¼ Rh2=2 )
r ¼ rðu1Þ ¼ rðhÞ ¼ rðu1Þ ¼ ReRðhÞþ ðRh2=2Þez
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The arc length formula (1.4.5) gives with deR=dh ¼ eh:

sðhÞ ¼
Zh

0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
dr
d�h

� dr
d�h

r
dh ) ds

dh
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
dr
dh

� dr
dh

r
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2 þR2h2

p
, dh

ds
¼ 1

R
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ h2

p
The tangent vector t for the curve is:

t ¼ dr
ds

¼ dr
dh

dh
ds

¼ R
deR
dh

þRhez

� �
dh
ds

¼ Reh þRhezð Þ 1

R
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ h2

p ¼ 1

R
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ h2

p a1 þ hffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ h2

p a2 )

t ¼ dr
ds

¼ taaa ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ h2

p eh þ hezð Þ ) t1 ¼ 1

R
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ h2

p ; t2 ¼ hffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ h2

p
The principal normal vector n and the curvature j for the curve are, with deh=dh ¼
�eR found from:

jn ¼ d2r
ds2

¼ R
deh
dh

þRez

� �
dh
ds

dh
ds

¼ �1

R 1þ h2
� � eR þ 1

R 1þ h2
� � ez )

n ¼ � ffiffiffi
2

p

2
eR þ

ffiffiffi
2

p

2
ez; j ¼

ffiffiffi
2

p

R 1þ h2
� �

From the formulas (8.5.7), (8.5.3), and (8.1.27) we obtain:

dta

ds
¼ ta jbtb ¼ ta;b þ tcCa

cb

� �
tb ¼ ta;b t

b � @ta

@ub
tb )

dt1

ds
¼ t1;1 t

1 ¼ �1 � 2h
2R

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ h2

p� �3

1

R
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ h2

p ¼ �h

R2 1þ h2
� �2

dt2

ds
¼ t2;1 t

1 ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ h2

p þ �h � 2h
2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ h2

p� �3

0
B@

1
CA 1

R
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ h2

p ¼ 1

R 1þ h2
� �2

From the formulas (8.6.9)2 and (8.6.10)1 we get the results:
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ma ¼ ebatb ¼ ebaabct
c ) m1 ¼ 1ffiffiffi

a
p e21a22t

2 ¼ 1
R

�1ð Þ1 hffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ h2

p ¼ �h

R
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ h2

p
m2 ¼ 1ffiffiffi

a
p e12a11t

1 ¼ 1
R
1 � R2 1

R
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ h2

p ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ h2

p
m ¼ m1a1 þm2a2 ¼ �hffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ h2
p eh þ Rffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ h2
p ez

r ¼ dta

ds
ma ¼ dta

ds
aabm

b ¼ dt1

ds
a11m

1 þ dt2

ds
a22m

2

¼ �h

R2 1þ h2
� �2 R2 �h

R
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ h2

p þ 1

R 1þ h2
� �2 1 1ffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ h2
p ¼ 1� h2

R 1þ h2
� �3=2 )

r ¼ 1

R 1þ h2
� �3=2 geodesic curvature

Control of the result for the unit normal vector m:

m �m ¼ �hffiffiffiffiffiffiffiffiffi
1þ h2

p
� �2

þ 1ffiffiffiffiffiffiffiffiffi
1þ h2

p
� �2

¼ 1

m � t ¼ �hffiffiffiffiffiffiffiffiffi
1þ h2

p
� �

1ffiffiffiffiffiffiffiffiffi
1þ h2

p
� �

þ 1ffiffiffiffiffiffiffiffiffi
1þ h2

p
� �

hffiffiffiffiffiffiffiffiffi
1þ h2

p
� �

¼ 0

t�m ¼ 1ffiffiffiffiffiffiffiffiffi
1þ h2

p eh þ hffiffiffiffiffiffiffiffiffi
1þ h2

p ez

� �
� �hffiffiffiffiffiffiffiffiffi

1þ h2
p eh þ 1ffiffiffiffiffiffiffiffiffi

1þ h2
p ez

� �
¼

¼ 1ffiffiffiffiffiffiffiffiffi
1þ h2

p 1ffiffiffiffiffiffiffiffiffi
1þ h2

p eh � ez þ hffiffiffiffiffiffiffiffiffi
1þ h2

p
� �

�hffiffiffiffiffiffiffiffiffi
1þ h2

p
� �

ez � eh ¼ eh � ez ¼ eR ¼ a3

Example 8.7 Curvatures of Spherical Surface
In Example 8.2 we have presented the fundamental parameters of second order Bab

for a spherical surface of radius r with the centre of the sphere at the origin of the
Cartesian coordinate system Ox. These quantities are also components of the cur-
vature tensor B for the spherical surface and will be recorded here together with the
mixed components Bb

a ¼ abcBac of B:

Bab
� � ¼ �r 0

0 �r sin2 h

� �
; Bb

a

� � ¼ �1=r 0
0 �1=r

� �
The coordinate lines are lines of curvature and we find for the principal cur-

vatures, the mean curvature and the Gauss curvature:

~j1 ¼ ~j2 ¼ � 1
r
; l ¼ � 1

r
; c ¼ 1

r2
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8.7.1 The Codazzi Equations and the Gauss Equation

From the formulas (8.5.28) and (8.1.18)1 we compute:

aa jbc ¼ Bab jc a3 þBaba3 jc ¼ Bab jc a3 � BabBcqaq

and then by applying the formulas (8.5.36), we obtain the result:

aa jbc � aa jcb ¼ Rr
abcar ) Bab jc � Bac jb

� �
a3 � BabBcq � BacBbq

� �
aq ¼ Rqabc aq

Because a3 and ab are independent vectors, we conclude that:

Bab jc � Bac jb ¼ 0; BacBbq � BabBcq ¼ Rqabc

Due to the symmetry properties of the curvature tensor B and the
Riemann-Christoffel tensor R, these two equations reduce to:

Ba1 j2 � Ba2 j1 ¼ 0 the Codazzi equations ðD:Codazzi ½1824� 1875�Þ
ð8:7:13Þ

B11B22 � B12B12 ¼ R1212 the Gauss equation ð8:7:14Þ

From the Gauss equation we derive the result, confer the formula (8.5.42):

c ¼ det Ba
b

� �
¼ det Bab

� �
det aab

� � ¼ R1212

a
ð8:7:15Þ

It may be shown that the form of a surface in space, apart from its position in
space, is uniquely determined if the following is specified in relation to a surface
coordinate system u: The fundamental parameters of first order aabðuÞ and the
fundamental parameters of second order BabðuÞ are given, the metric aab duadub is
positive definite, and BabðuÞ satisfy the Godazzi equations and the Gauss equation.

The fundamental parameters of third order for a coordinate system u are defined
by the components:

Cab ¼ a�
i jaai jb ð8:7:16Þ

The components ai ja and ai jb are tensor-derivatives of the surface normal a3: The
components Cab represent a symmetric 2 second order surface tensor C. It follows
from Weingarten’s formula (8.5.45) that:
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C ¼ B2 , Cab ¼ Bc
aBcb ð8:7:17Þ

It may be shown that, see Problem 8.16:

Cab � 2lBab þ caab ¼ 0 ð8:7:18Þ

Problem 8.1–8.16 with solutions see Appendix.
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Chapter 9
Integral Theorems

9.1 Integration Along a Space Curve

In this section we shall use a Cartesian coordinate system Ox in the
three-dimensional Euclidean space. A function in space is given by the field
f ðrÞ ¼ f ðx1; x2; x3Þ. A curve C in space is given by the place vector rðsÞ, where s is
the arc length parameter. The integral of the field f ðrÞ along the curve C from a
place r1 ¼ rðs1Þ to a place r2 ¼ rðs2Þ is defined by:

Z
C

f ðrÞ ds �
Zs2
s1

f ðrðsÞÞ ds ð9:1:1Þ

For the integration of a field f ðrÞ along a closed curve C in the x1x2-plane we
introduce as positive direction of integration the clockwise direction when looking
in the positive x3-direction, i.e. counter-clockwise for the curve C shown in
Fig. 9.1. We use the following symbol for integration along a closed space curve C:I

C

f ðrÞ ds ¼ integration of field f ðrÞ along a closed space curveC ð9:1:2Þ

Theorem 9.1. Integration Independent of the Integration Path Let a(r) be a
vector field and r1 and r2 two places in space. Then:

(1) If the vector field may be expressed as the gradient of a scalar field aðrÞ :

a ¼ grad a , ai ¼ a;i ð9:1:3Þ
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then the integral

Zr2
r1

a � dr �
Zr2
r1

ai dxi is independent of the integration path between r1 and r2

ð9:1:4Þ

(2) If the proposition (9.1.4) is true, then the vector field a(r) may be expressed as
the gradient of a scalar field aðrÞ; such that the result (9.1.3) is true.

Proof of (1) The assumption (9.1.3) ) the result (9.1.4. Formula
(9.1.3)) a � dr ¼ a;i dxi ¼ da: The integral from r1 to r2 of the vector field a
(r) becomes:

Zr2
r1

a � dr ¼
Zr2
r1

ai dxi ¼
Zr2
r1

a;i dxi ¼
Zr2
r1

daðrÞ ¼ aðrÞ½ �r2r1¼ aðr2Þ � aðr1Þ

which is independent of the integration path between the places r1 and r2: Thus the
assumption (9.1.3) implies the result (9.1.4).

Proof of (2) The assumption (9.1.4)) the result (9.1.3). Let r1 be a fixed place and
r2 ¼ r ¼ xieiðx1 þ h; x2; x3Þ. The integral in assumption (9.1.4) may be considered
to be a scalar field aðrÞ :

aðrÞ ¼
Zr
r1

a � dr

n
n

d ds=r

1dx

2n

1n

2dx

P

Q

A

1 2C C C= +2x

1x
O

1C
2C

1 2( )x x 1 2( )x x

2x

2dx

1 2( )P Px x

1 2( )Q Qx x

2Px

2Qx

dr
1C

1dx

1 2dA dx dx=

1x

Fig. 9.1 Surface A in the x1x2-plane bordered by the curve C = C1 (from P to Q) + C2 (from Q to
P). Unit normal n = [n1,n2] to the curve. Line element dr = [dx1,dx2],|dr| = ds
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Let r3 ¼ rþ he1 ¼ ðx1 þ hÞe1 þ x2e2 þ x3e3; where h is any scalar variable.
Then the assumption (9.1.4) implies that:

Rr3
r1
a � dr � Rr

r1
ai dxi þ

Rrþ he1

r
a1 dx1 ¼ aðx1 þ h; x2; x3Þ ¼ aðx1; x2; x3Þþ

Rx1 þ h

x1

a1 dx1 )

@
@h aðx1 þ h; x2; x3Þð Þ��h¼0¼ @

@h

Rx1 þ h

x1

ai dxi

 !�����) @aðx1;x2;x3Þ
@x1

¼ @aðrÞ
@x1

¼ a1ðx1; x2; x3Þ

The result is generalized to: ai ¼ @a=@xi � a;i ) a ¼ grad a ) ð9:1:3Þ. Thus the
assumption (9.1.4) implies the result (9.1.3). This completes the proof of theorem
9.1.

Theorem 9.2 Let f ðxÞ and gðxÞ be continuous functions of the variable x and I the
integral:

I ¼
Zx2
x1

f ðxÞ gðxÞdx

If the integral I vanishes for any function gðxÞ satisfying the conditions gðx1Þ ¼
gðx2Þ ¼ 0; then:

f ðxÞ ¼ 0 for x1 � x� x2

Proof Assume that: f ð�xÞ[ 0 for some value of �x in the interval: x1 ��x� x2.
Continuity of the function f ðxÞ implies then that there exists a value e[ 0 such that:

f ðxÞ[ 0 for �x� e� x��xþ e

Select the following function:

gðxÞ ¼ 0 for x1 � x\�x� e and�xþ e\x� x2
gðxÞ[ 0 for �x� e� x��xþ e

Under these conditions the value of the integral I is positive, which contradicts the
assumption f ð�xÞ[ 0. Hence, if the integral I vanishes for any function gðxÞ sat-
isfying the condition gðx1Þ ¼ gðx2Þ ¼ 0; then the function f ðxÞ ¼ 0 for all values of
x in the interval x1 � x� x2: This completes the proof of Theorem 9.2.

9.2 Integral Theorems in a Plane

Figure 9.1 shows a plane surface A bounded by the curve C in a two-dimensional
Cartesian coordinate system Ox. The area A of the surface may be calculated from
the double integral:
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A ¼
Z
A

dA ¼
ZZ

A
dx1dx2 �

Z
A

dx1dx2 ð9:2:1Þ

For simplicity we use the symbol A for the surface as well as for the region that the
surface occupies in the x1x2-plane, and the area A of the surface. The symbol
dA ¼ dx1 dx2 is called the differential element of area in the Cartesian coordinate
system Ox.

The double integral in formula (9.2.1) is further expanded to:

A ¼
Z
A

dA ¼
Z
A

dx1dx2 ¼
ZxQ2
xP2

Z�x1ðx2Þ
~x1ðx2Þ

dx1

2
64

3
75 dx2 )

A ¼
ZxQ2
xP2

�x1 x2ð Þ � ~x1 x2ð Þ½ � dx2 ¼
ZxQ2
xP2

�x1 x2ð Þ dx2 �
ZxQ2
xP2

~x1 x2ð Þ dx2

ð9:2:2Þ

The first integral on the right-hand side of Eq. (9.2.2) represents the area within the
boundary described by the curve C1 from the point P to the point Q, the x2-axis, and
the horizontal lines for x2 ¼ x2P and x2 ¼ x2Q: The second integral on the
right-hand side of Eq. (9.2.2) represents the area within the boundary described by
the curve C2 from the point P to the point Q, the x2-axis, and the horizontal lines for
x2 ¼ x2P and x2 ¼ x2Q: With the parameter s as the arc length parameter along the
curves C;C1; andC2; and n as the unit normal vector pointing out from the curve
C ¼ C1 þC2; we find from Fig. 9.1 that along the curves C;C1; andC2 :

dx1 ¼ �n2 ds; dx2 ¼ n1 ds , dxa ¼ �eab nb ds ð9:2:3Þ

The integrals on the right-hand side of Eq. (9.2.2) may now be presented as:

A1 ¼
ZxQ2
xP2

�x1 x2ð Þ dx2 ¼
Z
C1

�x1 x2ðsÞð Þ n1ds;

A2 ¼
ZxQ2
xP2

~x1 x2ð Þ dx2 ¼ �
Z
C2

~x1 x2ðsÞð Þ n1ds

The area A of the plane surface A bounded by the curve C then becomes:

A ¼ A1 � A2 ¼
Z
C1

�x1 x2ðsÞð Þ n1dsþ
Z
C2

~x1 x2ðsÞð Þ n1ds ¼
I
C

x1 x2ðsÞð Þ n1ds )

A ¼
Z
A

dx1 dx2 ¼
I
C

x1 x2ð Þ dx2 ¼
I
C

x1 x2ðsÞð Þ n1 ds
ð9:2:4Þ
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For a surface integral of a function f ðrÞ ¼ f ðx1; x2Þ over a surface A in the
x1x2-plane we use the symbols:Z

A

f ðrÞ dA ¼
Z
A

f ðrÞ dx1dx2 ð9:2:5Þ

Theorem 9.3. Gauss’ Integral Theorem in a Plane Let A be a surface in the
x1x2-plane and bordered by the curve C, Fig. 9.1. The unit normal n to C lies in the
x1x2-plane and is pointing out from the curve C. Then for any field function f ðrÞ ¼
f ðx1; x2Þ the following result holds true:I

C

f n ds ¼
Z
A

grad f dA ,
I
C

f na ds ¼
Z
A

f ;a dA ð9:2:6Þ

Proof The proof will be given for the index value a ¼ 1: First we consider the
situation in Fig. 9.1, in which a straight line parallel to the x1-axis only intersects
the curve C in two points ~x1ðx2Þ and �x1ðx2Þ: Then:

Z
A

f ;1 dA ¼
ZxQ2
xP2

Z�x1
~x1

f ;1 dx1

2
64

3
75 dx2 ¼

ZxQ2
xP2

f �x1ðx2Þ; x2ð Þ � f ~x1ðx2Þ; x2ð Þ½ � dx2 )

Z
A

f ;1 dA ¼
ZxQ2
xP2

f �x1ðx2Þ; x2ð Þ dx2 �
ZxQ2
xP2

f ~x1ðx2Þ; x2ð Þ dx2

ð9:2:7Þ

Following the procedures that led from the Eq. (9.2.1) to the Eq. (9.2.4), we may
present the result (9.2.7) as:Z

A

f ;1 dA ¼
Z
A

f ;1 dx1 dx2 ¼
I
C

f ðx1; x2Þ n1 ð9:2:8Þ

Thus the formula (9.2.6)2 has been proved for the index value a ¼ 1 when a straight
line parallel to the x1-axis intersects the curve C in only two points
~x1ðx2Þ and�x1ðx2Þ: For the special case: f ¼ x1; Eq. (9.2.6) provides the result
(9.2.4).

If a straight line parallel to the x1-axis intersects the curve C in more than two
points, as indicated in Fig. 9.2, the surface A may be divided into parts as shown,
each of which satisfies the condition of only two points of intersection between a
line parallel to the x1-axis and the bordering curve.

The result (9.2.6) is now applied to each part of the area A and the results are
added. The contributions to the integrals along the lines, �C in Fig. 9.2, dividing the
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area A, add up to zero. Thus the Gauss’s theorem (9.2.6) has been proved in general
for the index value a ¼ 1; and this result is generalized as a general proof of the
formula (9.2.6).

Theorem 9.4. The Divergence Theorem in a Plane Let A be a surface in the
x1x2-plane and bordered by the curve C, Figs. 9.1 and 9.2. The unit normal n to
C lies in the x1x2-plane and is pointing out from the curve C. Then for any vector
field aðrÞ ¼ aðx1; x2Þ in the x1x2-plane the following result holds true:Z

A

div a dA ¼
I
C

a � n ds ,
Z
A

aa;adA ¼
I
C

aa na ds ð9:2:9Þ

Proof: Theorem 9.2 is applied to each components aaðx1; x2Þ of the vector a and
the results are added to give formula (9.2.9).

Theorem 9.5 Stokes’ Theorem in a Plane Let A be a surface in the x1x2-plane
and bordered by the curve C, Figs. 9.1 and 9.2. The unit normal vector to the plane
area A is the base vector e3 of the Cartesian coordinate system Ox. The unit
tangent vector to the curve is t ¼ dr=ds: The Stokes’ theorem in a plane states that
for any vector field aðrÞ ¼ aðx1; x2Þ the following result holds true:Z

A

r� að Þ � e3 dA ¼
I
C

a � t ds ð9:2:10Þ

Proof Applying the formulas (9.2.3), with ei as the base vectors of the system Ox,
we obtain for the tangent vector t:

t ¼ dr
ds

¼ @r
@xa

dxa
ds

¼ ea
dxa
ds

¼ �e1 n2 þ e2 n1 ð9:2:11Þ

The integral on the right-hand side of the Eq. (9.2.10) is rewritten to:I
C

a � t ds ¼
I
C

aa ta ds ¼
I
C

a2n1 � a1n2½ � ds

1xO

2x

1C

2C3C

AC

Fig. 9.2 Surface A in the
x1x2-plane bordered by the
curve C = C1 + C2 + C3… A
straight line parallel with the
x1-axis intersects the curve
C in more than two points
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Application of Theorem 9.3 to the integral on the left-hand side of the Eq. (9.2.10)
gives: Z

A

r� að Þ � e3 dA ¼
Z
A

eijkak;j ei
� � � e3 dA ¼

Z
A

a2;1 �a1;2½ � dA

¼
I
C

a2n1 � a1n2½ � ds

Hence, the integrals on both sides of the Eq. (9.2.10) are shown to be equal. This
result proves Stokes’ theorem in a plane.

Stokes’ theorem is also called Green’s theorem, George Green [1793–1841].

9.2.1 Integration Over a Plane Region in Curvilinear
Coordinates

In the x1x2-plane of a Cartesian coordinate system Ox we introduce surface coor-
dinates ua; Fig. 9.3a, such that there exits a one - to - one correspondence between
the point ðx1; x2Þ and the coordinate pair ðu1; u2Þ:

xa ¼ xaðu1; u2Þ , ua ¼ uaðx1; x2Þ ð9:2:12Þ

We say that the formulas (9.2.12) represent a one-to-one mapping between the
coordinates ðx1; x2Þ and the coordinates ðu1; u2Þ. The functions
xaðu1; u2Þ and ua ¼ uaðx1; x2Þ must satisfy the following requirements:

1
1dua

1xO

2x

2
2dua 1u

2u

dA
C

2du 1du

udA
uA uC

un

A

uO

(a) (b)

1du

2du

2un
1un

ud ds=r

1u

2u

Fig. 9.3 a Surface A in the x1x2-plane. Surrounding curve C. Curvilinear coordinate ua. Surface
element dA ¼ Jdu1du2. b “Cartesian” coordinate system Ou u. Surface Au. Surrounding curve Cu.
Surface element dAu ¼ du1du2
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(a) xa ¼ xaðu1; u2Þ are continuous functions of ua with continuous partial deriva-
tive of first order, and ua ¼ uaðx1; x2Þ are continuous functions of xa with
continuous partial derivative of first order.

(b) The Jacobi determinants J � Jxu and Jux of the mapping must be non-zero:

J � Jxu ¼ det @xa
@ub
� � � det

@x1
@u1

@x1
@u2

@x2
@u1

@x2
@u2

 !
¼ @x1

@u1
@x1
@u2 � @x1

@u2
@x2
@u1 6¼ 0

Jux ¼ det @ua
@xb

� �
� det

@u1
@x1

@u1
@x2

@u2
@x1

@u2
@x2

 !
¼ @u1

@x1
@u2
@x2

� @u1
@x2

@u2
@x1

6¼ 0

ð9:2:13Þ

When one u-coordinate is kept constant, e.g.u2 ¼ u2c; the functions xa ¼ xaðu1; u2cÞ
describe a coordinate line, a u1-line, in the x1x2-plane: Coordinate lines are shown
in Fig. 9.3a. A surface A in the x1x2-plane is bordered by the closed curve
C. Figure 9.3b shows images Au andCu in a “Cartesian” coordinate system Ou u of
the area A and the curve C. The formulas (9.2.12) represent a one-to-one mapping
of points ðx1; x2Þ in the region A in the x1x2-plane to points ðu1; u2Þ in the region Au

in the “Cartesian” coordinate system Ouu.
It will now be shown that the area A of the surface is given by the formula:

A ¼
Z
A

dA ¼
Z
A

dx1 dx2 ¼
Z
Au

J du1 du2 ) A ¼
Z
Au

ffiffiffi
a

p
du1 du2 ð9:2:14Þ

du1 and du2 are differentials of the curvilinear coordinates ua; as illustrated in
Fig. 9.3a.

From the formula (9.2.4) we obtain for the area A:

A ¼
Z
A

dx1 dx2 ¼
I
C

x1 dx2 ð9:2:15Þ

We introduce the arc length parameter r for the curve Cu and apply the results
(9.2.3), where nu is now the unit normal vector to the curve Cu in the u1u2-plane in
Fig. 9.3b. Then we may write:

dx2 ¼ @x2
@ua

dua

dr
dr ¼ @x2

@u1
du1

dr
drþ @x2

@u2
du2

dr
dr ¼ � @x2

@u1
nu2 drþ @x2

@u2
nu1 dr

ð9:2:16Þ

From the formula (9.2.4) and the result (9.2.16) we get:
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A ¼
Z
A

dx1 dx2 ¼
I
C

x1 dx2 ¼
I
Cu

�x1
@x2
@u1

nu2 þ x1
@x2
@u2

nu1

� 	
dr ð9:2:17Þ

By Gauss’ integral theorem in a plane (9.2.6) applied to the area Au and the
surrounding curve Cu, we obtain:

A ¼
Z
A

dx1 dx2 ¼
I
Cu

�x1
@x2
@u1

nu2 þ x1
@x2
@u2

nu1

� 	
dr

¼
Z
Au

� @

@u2
x1

@x2
@u1


 �
þ @

@u1
x1

@x2
@u2


 �� 	
du1 du2 )

A ¼
Z
Au

� @x1
@u2

@x2
@u1

� x1
@2x2

@u2@u1
þ @x1

@u1
@x2
@u2

þ x1
@2x2

@u1@u2

� 	
du1 du2

¼
Z
Au

� @x1
@u2

@x2
@u1

þ @x1
@u1

@x2
@u2

� 	
du1 du2 ) A ¼

Z
A

dx1 dx2 ¼¼
Z
Au

J du1 du2 ) ð9:2:14Þ1

The result (9.2.14)2 is found as follows. First we introduce the base vectors aa
and the fundamental parameters aab for the u-system referring to the formulas
(8.1.2), (8.1.7), (8.1.8) and (8.1.13):

aa ¼ @r
@ua

; aab ¼ aa � ab; a ¼ det aab
� �

; a1 � a2 ¼
ffiffiffi
a

p
a3 ð9:2:18Þ

a3 is a unit normal vector to the surface, and will in this chapter be denoted by n,
i.e. n ¼ a3 :

n ¼ a1 � a2
a1 � a2j j ) n � aa ¼ 0 ð9:2:19Þ

The three vectors aa and n represent a right-handed system, and the unit normal
vector n points out from what will be defined as the positive side Aþ of the surface.
Because the Cartesian coordinate x3 is independent of the coordinates ua; we obtain
from the formulas (8.1.7) and (8.1.8) that:

aab ¼ @xc
@ua

@xc
@ub ) a ¼ det aab

� � ¼ det @xc
@ua

@xc
@ub

� �
¼ det @xa

@ub
� �� 
2¼ J2 )

J ¼ ffiffiffi
a

p ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
det aab
� �q ð9:2:20Þ

Now the result (9.2.14)2 follows from (9.2.14)1
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The differential line elements along the coordinate lines are defined by the
vectors:

dsa ¼ aa dua ð9:2:21Þ

The element of area is represented by scalar dA, shown in Fig. 9.3a, and by the
vector dA:

dA ¼ ds1 � ds2 ¼ n dA ð9:2:22Þ

From the formulas (9.2.22, 9.2.21, and 9.2.18) we obtain:

dA ¼ ds1 � ds2 ¼ a1du1
� �� a2du2

� � ¼ a1 � a2du1du2 ¼
ffiffiffi
a

p
du1du2n )

dA ¼ ffiffiffi
a

p
du1du2 n; dA ¼ ffiffiffi

a
p

du1du2

ð9:2:23Þ

A ¼
Z
A

dA ¼
Z
A

dx1 dx2 ¼
Z
Au

ffiffiffi
a

p
du1 du2 ð9:2:24Þ

Example 9.1 Area of a Quarter Circle
Figure 9.4 shows a quarter of a circle of radius r. Polar coordinates are chosen as
curvilinear coordinates: u1 ¼ R; u2 ¼ h: The mapping (9.2.12) is given by:

xa ¼ xaðu1; u2Þ ) x1 ¼ R cos h ¼ u1 cos u2; x2 ¼ R sin h ¼ u1sin u2

The Jacobian J for the mapping becomes, according to the formulas (9.2.13):

J ¼ det
@x1
@u1

@x1
@u2

@x2
@u1

@x2
@u2

 !
¼ det

cos u2 �u1sin u2
sin u2 u1 cos u2


 �
¼ ffiffiffi

a
p ¼ u1 ¼ R

The coordinate differentials are: du1 ¼ dR and du2 ¼ dh: The area of the quarter
circle is found from:

1 lineu −

1x

2x

1du dR=
2du dθ=

2 lineu −

O

1 2dA Jdu du=

r
A

Fig. 9.4 Area A of a quarter
circle. Cartesian coordinate
system Ox. Polar coordinates
Rh. Curvilinear coordinates
u1 ¼ R; u2 ¼ h. Differential
element of area dA ¼ Jdu1du2
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A ¼
Z
A

dA ¼
Z
Au

J du1 du2 ¼
Z
Au

R dR dh ¼
Zp=2
0

Zr
0

RdR

0
@

1
A dh ¼

Zp=2
0

r2

2
dh ¼ pr2

4

We now turn to a general definition of double integral of a function f ðx1; x2Þ
over a region A with area A in the x1x2-plane in the Cartesian coordinate system Ox:

I ¼
Z
A

f ðx1; x2Þdx1 dx2 ð9:2:25Þ

In the x1x2-plane we introduce curvilinear coordinate system u through a mapping
(9.2.12) with the Jacobian J from the formulas (9.2.13). Let Au be the region in the
u1u2-plane corresponding to the region A in the x1x2-plane Fig. 9.3b. It will then be
shown that:

I ¼
Z
A

f dA �
Z
A

f ðx1; x2Þdx1 dx2 ¼
Z
Au

f ðx1ðuÞ; x2ðuÞÞJ du1 du2 ð9:2:26Þ

The region A is divided into n small regions An of areas An, and with xan as an
arbitrarily chosen point in An: Let d be the maximum diameter (extension) of all the
regions An. The general definition of the double integral of the function f ðx1; x2Þ
over the region A may then be presented as:

I ¼
Z
A

f ðx1; x2Þdx1 dx2 ¼ lim
d!0

X
n

f ðx1n; x2nÞAn ð9:2:27Þ

Let fn;min be the minimum value and fn;max the maximum value of the function
f ðx1n; x2nÞ in the region An: such that: fn;min � f ðx1n; x2nÞ� fn;max Then it follows
that:

Formula ð9:2:14Þ ) An ¼
Z
Anu

Jdu1du2; and

fn;minAn ¼ fn;min

Z
Anu

Jdu1du2 �
Z
Anu

f ðx1ðuÞ; x2ðuÞÞJdu1du2 � fn;max

Z
Anu

Jdu1du2 ¼ fn;maxAn )

Ln �
X
n

fn;minAn �
X
n

Z
Anu

f ðx1ðuÞ; x2ðuÞÞJ du1 du2 �
X
n

fn;maxAn � Un

Ln �
X
n

fn;minAn �
X
n

f ðx1n; x2nÞAn �
X
n

fn;maxAn � Un

ð9:2:28Þ
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The bounds:Lnðlower bound) andUnðupper bound) approach each other when we
let: n ! 1 and d ! 0; we conclude from the result (9.2.28) and formula (9.2.27)
that:

I ¼
Z
A

f dA �
Z
A

f ðx1; x2Þdx1 dx2 ¼
Z
Au

f x1ðuÞ; x2ðuÞð ÞJ du1 du2

¼ lim
d!0

X
n

f ðx1n; x2nÞAn

This result proves the formula (9.2.26).

9.3 Integral Theorems in Space

As presented in Sect. 8.1 a two-dimensional surface imbedded in a
three-dimensional Euclidean space E3, Fig. 8.1 and Fig. 9.5, is defined by the place
vector r as a function of two parameters u1 and u2 called surface coordinates:

r ¼ r uð Þ � r u1; u2
� �, xi ¼ xi uð Þ � xi u

1; u2
� �

; yi ¼ yi uð Þ � yi u1; u2
� �

ð9:3:1Þ

The base vectors and the fundamental parameters for the u� system are as given
by the formulas (9.2.18). The unit normal vector n for the surface is shown in
Figs. 9.5 and 9.6, and defined by the formulas (9.2.19).

The differential line elements dsa along the coordinate lines and the differential
element of area dA are defined by the vectors in the formulas (9.2.21–9.2.23), and
shown in Fig. 9.6. A Cartesian coordinate system Ox is shown in Fig. 9.5. The
parameters yi are general curvilinear coordinates in E3.

n

3x

1x

O

r

2x

1 lineu −

 unit normal vector to the surface=n

P
2a

1a
2 lineu −

Fig. 9.5 Two-dimensional
surface imbedded in
three-dimensional space E3.
Cartesian coordinate system
Ox. Surface coordinates u1

and u2. Coordinate lines. Base
vectors a1 and a2. Unit normal
vector n
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9.3.1 Integration Over a Surface Imbedded in the Euclidean
Space E3

Based on the development in Sect. 9.2.1 it seems reasonable to define the area of a
curved surface by the integral:

A ¼
Z
A

dA ¼
Z
Au

ffiffiffi
a

p
du1du2 ð9:3:2Þ

In addition to comply with the concept of the area of a plane surface in the
x1x2-plane, this definition of area satisfies, as we shall show, the natural requirement
that the integral expressing the area is coordinate invariant with respect to both
space coordinates and surface coordinates.

Example 9.2 Area of the Surface of a Sphere
Figure 9.7 shows an eighth of a sphere of radius r. Spherical coordinates are chosen
as curvilinear surface coordinates: u1 ¼ h; u2 ¼ /: The mapping (9.2.12) is
expressed by:

xa ¼ xaðu1; u2Þ ) x1 ¼ r sin h cos / ¼ r sin u1 cos u2;
x2 ¼ r sin h sin / ¼ r sin u1 sin u2

n

1 lineu −

1
1 1d du=s a

2 lineu −

tangent plane in point  to the surfaceP

1a

P dA

2
2 2d du=s a

Fig. 9.6 Line elements ds1
and ds2. Differential element
of area dA = n dA

O

φ

θ

1u θ=

2 sindA r d dθ θ φ=

r

2 lineu −

1ds rdθ=

1x

2u φ=

1 lineu −

2x

3x

2 sinds r dθ φ=

n

Fig. 9.7 An eighth of a
sphere. Surface coordinates:
u1 ¼ h; u2 ¼ /. Element of
area: dA ¼ r2 sin hdhd/
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From the formulas (8.1.30–8.1.31) we have:

a1 ¼ r eh; a2 ¼ r sin h e/; aab
� � ¼ r2 0

0 r2 sin2 h


 �
; a ¼ det aab

� � ¼ r4 sin2 h

dsa ¼ aa dua ) ds1 ¼ r dh eh; ds2 ¼ r sin h d/ e/ ; dA ¼ ffiffiffi
a

p
du1du2 ¼ r2 sin hdhd/

The area A of the surface of the sphere becomes:

A ¼ 8
Z
A=8

dA ¼ 8
Z

Au=8

ffiffiffi
a

p
du1du2 ¼ 8

Z
Au=8

r2 sin h dhd/ ¼8
Zp=2
0

Zp=2
0

r2 sin hdh

0
B@

1
CA d/

¼ 8
Zp=2
0

r2d/ ¼ 8r2
p
2
) A ¼ 4pr2

9.3.2 Integration Over a Volume in the Euclidean Space E3

Let V represent a region in E3: The volume V of the region is defined by the triple
integral:

V ¼
Z
V

dV ¼
ZZZ

V
dx1dx2dx3 �

Z
V

dx1 dx2 dx3 ð9:3:3Þ

The volume element dV ¼ dx1 dx2 dx3 is shown in Fig. 9.8. An alternative form
for the volume element integral dV will be presented below.

The integral of a field function f ðrÞ over the region V is presented as the triple
integral:

I ¼
Z
V

f ðrÞdV ¼
Z
V

f ðx1; x2; x3Þ dx1 dx2 dx3 ð9:3:4Þ

Theorem 9.6 Gauss’ Integral Theorem in Space Let V represent a volume in
three-dimensional space bounded by the surface A with an outward unit normal
vector n. Then for any field f ðrÞ:

Z
V

@f
@xi

dV ¼
Z
A

f ni dA ð9:3:5Þ

Proof for i ¼ 3 : Consider first the case, Fig. 9.9, where a straight line parallel
to the x3-axis intersects the surface A in only two points: ~x3ðx1; x2Þ and�x3ðx1; x2Þ:
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The sets of points ~x3ðx1; x2Þ and �x3ðx1; x2Þ describe respectively the surfaces ~A
below the equator and �A above the equator, such that ~Aþ �A ¼ A: Then:

Z
V

@f
@x3

dV ¼
Z
V

@f
@x3

dx1dx2dx3 ¼
Z
A

Z�x
~x

@f
@x3

dx3

0
@

1
Adx1 dx2

¼
Z
�A

f dx1 dx2 �
Z
~A

f dx1 dx2

From the formula (2.2.24)2 we can deduce that dx1 dx2 ¼
n3 dA on �A and dx1 dx2 ¼ �n3 dA on ~A: Hence, we have found that:

Z
V

@f
@x3

dV ¼
Z
V

@f
@x3

dx1dx2dx3 ¼
Z
A

Z�x
~x

@f
@x3

dx3

0
@

1
Adx1 dx2 ¼

Z
�A

f n3 dAþ
Z
~A

f n3 dA ¼
Z
A

f n3 dA

)
Z
V

@f
@x3

dV ¼
Z
A

f n3 dA

O

dA
n

1x

V

2x

3x dA
n

A

A

3 1 2( , )x x x

3 1 2( , )x x x

equator

Fig. 9.9 Volume V with
surface A ¼ ~Aþ �A. Lines
parallel with the x3-axis
intersect the surface A in only
two points: ~x3 x1; x2ð Þ and
~x3 x1; x2ð Þ. Elements of area
d~A and d�A. Outward unit
normals n to the surfaces ~A
and �A

dV
3dx

1x

2dx1dx

r

O

3x

2x

Fig. 9.8 Volume element dV
in a Cartesian a coordinate
system Ox. dV ¼ dx1dx2dx3
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This result is generalized to:

Z
V

@f
@xi

dV ¼
Z
A

f ni dA for the situation in Fig. 9:9 ð9:3:6Þ

If lines parallel with the x3-axis intersect the surface in more than two points,
Fig. 9.10, the volume may be divided into parts for which each satisfies the con-
dition about only two points of intersection with lines parallel with the x3-axis: The
formula (9.3.6) is applied to the volume parts and the results are summed. The sum
of the volume integrals add up to the volume integral over the volume V. The sum
of the surface integrals provides the surface integral over the surface area A plus the
contributions from the interfaces separating the volume parts. However, these latter
contributions will cancel each other, since they appear with contributions of
opposite signs. By these arguments and the result (9.3.6) the formula (9.3.5) is true
and Theorem 9.6 is proved.

Let BðrÞ be a tensor field of order n with components Bi::j in a Cartesian
coordinate system Ox. Then we may apply the result (9.3.5) to write:

Z
V

@Bi::j
@xk

dV ¼
Z
A

Bi::j nk dA ð9:3:7Þ

This may be called the Cartesian representation of the gradient theorem:Z
V

gradB dV ¼
Z
A

B� n dA ð9:3:8Þ

The integrands in the integrals on both sides of the formula (9.3.8) are tensor fields.
In Cartesian coordinates the tensor property of both sides of the integral relation
(9.3.8) is preserved. However, although the integrands in the relation (9.3.8) have
components representation in a general coordinate system y, the integral relation
will in general be meaningless in component presentation. This is due to the fact

O

−n

1x

V

2x

3x

n
A

A

Fig. 9.10 Volume V with
surface A ¼ ~Aþ �A. Lines
parallel with the x3-axis
intersect the surface A in more
than two points. Normals
n and −n to the interface
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that when transforming from one general coordinate system y to another system �y
the transformation elements are functions of place.

Theorem 9.7 The Divergence Theorem in Space Let V represent a volume in
three-dimensional space bounded by the surface A with an outward unit normal
vector n. Then for any vector field aðrÞ :

Z
V

div a dV ¼
Z
A

a � n dA ,
R
V
ai;i dV ¼ R

A
ai ni dA in Cartesian coordinatesR

V
ai j i dV ¼ R

A
ai ni dA in general coordinates

8<
:

ð9:3:9Þ
Proof In Cartesian coordinates the theorem follows directly from Theorem 9.6 by
replacing the scalar field f ðrÞ in the formula (9.3.5) by the vector components ai
and summing the results over the index (i). Because the expressions div a ¼ ai;i and
a � n ¼ aini are scalar fields the Cartesian version of the theorem may be directly
transformed to general coordinates.

The result (9.3.9) may be generalized to a general divergence theorem for a
tensor field BðrÞ of order n with components Bi::j in a Cartesian coordinate system
Ox: Z

V

divB dV ¼
Z
A

B � n dA

,
Z
V

Bi::k;k dV ¼
Z
A

Bi::k nk dA in a Cartesian coordinates
ð9:3:10Þ

Theorem 9.8 Stokes’ Theorem for a Curved Surface Let bðrÞ be a vector field
and A a surface in space with an outward unit normal vector n. The surface is
bordered by the curve C. Then:R

A
rot bð Þ � dA � R

A
rot bð Þ � n dA � R

A
r� bð Þ � n dA ¼ H

C
b � dr ,R

A
eijkbk;j ni dA � H

C
bk dxk in Cartesian coordinatesR

A
eijkbk;j ni dA � H

C
bk dyk in general coordinates

ð9:3:11Þ

The positive direction of integration along the curve C is determined such that the
vector n� dr points to the side of C connected to the surface A.

Proof With respect to a Cartesian coordinate system Ox, with base vectors ei; and a
surface coordinate system u, with base vectors aa; we obtain for the vectors rot b
and ndA :
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rot b ¼ eijkbk;j ei
ndA ¼ a1 � a2 du1 du2 ¼ er @xr

@u1
� �� es @xs

@u2
� �

du1 du2 ¼ erstet @xr@u1
@xs
@u2 du

1 du2

Applying the identity (1.1.19) we get:

rot bð Þ � ndA ¼ eijkbk;j ei
� � � erstet @xr@u1

@xs
@u2 du

1 du2
� � ¼ eijkeirsbk;j

@xr
@u1

@xs
@u2 du

1 du2

¼ djrdks � djsdkr
� �

bk;j
@xr
@u1

@xs
@u2 du

1 du2 ¼ bs;r �br;sð Þ @xr
@u1

@xs
@u2 du

1 du2

¼ @
@u1

bs
@xs
@u2

� �� @
@u2

br
@xr
@u1

� �� �
du1 du2

The integral on the left-hand side of Eq. (9.3.11) now becomes:

Z
A

rot bð Þ � n dA ¼
Z
Au

@

@u1
bs

@xs
@u2


 �
� @

@u2
br

@xr
@u1


 �� 	
du1 du2 ð9:3:12Þ

Gauss’ integration theorem in the u1u2-plane is now applied to transform the sur-
face integral on the right-hand side of Eq. (9.3.12) to an integral along the curve Cu

in the u1u2-plane which is in turn transformed to an integral along the bordering
curve C of the original surface A:

R
A

rot bð Þ � n dA ¼ R
Au

@
@u1 bs

@xs
@u2

� �� @
@u2 br

@xr
@u1

� �� 

du1 du2

¼ H
Cu

bs
@xs
@u2

� �
nu1 � br

@xr
@u1

� �
nu2

� 

dr ¼ H

Cu

bs
@xs
@u2

� �
du2
dr � br

@xr
@u1

� � � du1
dr

� �h i
dr

¼ H
Cu

bs
@xs
@u2 du

2 þ br
@xr
@u1 du

1
� 
 ¼ H

C
bsdxs ¼

H
C
b � dr ) R

A
rot bð Þ � n dA ¼ H

C
b � dr

This is a proof of Theorem 9.8 Stokes’ theorem, formula (9.3.8), for a curved
surface. The theorem includes Theorem 9.5 Stokes’ theorem in a plane, formula
(9.2.10).

Theorem 9.9 The Mean Value Theorem Let f ðrÞ and gðrÞ be two continuous
field functions and V a volume in space. Then at least one point �r in V exists such that:Z

V

f ðrÞ gðrÞdV ¼ f ð�rÞ
Z
V

gðrÞdV ð9:3:13Þ

For the special case gðrÞ ¼ 1 in V the value f ð�rÞ is called the mean value of the
function f ðrÞ in the volume V and is given by:

f ð�rÞ ¼ 1
V

Z
V

f ðrÞdV ð9:3:14Þ

The theorem has analogous formulations and proofs for line and surface integrals.
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Proof Let fmin be the maximum value and fmax the maximum value of the function
f ðrÞ in the volume V. Then because f ðrÞ is a continuous function in V, at least one
point �r exists in V such that: fmin � f ð�rÞ� fmax, and:

fmin

Z
V

gðrÞ dV �
Z
V

f ðrÞgðrÞ dV ¼ f ð�rÞ
Z
V

gðrÞ dV � fmax

Z
V

gðrÞ dV

This result proves theorem 9.9.

Theorem 9.10 Let f ðrÞ be a continuous field function in a volume V1 in the space
E3: Then the following holds true:

If:
Z
V

f ðrÞ dV ¼ 0 for any choice of volumeV inV1; then: f ðrÞ ¼ 0 inV1:

ð9:3:15Þ
Proof If it is assumed that f ð�rÞ[ 0 in a point �r in V1, then according to the
condition of continuity for the function f ðrÞ; the function must be positive,
i.e.f ðrÞ[ 0, in a small volume DV surrounding the point �r; which implies that:Z

DV

f ðrÞ dV [ 0

However, this result contradicts the proposition that the integral is zero for any
choice of volume V in V1: Hence the assumption f ð�rÞ[ 0 is impossible. Hence,
f ðrÞ ¼ 0 throughout the volume V1: This proves the Theorem 9.10.

By similar arguments we obtain the extension of the theorem:

If:
Z
A

f ðrÞ dA ¼ 0 for any choice of surfaceA inV ; then: f ðrÞ ¼ 0 inV

ð9:3:16Þ
Theorem 9.11 Change of Variables in a Volume Integral Let y represent a
curvilinear coordinate system in space. The relationship between the curvilinear
coordinates yi and the coordinates xi in a Cartesian coordinate system Ox of a place
r in space is given by a one - to - onemapping:

yi ¼ yiðxÞ , xi ¼ xiðyÞ ð9:3:17Þ
It is assumed that the coordinates yi are ordered such that the Jacobian of the

mapping is positive:

9.3 Integral Theorems in Space 327



J ¼ det
@xi
@y j


 �
[ 0 ð9:3:18Þ

Let f ðrÞ be a field function, V a volume in space, and Vy the mapping of V onto an
orthogonal “Cartesian” coordinate system y. Then:Z

V

f ðrÞ dV ¼
Z
V

f ðrÞ dx1dx2dx3 ¼
Z
Vy

f ðrÞ J dVy ¼
Z
Vy

f ðrÞ Jdy1dy2dy3 ð9:3:19Þ

Proof In order to simplify the expressions in the proof we introduce a special
notation:

xik � @xiðy1; y2; y3Þ
@yk

ð9:3:20Þ

The condition J[ 0 implies that at least one of the elements x3k is different from
zero. Assume that x33 � @x3=@y3 6¼ 0 in the region V. If in a part of the region V,
we may exclude this part of V and then performed the proof for this part by
selecting another x3k � @x3=@yk 6¼ 0:,

We solve for the coordinate y3 from the equation x3 ¼ x3ðyÞ ¼ x3ðy1; y2; y3Þ and
set y3 ¼ /ðy1; y2; x3Þ: Now we write, without specifying proper boundaries for the
last integral:

Z
V

f ðrÞ dV ¼
Z
V

f ðrÞ dx1dx2dx3 ¼
Z Z

f ðrÞdx1dx2
� 	

dx3 ð9:3:21Þ

In the double integral we introduce the function:

f ðrÞ ¼ f ðx1; x2; x3Þ ¼ f ðx1ðy1; y2;/Þ; x2ðy1; y2;/Þ; x3Þ ð9:3:22Þ

For the double integral we now use the integral formula (9.2.26) and write:Z
f ðrÞdx1dx2 ¼

Z
f ðx1; x2; x3Þdx1dx2

¼
Z

f ðx1ðy1; y2;/Þ; x2ðy1; y2;/Þ; x3ÞJ1 dy1 dy2 ð9:3:23Þ

J1 is the Jacobian to the mapping �xaðy1; y2; x3Þ ¼ xaðy1; y2;/ðy1; y2; x3ÞÞ :

J1 ¼ det
@xa
@yb


 �
;

@xa
@yb

¼ xab þ @xa
@y3

@/
@yb

ð9:3:24Þ
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Because x3 is constant in the double integral we find:

@x3ðy1; y2;/Þ
@yb

¼ 0 ) x3b þ x33
@/
@yb

¼ 0 ) @/
@yb

¼ � x3b
x33

ð9:3:25Þ

From the formula (9.3.24–9.3.25) we obtain for the Jacobian J1:

J1 ¼ det
@xa
@yb


 �
¼ det xab þ @xa

@y3
@/
@yb


 �
¼ det xab � @xa

@y3
x3b
x33


 �
¼ x11x22x33 � x11x23x32½ þ x12x23x31 � x12x21x33 þ x13x21x32
�x13x22x31 � x13x23x31x32=x33 þ x13x23x32x31=x33�=x33 )

J1 ¼ J=x33 ð9:3:26Þ

The integrand in the integral with respect to the variable x3 in the formula
(9.3.21) is only dependent on the variable x3 (or y3Þ: We introduce y3 as a new
variable and obtain dx3 ¼ x33dy3: From the Eqs. (9.3.21, 9.3.23 and 9.3.26) we get:Z

V

f ðrÞ dV ¼
Z
V

f ðrÞ dx1dx2dx3 ¼
Z
Vy

f ðrÞJdy1dy2dy3 ) ð9:3:19Þ

We may consider the volume element to be alternatively an orthogonal paral-
lelepiped dV ¼ dx1 dx2 dx3 in Cartesian coordinates x, or in general curvilinear
coordinates y, and shown in Fig. 9.11, to be a parallelepiped with sides given by the
line elements along the coordinate lines:

dsi ¼ @r
@yi

dyi ¼ gi dy
i ¼

X
k

@xk
@yi

dyi ek ð9:3:27Þ

1ds

1x

O 2x

dV 3dy

1y

2 liney −

2dy
1dy

ydV

yrr

yO

(a) (b)

2ds
3ds

3 liney −

1 liney −

3x

2y

3y

Fig. 9.11 a Volume element in curvilinar coordinates: dV ¼ ds1ds2ds3½ �dy1dy2dy3 ¼ Jdy1dy2dy3

b Volume element in “Cartesian” coordinates: dVy ¼ dy1dy2dy3
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The volume element dV in the general coordinate system y becomes:

dV ¼ ds1 ds2 ds3½ � ¼ J dy1 dy2 dy3 ¼ JdVy ð9:3:28Þ
Example 9.3 Volume of a Cone with Circular Base
A straight cone has the height h, a circular base with radius r, a symmetry axis
along the x3-axis of a Cartesian coordinate system Ox, and its apex at the origin
O. We shall find the volume of the cone using cylindrical coordinates ðR; h; zÞ �
ðy1; y2; y3Þ: The mapping is:

x1 ¼ R cos h � y1 cos y2; x2 ¼ R sin h � y1siny2; x2 ¼ z � y3

The Jacobian J when transforming from the Cartesian coordinates xi to the
cylindrical coordinates becomes:

J ¼ det
@xi
@yj


 �
¼ det

cos h �R sin h 0
sin h R cos h 0
0 0 1

0
@

1
A ¼ R

The volume of the cylinder is:

V ¼
Z
V

J dy1 dy2 dy3 ¼
Z
V

R dR dh dz

¼
Zh
o

Z2p
0

Zrz=h
0

RdR

0
B@

1
CAdh

0
B@

1
CA dz ¼

Zh
o

Z2p
0

r2z2

2h2


 �
dh

0
@

1
A dz ¼

Zh
o

2p
r2z2

2h2


 �
dz ¼ pr2h

3

Theorem 9.12 From Volume Integration to Surface Integration A body of a
continuum has at the time t the volume V and the surface A with the outward unit
normal vector n. Let f ðr; tÞ be an intensive quantity defined per unit volume at the
place r in V and at the time t, and let gðr; t; nÞ be an intensive quantity at the place
r and at the time t on A defined per unit area of the surface A.

If the following integral equation is true for any volume V with the surface A:Z
V

f ðr; tÞ dV ¼
Z
A

gðr; t; nÞ dA ð9:3:29Þ

then the fields f ðr; tÞ and gðr; t; nÞ are related through a vector field aðr; tÞ such that:

gðr; t;nÞ ¼ a � n and f ðr; tÞ ¼ div a
ai ¼ gðr; t; eiÞ in a Cartesian coodinate systemwith base vectors ei

ð9:3:30Þ
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The integral Eq. (9.3.29) may then be rewritten to:Z
V

div a dV ¼
Z
A

a � n dA ð9:3:31Þ

The result confirms the divergence theorem in space, formula (9.3.9).

Proof Let the volume V be subdivided into the volumes V1 andV2 by the interface
surface A0; Fig. 9.12. Equation (9.3.29) is now applied to the three volumes
V ; V1; andV2 and the integral contributions from the volumes V1 andV2 are sub-
tracted from the contribution from the volume V. The result is that:Z

A0

gðr; t; nÞþ gðr; t;�nÞ½ � dA ¼ 0 ð9:3:32Þ

Because the volume V and thus the surface A0 may be chosen arbitrarily, the
integrand in the result (9.3.32) must be zero, which implies that:

gðr; t; nÞ ¼ �gðr; t;�nÞ ð9:3:33Þ

Next we choose for the volume the tetrahedron shown in Fig. 9.13. This is similar
to the Cauchy tetrahedron shown in Fig. 2.11. From Sect. 2.2we cite the relations
(2.2.24):

�V ¼ �Ah=3; �Ai ¼ �Ani ð9:3:34Þ

The integral Eq. (9.3.29) applied to the tetrahedron yields:Z
�V

f ðr; tÞ dV ¼
Z
�A

gðr; t; nÞ dAþ
X
i

Z
�Ai

gðr; t;�eiÞ dA

Let the functions f ðr; tÞ; gðr; t; nÞ; and gðr; t;� eiÞ represent mean values over the
volume V and the surfaces �A and �Ai respectively. Then the integral equation above
may be presented as:

1V2V
1V

2V

'A

'A

−n

n

A

'AV

Fig. 9.12 Volume V subdivided into V1 and V2. Interface surface A′
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f ðr; tÞ �V ¼ gðr; t; nÞ�Aþ gðr; t;�eiÞ�Ai

Now we use the relations (9.3.34), to obtain:

f ðr; tÞ �Ah=3 ¼ gðr; t; nÞ�Aþ gðr; t;�eiÞ�Ani

We divide this equation by �A and let h ! 0: The result is:

gðr; t; nÞþ gðr; t;�eiÞni ¼ 0

Now we use the formula (9.3.33) and write:

gðr; t; nÞ ¼ giðr; tÞni; where giðr; tÞ ¼ gðr; t; eiÞ ð9:3:35Þ

We now return to the integral Eq. (9.3.29) for the volume V with the surface A.
We apply the result (9.3.35) and the Gauss’ theorem, formula (9.3.5), and obtain:Z

V

f ðr; tÞ dV ¼
Z
A

gðr; t; nÞ dA ¼
Z
A

giðr; tÞ ni dA ¼
Z
V

gi;i dV

)
Z
V

f ðr; tÞ � gi;i½ � dV ¼ 0

The last integral equation is true for any choice of volume V. Hence by
Theorem 9.10: f ðr; tÞ � gi;i ¼ 0 or:

f ðr; tÞ ¼ gi;i ) f ðr; tÞ ¼ div g ð9:3:36Þ

The results (9.3.35–9.3.36) prove theorem 9.12.
The results of theorem 9.12 may be generalized by replacing the function f ðr; tÞ

with a vector or a tensor. The function gðr; t; nÞ will then represent a tensor of one
order higher than f ðr; tÞ. For example:

3e

n

h

1h

2h

3h

A

3A

P

2A 1A

1e

2e

Fig. 9.13 Cauchy
tetrahedron. Body of volume
�V . Surface consisting of four
triangles: three orthogonal
triangles in coordinate planes
through the particle P and
with areas �Ai. The fourth
triangle with area �A and unit
normal n
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R
V
divFðr; tÞ dV ¼ R

A
Fðr; t; nÞ � n dA ,R

V
Fðr; tÞij::k;k dV ¼ R

A
Fðr; t; nÞij::knk dA in Cartesian coordinate systems

ð9:3:37Þ
Theorem 9.13 Necessary and Sufficient Condition for a Vector Field to be
Irrotational A vector field vðr; tÞ is irrotational if rot vðr; tÞ � r � vðr; tÞ ¼ 0: A
necessary and sufficient condition for vðr; tÞ to be irrotational is that the vector
field may be expressed as the gradient of a scalar field:

rot vðr; tÞ � r � vðr; tÞ ¼ 0 , vðr; tÞ ¼ grad/ðr; tÞ � r/ðr; tÞ ð9:3:38Þ

Proof of the implication: vðr; tÞ ¼ grad/ðr; tÞ ) rot vðr; tÞ ¼ 0. For the sake of
simplicity we use Cartesian coordinates. Because /;jk ¼ /;kj and
eijk ¼ �eikj for the permutation symbols :

rot vðr; tÞ ¼ eijkvk;jei ¼ eijk/;kj ei ¼ 0

Proof of the implication: rot vðr; tÞ ¼ 0 ) vðr; tÞ ¼ grad/ðr; tÞ. Let A be any
surface bordered by the curve C. Then according to Theorem 9.8 Stokes theorem
for a curved surface: Z

C

v � dr ¼
Z
A

rot vð Þ � n dA ¼ 0

By Theorem 9.1 Integration independent of the integration path, this result implies
that scalar field /ðr; tÞ exists such that vðr; tÞ ¼ grad/ðr; tÞ:
Theorem 9.14 Material Derivative of an Extensive Quantity Let f ðr; tÞ be a
place function representing an intensive physical quantity defined per unit mass
and with FðtÞ as the corresponding extensive quantity for a material body of
volume VðtÞ; such that:

FðtÞ ¼
Z
VðtÞ

f q dV ð9:3:39Þ

q ¼ qðr; tÞ is the mass density, i.e. mass per unit volume, of the material body. The
material derivative of the extensive quantity FðtÞ may then be given by:

_FðtÞ ¼ dF
dt

¼
Z
VðtÞ

_fq dV ð9:3:40Þ
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Proof of formula (9.3.40): Sect. 2.1.3 presents a physical argument as a proof for
the theorem. Here we shall use Theorem 9.11 Change of variables in the volume
integral, to present a somewhat more stringent mathematical proof of
Theorem 9.14.

The motion of the body may be interpreted as a one-to-one mapping between the
place coordinates Xi of the particles in the reference configuration K0 at the ref-
erence time t0, and the place coordinates xi of the particles in the present config-
uration K at the time t:

xi ¼ xiðX; tÞ , Xi ¼ Xiðx; tÞ ð9:3:41Þ

The volume of the body in the reference configuration K0 is V0 ¼ Vðt0Þ: The
element of volume is dV ¼ dx1 dx2 dx3 in K and dV0 ¼ dX1 dX2 dX3 in K0. The
integral in the formula (9.3.39) is now by Theorem 9.11 transformed to:

FðtÞ ¼
Z
VðtÞ

fq dV ¼
Z
V0

fq J dV0 ð9:3:42Þ

J is the Jacobian to the mapping (9.3.41) and matrix of the deformation gradient
tensor F:

J ¼ det F ¼ det Fij
� � ¼ det

@xi
@Xj


 �

If we as a special case choose the place function f ðr; tÞ ¼ 1 in the volume VðtÞ;
then FðtÞ by the formula (9.3.39) represents the constant mass m of the body:

m ¼
Z
VðtÞ

q dV ¼
Z
V0

q J dV0 ð9:3:43Þ

The density q is mass per unit volume in K and the combination qJ is mass per unit
volume in K0. Due to mass conservation the combination is independent of time,
which implies that: d qJð Þ=dt ¼ 0: Because the volume V0 is independent of time,
the material derivative of the integral on the right-hand side in the formula (9.3.42)
may be obtained by differentiation of the integrand. Hence:

_FðtÞ ¼
Z
V0

_fq Jþ f
d q Jð Þ
dt

� 	
dV0 ¼

Z
V0

_fq J dV0 ¼
Z
VðtÞ

_fq dV0 ) ð9:3:40Þ

This completes the proof of Theorem 9.14.

Theorem 9.15 Reynolds’ Transport Theorem Let, at the present time t, BðtÞ be
an extensive quantity for a body of a continuous medium with the volume VðtÞ and
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surface AðtÞ, and let bðtÞ be the intensive quantity related to BðtÞ and expressing
quantity per unit volume. bðtÞ is called the density of the quantity:

Extensive quantity BðtÞ expressed by the intensive quantityb r; tð Þ :
BðtÞ ¼

Z
VðtÞ

bðr; tÞdV ð9:3:44Þ

A control volume V is a region in space coinciding with the volume of the body at the
present time t, i.e. V ¼ VðtÞ: The surface A of the control volume V is called a control
surface and coincides with the surface of the body at the present time t, i.e. A ¼ AðtÞ:
The control volume and control surface are fixed relative to the reference Rf chosen to
describe the motion of the continuum. The particle velocity is denoted by v ¼ vðr; tÞ
and the unit outward unit normal vector to the control surface is given as n ¼ nðrÞ:

Then Reynolds’ transport theorem, Osborne Reynolds [1842–1912], states that:

_B ¼
Z
V

@b
@t

dV þ
Z
A

b v � nð ÞdA ð9:3:45Þ

Proof The formula (9.3.19) in Theorem 9.11 is first used to transform the integral
in Eq. (9.3.44):

BðtÞ ¼
Z
VðtÞ

b dV ¼
Z
Vo

b J dVo ð9:3:46Þ

Vo is the volume of the body in the reference configuration Ko, and J is the Jacobian
to the deformation gradient:

J ¼ det F ¼ det Fij � det
@xi
@Xj


 �
ð9:3:47Þ

Because the volume Vo is independent of the time t, the material derivative of the
second integral in Eq. (9.3.38) may be obtained by performing the differentiation
under the integral sign:

_B ¼
Z
Vo

_b Jþ b _J
� �

dVo ð9:3:48Þ

Now we apply the formula (2.1.17) for the material derivative of an intensive
quantity:

_b ¼ @b
@t

þðv � rÞb;

the formula (4.5.33): _J ¼ J div v; and finally the formula:
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vib;i þ bvi;i ¼ ðbviÞ;i , ðv � rÞbþ b div v ¼ div b vð Þ

Then we obtain from the integral Eq. (9.3.40) the result:

_B ¼
Z
Vo

_b J þ b _J
� �

dVo ¼
Z
Vo

_b þ b div v
� �

J dVo ¼
Z
Vo

@b
@t

þðv � rÞb þ b div v

 �

J dVo )

_B ¼
Z
Vo

@b
@t

þ div(bvÞ

 �

J dVo

By applying the formula (9.3.19) in Theorem 9.11 we transform this result to:

_B ¼
Z
VðtÞ

@b
@t

dV þ
Z
VðtÞ

div b vð Þ dV

By Theorem 9.6 Gauss’ Integral Theorem in Space the last volume integral above is
transformed into a surface integral and we obtain the following formulafor the
material derivative of the extensive quantity BðtÞ:

_B ¼
Z
V

@b
@t

dV þ
Z
A

b v � nð Þ dA ) ð9:3:45Þ

This completes the proof of Theorem9.15 Reynolds’ Transport Theorem.
An illustration of Reynolds’ transport theorem will be presented by Fig. 9.14

which shows a material body that at the time t has the volume VðtÞ and the surface
AðtÞ: At a time tþDt, where Dt is a small time increment, the volume of the body is
VðtþDtÞ and the surface is AðtþDtÞ: For the extensive quantity BðtÞ expressed by
the intensive quantity bðr; tÞ we write with respect to the times t and tþDt:

BðtÞ ¼
Z
VðtÞ

b r; tð ÞdV

BðtþDtÞ ¼
Z

VðtþDtÞ

b r; tþDtð ÞdV ¼
Z
VðtÞ

b r; tþDtð ÞdV þ
Z

DVðt;DtÞ

b r; tþDtð ÞdðDVÞ

ð9:3:49Þ

As illustrated in Fig. 9.14 the volume DVðt;DtÞ and the differential volume
element dðDVÞ may be presented as:

DVðt;DtÞ ¼ VðtþDtÞ � VðtÞ; dðDVÞ ¼ dA � v � nð ÞDt½ �
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We may now write:Z
DVðt;DtÞ

b r; tþDtð Þ dðDVÞ ¼
Z
AðtÞ

b r; tþDtð Þ v � nð ÞDt½ �dA ð9:3:50Þ

From the Eqs. (9.3.49) and (9.3.50) we obtain:

BðtþDtÞ � BðtÞ
Dt

¼
Z
VðtÞ

b r; tþDtð Þ � b r; tð Þ
Dt

dV þ
Z
AðtÞ

b r; tþDtð Þ v � nð Þ½ �dA

The material derivative of the extensive quantity BðtÞ for the body is now found
from:

_B ¼ lim
Dt!0

BðtþDtÞ � BðtÞ
Dt

¼
Z
V

@b
@t

dV þ
Z
A

b v � nð ÞdA ) ð9:3:45Þ

Example 9.4 Resultant Axial Force on the Bolts of a Nozzle
Fluid of density q flows through a circular pipe with internal diameter d. A nozzle
with maximum internal diameter d and minimum internal diameter d/2 is attached
to the pipe with bolts, Fig. 9.15a. The volume flow through the system is Q. It is
assumed that the velocity and pressure over the cross-sections of the system are
uniform. The atmospheric pressure is pa: The pressure p in the pipe is found to be:

p ¼ pa þ 120qQ2

p2d4

( )V V t=

dA

( ) t⋅ Δv n

v

v
n

n

( )V t t+ Δ

( )d VΔ

tΔv

( )A t t+ Δ

( )A A t=

( ),V t tΔ Δ

Fig. 9.14 Body of volume V(t) and surface A(t) at time t, and volume VðtþDtÞ and surface
AðtþDtÞ at time tþDt. Particle velocity v. Unit surface normal n. Control volume V ¼ V tð Þ.
Control surface A ¼ A tð Þ. Differential volume element: d DVð Þ ¼ dA v � nð ÞDt½ �
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We shall find an expression for the axial force F transmitted through the bolts due
to the flow of fluid.

Figure 9.15b shows a control volume V with a control surface A. The uniform
fluid velocity into the nozzle is vin and the uniform fluid velocity out of the nozzle
vout : The force F is transmitted through the bolts from the pipe. The continuity
equation applied to the control volume yields for the velocities vin and vout :

Q ¼ Qin ¼ Qout ) Q ¼ vin
pd2

4
¼ vout

p d=2ð Þ2
4

) vin ¼ 4Q
pd2

; vout ¼ 16Q
pd2

The law of balance of linear momentum for the control volume results in:

R
A
vq v � nð Þ dA ¼ F ) vin q �vinð Þ pd24 þ vout q vout

p d=2ð Þ2
4 ¼ �Fþ p � pd24 � pa � pd24 )

F ¼ p� pað Þ pd24 þ qv2in
pd2
4 � qv2out

p d=2ð Þ2
4

With the given pressure p and the velocities vin and vout we obtain for the force F:

F ¼ 120qQ2

p2d4
pd2

4
þ q

4Q
pd2


 �2pd2

4
� q

16Q
pd2


 �2p d=2ð Þ2
4

¼ qQ2

p2d2
30þ 4� 16½ � ) F

¼ 18qQ2

p2d2
a

A

ρ

ap
inv

p

V

outv

F

(b)

Q
inv outv

ap

d
p

ρ
2
d

(a) 

Fig. 9.15 a Pipe flow through a nozzle. Fluid density q.Volume flow Q. Atmospheric pressure pa.
b Control volume V with control surface A
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Appendix
Problems with Solutions

Chapter 1
Problem 1.1

(a) Validate the identity (1.1.19) through some test examples.
(b) Compute: dii; dij dij; eijk erjk {use formula 1.1.19)}, eijk eijk
(c) Use formula (1.1.22)2 to show that for a 3 � 3 matrix A:

detA ¼ eijkerstAirAjsAkt=6

Solution

(a) Validation of the identity (1.1.19): eijkersk ¼ dirdjs � disdjr

Test ð1Þ i ¼ j ¼ 1 ) e11kersk ¼ d1rd1s � d1sd1r ¼ 0

Test ð2Þ i ¼ 1; j ¼ 2 ) e12kersk ¼ e123ers3 ¼ ers3
¼ d1rd2s � d1sd2r ¼

�

¼
¼ þ 1 for r ¼ 1; s ¼ 2

¼ �1 for r ¼ 2; s ¼ 1

¼ 0 otherwise

8><
>:

with similar results for other choices of the indices:

(b) dii ¼ d11 þ d22 þ d33 ¼ 1þ 1þ 1 ¼ 3: dij dij ¼ dii ¼ 3: eijkersk ¼ dirdjs � disdjr )
eijkerjk ¼ dirdjj � dijdjr ¼ dir3� dir ¼ 2dir:eijkeijk ¼ 2dii ¼ 2 � 3 ¼ 6:

(c) Formula (1.1.22)2. ) eijkAirAjsAkt ¼ ðdetAÞerst )
eijkAirAjsAkterst ¼ ðdetAÞersterst ¼ ðdetAÞ6 ) detA ¼ eijkerstAirAjsAkt=6:
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Problem 1.2 Determine the inverse matrix U−1 of the matrix: U ¼
1 1 0
1 3 0
0 0

ffiffiffi
2

p

0
@

1
A 1ffiffi

2
p

Solution Formula (1.1.29) implies:

U�1 detU ¼ CoUT ) U�1 ¼ 1
detU

CoUT

detU ¼ 1 � 3 �
ffiffiffi
2

p
� 1 � 0 � 0

� �
þ 1 � 0 � 0� 1 � 1 �

ffiffiffi
2

p� �
þ 0 � 1 � 0� 0 � 3 � 0ð Þ

h i
1=

ffiffiffi
2

p� �3
¼ 1

The cofactor Co U is obtained from the formula (1.1.26):

detU ¼
X3
i¼1

UijCoUij for j ¼ 1; 2; or 3 )

CoU ¼
3
ffiffiffi
2

p � ffiffiffi
2

p
0

� ffiffiffi
2

p ffiffiffi
2

p
0

0 0 2

0
B@

1
CA 1ffiffiffi

2
p
� �2

¼ CoUT

Hence:

U�1 ¼ 1
detU CoU

T ¼ 1
1

3
ffiffiffi
2

p � ffiffiffi
2

p
0

� ffiffiffi
2

p ffiffiffi
2

p
0

0 0 2

0
@

1
A 1ffiffi

2
p
� �2

¼
3 �1 0
�1 1 0
0 0

ffiffiffi
2

p

0
@

1
A 1ffiffi

2
p

Control: ) UU�1 ¼ 1OK:

Problem 1.3 Referred to the Cartesian coordinate system Ox, the Cartesian
coordinate system �O�x has the base vectors: �e1 ¼ 1; 1; 1½ � 1= ffiffiffi

3
p� 	

;

�e2 ¼ 1; 0;�1½ � 1= ffiffiffi
2

p� 	
.

Determine the base vector �e3 for the system �O�x and the transformation matrix
Q ¼ �ei � ej


 �
:

Solution The base vector �e3 ¼ �e1 � �e2 ¼ det
e1 e2 e3
1 1 1
1 0 �1

0
@

1
A 1ffiffi

2
p 1ffiffi

3
p

� �
)

�e3 ¼ �1; 2;�1½ � 1= ffiffiffi
6

p� 	
The transformation matrix: Q ¼ �ei � ej

� 	 ¼
ffiffiffi
2

p ffiffiffi
2

p ffiffiffi
2

pffiffiffi
3

p
0 � ffiffiffi

3
p

�1 2 �1

0
@

1
A 1ffiffi

6
p : Control:

detQ ¼ þ 1 OK
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Problem 1.4 Three Cartesian coordinate systems are denoted Ox, �O�x; and ~O~x: The
transformation matrices relating the base vectors of the three systems are:

Qij ¼ �ei � ej; ~Qij ¼ ~ei � ej; �Qij ¼ �ei � ~ej

(a) Show that Q ¼ �Q~Q. (b) Compute Q when: �Q ¼
2 0 0
0

ffiffiffi
3

p
1

0 �1
ffiffiffi
3

p

0
@

1
A 1

2 ;

~Q ¼
0

ffiffiffi
3

p
1

2 0 0
0 1 � ffiffiffi

3
p

0
@

1
A 1

2

Check that Q; �Q; and ~Q are orthogonal matrices.

Solution

(a) Proof that Q ¼ �Q~Q: �ei ¼ �Qik~ek ) Qij ¼ �ei � ej ¼ �Qik~ekð Þ � ej ¼ �Qik ~Qkj )
Q ¼ �Q~Q QED:

(b) Computation of Q: Q ¼ �Q~Q ) ðQijÞ ¼ ð�Qik ~QkjÞ ¼
0 2

ffiffiffi
3

p
2

2
ffiffiffi
3

p
1 � ffiffiffi

3
p

�2
ffiffiffi
3

p �3

0
@

1
A 1

4

Control of orthogonality: �Q�QT ¼ 1; ~Q~QT ¼ 1;QQT ¼ 1; detQ ¼ detQ ¼ det
Q ¼ þ 1 OK:

Problem 1.5 The rotation rot a of a vector field a may be defined as the vector
represented by the Cartesian components defined in formula (1.6.15). Show that rot
a is a proper vector, i.e. the components obey the transformation rule (1.3.9).

Solution Let Ox and �O�x be two Cartesian coordinate systems with base vectors
ei and�er. The transformation matrix for the transformation from Ox to �O�x is Qri.
With a and b ¼ rot a as two vector fields the definition (1.6.15) gives:

b ¼ rot a ¼ eijkak;j ei � eijk
@ak
@xj

ei ¼ biei inOx:

b ¼ rot a ¼ erst�at;s �er � erst
@�at
@�xs

�er ¼ �br�er in �O�x

For b ¼ rot a to be a proper vector the components bi and �br must define the same
vector which implies that the vector defined by erst�at;s �er shall be identical to the
vector defined by eijkak;jei. The formulas (1.3.2), (1.3.7) and (1.3.9) and (1.1.22) yield:

�er ¼ Qriei;
@xj
@�xs

¼ Qsj; �at ¼ Qtkak; erstQriQsjQtk ¼ eijk detQ ¼ eijk
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Now we obtain:

�br�er ¼ erst
@�at
@�xs

�er ¼ erst
@ Qtkakð Þ

@xj
@xj
@�xs

Qri eið Þ ¼ eijkQriQsjQtk
@ak
@xj

ei ¼ eijk
@ak
@xj

ei )
erst

@�at
@�xs

�er � eijk
@ak
@xj

ei

The result proves that the vector b ¼ rot a defined by the formula (1.6.15) is a
proper vector.

Problem 1.6 Use identity (1.1.19) to prove the identities

(a) a� b� cð Þ ¼ a � cð Þb� a � bð Þ � c
(b) r2a ¼ r r � að Þ � r � r� að Þ
c) a � rð Þa ¼ r� að Þ � aþr a � a=2ð Þ
(d) r� aað Þ ¼ rað Þ � aþ a r� að Þ
Solution

(a) a� b� cð Þ ¼ a � cð Þb� a � bð Þ � c. Proof: The formula (1.2.33) and the
identity (1.1.19) imply:

b� c ¼ erskbrcsek; a� b� cð Þ ¼ eijkajðerskbrcsÞei ¼ eijkerskajbrcsei
¼ dirdjs � disdjr
� 	

ajbrcsei ¼ ascsð Þ bieið Þ � arbrð Þ cieið Þ )
a� b� cð Þ ¼ a � cð Þb� a � bð Þc QED

(b) r2a ¼ r r � að Þ � r � r� að Þ. Proof: The formulas (1.6.14), (1.6.10),
(1.6.15), (1.2.33), and (1.1.19) imply:

r2a ¼ ar;sser; r r � að Þ ¼ as;srer; r� a ¼ eijkak;jer;

r� r� að Þ ¼ ersi eijkak;j
� 	

; ser ¼ ersiejkiak;jser ¼ ðdrjdsk � drkdsjÞak;jser
¼ as;srer � ar;sser ¼ r r � að Þ � r2a ) r2a

¼ r r � að Þ � r � r� að Þ QED

(c) a � rð Þa ¼ r� að Þ � aþr a � a=2ð Þ: Proof: The formulas (1.6.10), (1.6.15),
(1.2.33), and (1.1.19) imply:

a � rð Þa ¼ ak @
@xk

� �
ai eið Þ ¼ akai;kei; r a � a=2ð Þ ¼ ei @

@xi

� �
akak=2ð Þ ¼ akak;iei

r� að Þ � a ¼ eijk ejrsas;r
� 	

akei ¼ ekijersjas;rakei ¼ dkrdis � dksdirð Þas;rakei ¼ ai;kak � ak;iakð Þei

9=
;)

r� að Þ � a ¼ a � rð Þa�r a � a=2ð Þ ) a � rð Þa ¼ r� að Þ � aþr a � a=2ð Þ QED

(d) r� aað Þ ¼ rað Þ � aþ a r� að Þ: Proof: The formula (1.6.15) implies:
r� aað Þ ¼ eijk aakð Þ;jei ¼ eijk a;jak

� 	
ei þ eijk aak;j

� 	
ei ¼ rað Þ � aþ ar� a QED
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Chapter 2
Problem 2.1 A velocity field for a continuous material in motion is given as:

v1 ¼ a x1
t � t0

; v2 ¼ � a x2
t � t0

; v3 ¼ 0; a and t0 are constants

(a) Show that the flow is isochoric = volume preserving, i.e. div v = 0.
(b) Determine the local acceleration, the convective acceleration, and the particle

acceleration _v:
(c) Show that the flow is irrotational, i.e. rot v = 0, and determine the velocity

potential / from the formula v ¼ r/.

Solution

(a) The divergence of the velocity field v:

div v ¼ vi;i ¼ @v1
@x1

þ @v2
@x2

þ @v3
@x3

¼ a
t � t0

þ �a
t � t0

þ 0 ) div v ¼ 0

) isochoric flow

(b) The local acceleration @tv : @tv1 ¼ a x1
t�t0ð Þ2 �1ð Þ; @tv2 ¼ � ax2

t�t0ð Þ2 �1ð Þ;
@tv3 ¼ 0 ) @tv ¼ �a x1; a x2; 0½ � 1

t�t0ð Þ2
The convective acceleration v � rð Þv ¼ vk@kð Þ vieið Þ ¼ vkvi;k ei:

vkv1;k ¼ v1v1;1 þ v2v1;2 þ v3v1;3 ¼ v1v1;1 ¼ a2x1
t � t0ð Þ2 ; vkv2;k ¼ a2x2

t � t0ð Þ2 ; vkv3;k ¼ 0

) v � rð Þv ¼ a2x1; a
2x2; 0


 � 1

t � t0ð Þ2

The particle acceleration _v ¼ @tvþ v � rð Þv ¼ a2 � að Þ x1; a2 þ að Þ x2; 0½ �
1

t�t0ð Þ2
(c) rot v ¼ eijkvk;j ei ¼ v3;2 �v2;3 ; v1;3 �v3;1 ; v2;1 �v1;2½ � ¼ 0 , irrotational flow

Velocity potential: / ) v ¼ r/ ) vi ¼ @/
@xi

) by partial integration:

/ ¼ a x21
2 t � t0ð Þ þ f1ðx2; x3; tÞ ¼ � a x22

2 t � t0ð Þ þ f2ðx3; x1; tÞ ¼ f3ðx1; x2; tÞ

¼ a x21 � x22
� 	
2 t � t0ð Þ þ f ðtÞ

Problem 2.2 The state of stress in a particle is represented by the following stress
matrix with respect to the Cartesian coordinate system Ox:
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T ¼
90 �30 0
�30 120 �30
0 �30 90

0
@

1
A MPa

(a) Determine the stress vector, the normal stress and the shear stress on a surface
with unit normal: n ¼ ½1; 1; 0�= ffiffiffi

2
p

.
(b) Determine the stress matrix �T with respect to a Cartesian coordinate system �O�x

when the transformation matrix is:

Q ¼ �ei � ek½ � ¼
1 0 0
0

ffiffiffi
3

p
=2 1=2

0 �1=2
ffiffiffi
3

p
=2

0
@

1
A

Solution

(a) By definition: Stress vector: a) t ¼ T � n ¼ tiei ) ti ¼ Tiknk )

normal stress: r ¼ n � t ¼ niTiknk; shear stress: s ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t � t� r2

p
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
titi � r2

p
Computations:

t1 ¼ T1knk ¼ 90 � 1ffiffiffi
2

p þ �30ð Þ � 1ffiffiffi
2

p ; t2 ¼ T2knk ¼ �30ð Þ � 1ffiffiffi
2

p

þ 120 � 1ffiffiffi
2

p ; t3 ¼ T3knk ¼ �30ð Þ � 1ffiffiffi
2

p )

t ¼ 60; 90;�30½ � 1ffiffiffi
2

p MPa, r ¼ n � t ¼ 1ffiffiffi
2

p 60
1ffiffiffi
2

p þ 1ffiffiffi
2

p 90
1ffiffiffi
2

p ¼ 75 MPa

s ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t � t� r2

p
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
60ffiffiffi
2

p
� �2

þ 90ffiffiffi
2

p
� �2

þ �30ffiffiffi
2

p
� �2

�752 ¼ 26 MPa

s

(b) The stress matrix �T in the �O�x�system :�T ¼ QTQT ) �Tij ¼ QikTklQjl )

�T11 ¼ 1 � T11 � 1 ¼ 90; �T12 ¼ 1 � T12 �
ffiffiffi
3

p
=2

� �
¼ �26;

�T22 ¼
ffiffiffi
3

p
=2

� �
� T22 �

ffiffiffi
3

p
=2

� �
þ

ffiffiffi
3

p
=2

� �
� T23 � 1=2ð Þþ 1=2ð ÞT32 �

ffiffiffi
3

p
=2

� �
þ 1=2ð Þ � T33 � 1=2ð Þ

¼ 87; etc:

) �T ¼
90 �26 15

�26 87 �28

15 �28 123

0
B@

1
CA MPa: A control: �Tkk ¼ Tkk ¼ 300MPa:
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Problem 2.3 A thin-walled circular tube has middle radius r ¼ 150 mm and wall
thickness h = 7 mm. The tube is closed in both ends, and is subjected to an internal
pressure p ¼ 8MPa, a torque mt ¼ 60 kNm, and an axial force N ¼ 180 kN. The
state of stress in the wall of the tube may be found by superposition of the states of
stress given in the Examples 2.1, 2.2, and 2.5.

(a) Determine the coordinate stresses with respect to the local Cartesian coordinate
system presented in the Figs. 2.9 and 2.18.

(b) Determine the principal stresses and the principal stress directions in the tube
wall.

(c) Determine the maximum shear stress in the tube wall.

Solution

(a) Non-zero coordinate stresses and the stress matrix T :

T11 ¼ N
2prh

þ r
2h

p ¼ 113:0MPa, T22 ¼ r
h
p ¼ 171:4MPa, T12 ¼ mt

2pr2h
¼ 60:6MPa

T ¼
T11 T12 T13
T21 T22 T23
T31 T32 T33

0
B@

1
CA ¼

113:0 60:6 0

60:6 171:4 0

0 0 0

0
B@

1
CA MPa

b) Principal stresses and principal stress directions in the tube wall. The formula
(2.3.32) for the state of plane stress gives:

r1
r2

¼ 1
2

T11 þ T22ð Þ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T11 � T22

2

� �2

þ T12ð Þ2) r1
r2

¼ 210 MPa
75 MPa

; r3 ¼ 0

s

Formula (2.3.33) gives: /1 ¼ arctan r1�T11
T12

¼ 58�; angle between the x1�
direction and the principal direction of r1

c) Maximum shear stress. Formula (2.3.31) gives:

smax ¼ 1
2

rmax � rminð Þ ¼ 1
2

r1 � r3ð Þ ¼ 1
2
r1 ¼ 105MPa

Problem 2.4 The state of stress in a particle is represented by the stress matrix:

T ¼
200 �100 �100
�100 100 0
�100 0 100

0
@

1
A MPa

(a) Determine the matrices for the stress isotrop and the stress deviator.
(b) Determine the principal stresses and the principal stress directions.
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(c) Compute the maximum shear stress, and determine the unit normal to one of
the planes of maximum shear stress.

(d) Compute the normal stress and the shear stress on the plane with unit normal:
n ¼ ½1; 1; 0�= ffiffiffi

2
p

Solution

(a) Matrices for the stress isotrop T0 and for the stress deviator T0:

T0 ¼ 1
3

tr Tð Þ1; tr T ¼ Tkk ¼ T11 þ T22 þ T33 ¼ 400 MPa, T 0 ¼ T � T0 )

T0 ¼
1 0 0

0 1 0

0 0 1

0
B@

1
CA 400

3
MPa; T 0 ¼

2 �3 �3

�3 �1 0

�3 0 �1

0
B@

1
CA 100

3
MPa

(b) Principal stresses ri and principal stress directions ni:
The stress tensor T and the stress deviator T0 are coaxial tensors and have the
same principal directions ni: We first search a principal stress r0 for the stress
deviator T0 and the corresponding principal direction n. The principal invariants
for the stress deviator T0are:

I 0 ¼ T 0
ii ¼ 0; II 0 ¼ � 1

2
T 0
ikT

0
ik ¼ � 70;000

3
MPa,

III 0 ¼ det T 0 ¼ 20
27

� 106 MPa

The characteristic equation (2.3.21) for T0 becomes: r0ð Þ3 þ II 0r0 � III 0 ¼ 0:
The solution of this equation, following a standard procedure, is found by
introducing the angle h from the formula:

cos h ¼ III 0

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� II 0=3ð Þ3

q ; 0	 h	 180� ) h ¼ 57:32�

Then the principal stresses r0i for the stress deviator T
0 are determined from the

formulas:

r01 ¼ 2

ffiffiffiffiffiffiffiffiffiffi
� II 0

3

r
cos

h
3
; r02 ¼ �2

ffiffiffiffiffiffiffiffiffiffi
� II 0

3

r
cos

h
3
þ 60�

� �
	 r01;

r03 ¼ �2

ffiffiffiffiffiffiffiffiffiffi
� II 0

3

r
cos

h
3
� 60�

� �
	 r02

The principal stresses ri for the stress tensor T are determined from the
formulas:
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ri ¼ r0i þ tr T=3 ) r1 ¼ 300MPa, r2 ¼ 100MPa, r3 ¼ 0

The principal stress directions ni are found from the Eq. (2.3.2) as follows.

r1dik � Tikð Þn1k ¼ 0 )
100n11 þ 100n12 þ 100n13 ¼ 0

100n11 þ 200n12 þ 000n13 ¼ 0

100n11 þ 000n12 þ 200n13 ¼ 0

0
B@

1
CA) n1 ¼ 2;�1;�1½ �1=

ffiffiffi
6

p

r2dik � Tikð Þn2k ¼ 0 )
�100n21 þ 100n22 þ 100n23 ¼ 0

100n11 þ 000n12 þ 000n13 ¼ 0

100n11 þ 000n12 þ 000n13 ¼ 0

0
B@

1
CA) n2 ¼ 0; 1;�1½ �1=

ffiffiffi
2

p

r3dik � Tikð Þn3k ¼ 0 )
�200n21 þ 100n22 þ 100n23 ¼ 0

100n11 � 100n12 þ 000n13 ¼ 0

100n11 þ 000n12 � 100n13 ¼ 0

0
B@

1
CA) n3 ¼ 1; 1; 1½ �1=

ffiffiffi
3

p

(c) The maximum shear stress and unit normal n to one of the planes of maximum
shear stress.

Formula (2:3:31Þ ) smax ¼ rmax � rminð Þ=2 ¼ r1 � r3ð Þ=2 ¼ 150MPa

n ¼ n1 þ n3ð Þ=
ffiffiffi
2

p
¼ 2þ

ffiffiffi
2

p
;
ffiffiffi
2

p
� 1;

ffiffiffi
2

p
� 1

h i
= 2

ffiffiffi
3

p� �

(d) Normal stress r and shear stress s on the plane with unit normal:
n ¼ ½1; 1; 0�= ffiffiffi

2
p

:

r ¼ niTiknk ¼ 50MPa: Stress vector t : ti ¼ Tiknk ) t ¼ 100; 0; 100½ �=
ffiffiffi
2

p
;

s ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
titi � r2

p
¼ 87MPa

Chapter 3
Problem 3.1 Show that a completely antisymmetric tensor of third order A only
has one distinct component different from zero, and that the tensor is represented by
the product of a scalar a and the permutation tensor P, i.e. A ¼ aP:

Solution Antisymmetry implies:

Aijk ¼ �Akji ¼ Akij ¼ �Aikj ) A123 ¼ �A312 ¼ A231 ¼ �A321 ¼ �A123 ¼ �A213 ¼ �A132

With no summation with respect to k : Akjk ¼ �Ajkk ¼ 0; Aikk ¼ �Aikk ¼ 0;

Akkj ¼ �Akkj ¼ 0

The tensor matrix Aijk ¼ aeijk satisfies all these equations. Hence: A ¼ aP.

Problem 3.2 Show that an isotropic tensor of second order I2 always is a product
of a scalar and the unit tensor as given by formula (3.2.8): I2 ¼ a1:
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Solution Let B be an isotropic tensor of second order which implies that the tensor
matrix is the same in any Cartesian coordinate system. Three Cartesian coordinate
systems are now introduced: Ox with base vectors ei, O�x with base vectors �ei, and
O~x with base vectors ~ei. The system O�x is obtained by a 90°-rotation of the system
Ox about the x3-axis, and the system O~x is obtained by a 90�-rotation of the system
Ox about the x1-axis: The transformation matrices relating the three described
coordinate systems Ox, �O�x; and ~O~x are:

�Q ¼ ð�ei � ekÞ ¼
0 1 0
�1 0 0
0 0 1

0
@

1
A; ~Q ¼ ð~ei � ekÞ ¼

1 0 0
0 0 1
0 �1 0

0
@

1
A

The tensor matrices in the three coordinate systems are B ¼ �B ¼ ~B and must
satisfy the transformation formulas:

�B ¼ �QB�QT ¼ B )
B22 �B21 B23

�B12 B11 �B13

B32 �B31 B33

0
B@

1
CA ¼

B11 B12 B13

B21 B22 B23

B31 B32 B33

0
B@

1
CA)

B22 ¼ B11 ¼ b; a scalar, B23 ¼ B13 ¼ �B13 ¼ 0; B32 ¼ B31 ¼ �B31 ¼ 0 ð1Þ

~B ¼ ~QB~QT ¼ B )
B11 B13 �B12

B31 B33 �B32

�B21 �B23 B22

0
B@

1
CA ¼

B11 B12 B13

B21 B22 B23

B31 B32 B33

0
B@

1
CA)

B22 ¼ B33 ¼ b; B13 ¼ B12 ¼ �B12 ¼ 0; B31 ¼ B21 ¼ �B21 ¼ 0 ð2Þ

From the results (1) and (2) we conclude that:

B11 B12 B13

B21 B22 B23

B31 B32 B33

0
@

1
A ¼

b 0 0
0 b 0
0 0 b

0
@

1
A ¼ b1 ) B ¼ b1 QED

Problem 3.3 Show by induction that the result (3.3.32) follows from the formula
(3.3.30).

Sij ¼
X
k

rkakiakj , S ¼
X
k

rkak 
 ak ð3:3:30Þ

Sn ¼
X
k

rkð Þnak 
 ak; n ¼ 1; 2; 3; . . . ð3:3:32Þ

Solution In a Cartesian coordinate system Ox with base vectors ek � ak ¼ dkiei the
tensor S is in accordance with the formula (3.3.30) represented by the components:
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Sij ¼
X
k

rkakiakj ¼
X
k

rkdkidkj ¼ ridij ð1Þ

If we assume that the formula is correct for a natural number n, the tensors
Sn and Snþ 1 ¼ SnS has in the system Ox the components:

Snij ¼
X
k

rkð Þnakiakj ¼ rið Þndij ð2Þ;

Snþ 1
ij ¼ SnirSrj ¼

X
r

rið Þn dir
 !

rrdrj
� 	 ¼ rið Þnþ 1 dij ð3Þ

Because the formula (2) is correct for n ¼ 1; according to formula (1), the
formula (3) shows that the formula (2) is correct for n ¼ 1þ 1 ¼ 2: By induction
the formula (2) is correct for any natural number n ¼ 1; 2; 3; . . .:

Problem 3.4 Show that the definition (3.3.33) of a positive definite and symmetric
second order tensor S implies that all the principal values and the principal
invariants of the tensor are positive.

Solution Let S be a positive and symmetric second order tensor. Then by definition:

c � S � c[ 0 for all vectors c 6¼ 0 ð3:3:33Þ

Let the principal values and the principal directions of S be rk and ak. Then by
definition of rk and ak: S � ak ¼ rkak: For a vector c ¼ ak the definition (3.3.33)
implies:

for k ¼ 1; 2; or 3 : ak � S � ak ¼ ak � S � akð Þ ¼ ak � rkakð Þ ¼ rkak � ak ¼ rk [ 0

Hence the principal values rk of the tensor S are all positive. The formulas
(3.3.25) now imply that all principal invariants of the tensor S are positive.

Problem 3.5 The general form of the linear, symmetric isotropic tensor-valued
function B[A] of a symmetric second order tensor A is given by the formula:

B A½ � ¼ cþ ktrAð Þ1þ 2lA ð3:9:16Þ

Derive the relations:

B0 A½ � ¼ 2lA0; Bo A½ � ¼ 3jAo þ c1 ð3:9:19Þ

Solution The tensors A and B are decomposed into deviators and isotrops:

B ¼ B0 þBo; B0 ¼ B� Bo; Bo ¼ 1
3

trBð Þ1; A ¼ A0 þAo; A0 ¼ A� Ao;

Ao ¼ 1
3

trAð Þ1
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Formula (3.9.16) implies that: trB ¼ cþ ktrAð Þtr1þ 2l trA ¼ 3cþ 3kþ 2lð ÞtrA.
We then get:

Bo ¼ 1
3
3cþ 3kþ 2lð ÞtrA½ �1 ¼ 3cþ 2lð ÞAo þ c1 ¼ 3jAo þ c1; j ¼ kþ 2

3
l

B0 ¼ B� Bo ¼ cþ ktrAoð Þ1þ 2l
1
3
trAo

� �
1

� �
þA0

� �� 


� 3kþ 2lð Þ 1
3
trAo

� �
1

� �
þ c1

� 

¼ 2lA0

) B0 ¼ 2lA0; Bo ¼ 3jAo þ c1; j ¼ kþ 2
3
l ) ð3:9:19Þ

Chapter 4
Problem 4.1 Show that in homogeneous deformation of a body of continuous
material, formula (4.2.26), planes and straight lines in the reference configuration
K0 deform into planes and straight lines in the present configuration K.

Solution Homogeneous deformation is defined by:

rðr0; tÞ ¼ u0ðtÞþFðtÞ � r0 ð4:2:26Þ

A material plane in K0 through any two particles r0 and r10 and with unit normal
vector a0 is defined by:

r10 � r0ð Þ � a0 ¼ 0 ð1Þ

In the present configuration K the particle r0 has moved to a new place r and the
particle r10 has moved to the place r1: The formula (4.2.26) and Eq. (1) imply that:

r1 � r ¼ F � r10 � r0ð Þ ¼ 0 ) r10 � r0 ¼ F�1 � r1 � rð Þ ¼ 0 )
r10 � r0ð Þ � a0 ¼ F�1 � r1 � rð Þ
 � � a0 ¼ 0 )
r1 � rð Þ � F�T � a0 ¼ 0 ð2Þ

Introducing the vector a ¼ F�T � a0 in Eq. (2) implies that:

r1 � rð Þ � a ¼ 0 ð3Þ

By comparing the Eqs. (1) and (3) we may conclude that the material plane (1) in
K0 is deformed into the material plane (3) in K. Material straight lines represent
intersections of material planes. Hence we have proved that: In homogeneous
deformation of a body of continuous material planes and straight lines in the
reference configuration K0 deform into planes and straight lines in the present
configuration K.
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Problem 4.2 Develop the relations

_F ¼ LF , L ¼ _FF
�1 ð4:5:28Þ

D ¼ 1
2R _UU

�T þU�1 _U
� �

RT ð4:5:29Þ
W ¼ _RR

T þ 1
2R _UU

�T � U�1 _U
� �

RT ð4:5:30Þ
_E ¼ 1

2F
T LþLT
� 	

F ¼ FTDF ð4:5:31Þ

Solution By definition:

F ¼ @rðro; tÞ
@ro

) Fik ¼ @xi
@Xk

; v ¼ _r ¼ @rðro; tÞ
@t

) vi ¼ @xi
@t

;

L ¼ @v
@r

, Lik ¼ @vi
@xk

We obtain:

_Fik ¼ @

@t
@xi
@Xk

� �
¼ @

@Xk

@xi
@t

¼ @vi
@Xk

¼ @vi
@xj

@xj
@Xk

¼ LijFjk ) _F ¼ LF , ð4:5:28Þ

By polar decomposition: F ¼ RU ) _F ¼ _RUþR_U; F�1 ¼ U�1R�1 ¼ U�1RT ð1Þ
From the Eqs. (4.5.28) and (1) we get:

L ¼ _FF
�1 ¼ _RUþR_U

� 	
U�1RT
� 	 ¼ _RR

T þR _UU
�1

� �
RT ð2Þ

RRT ¼ 1 ) _RR
T þR_RT ¼ 0 ) _RR

T
� �T

¼ � _RR
T ð3Þ

From the Eqs. (4.4.4), (2), (3), and (4.4.5) we get:

D ¼ 1
2

LþLT
� 	 ¼ 1

2
_FF

�1 þF�T _F
T

� �
) D ¼ 1

2
R _UU

�1 þU�1 _U
� �

RT ) ð4:5:29Þ

W ¼ 1
2

L� LT
� 	 ¼ 1

2
_FF

�1 � F�T _F
T

� �
)

W ¼ _RR
T þ 1

2
R _UU

�1 � U�1 _U
� �

RT ) ð4:5:30Þ

The Eqs. (4.2.11), (4.2.10), (4.5.28), and (4.4.4) imply that: E ¼ 1
2

C� 1ð Þ ¼
1
2

FTF� 1
� 	 )

_E ¼ 1
2

_F
T
FþFT _F

� �
¼ 1

2
FTLTFþFTLF
� 	 ¼ 1

2
FT LT þL
� 	

F ¼ FTDF )
_E ¼ 1

2
FT LþLT
� 	

F ¼ FTDF , ð4:5:31Þ
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Problem 4.3 Derive the formula:

_J ¼ J div v ð4:5:33Þ:

Solution The formulas (1.1.24) and (1.1.27) imply:

@ detFð Þ
@Fik

¼ CoFik; CoFikð ÞFjk ¼ detFð Þdij ð1Þ

By the definition (4.5.32): J ¼ detF: From the formulas (1), (4.5.28), and (4.4.3)
we obtain:

_J ¼ @ detFð Þ
@Fik

_Fik ¼ CoFikð Þ LijFjk
� 	 ¼ detFdijLij ¼ detFð ÞLkk ¼ detFð Þvk;k )
_J ¼ J div v ) ð4:5:33Þ

Chapter 5
Problem 5.1 Develop the (5.2.7) of Hooke’s law from the form (5.2.5).

E ¼ 1þ m
g

T� m
g

trTð Þ1 ð5:2:5Þ

T ¼ g
1þ m

Eþ m
1� 2m

trEð Þ1
h i

ð5:2:7Þ

Solution The formula (5.2.5) implies:

trE ¼ 1þ m
g

trT� m
g

trTð Þtr 1 ¼ 1� 2m
g

trT ) trT ¼ g
1� 2m

trE ð1Þ

The formulas (5.2.5) and (1) imply:

T ¼ g
1þ m

Eþ m
1� 2m

trEð Þ 1
h i

, ð5:2:7Þ

Problem 5.2 Develop the decomposition (5.2.14)–(5.2.16) from Hooke’s law
(5.2.7).

T ¼ g
1þ m

Eþ m
1� 2m

trEð Þ1
h i

ð5:2:7Þ

j ¼ g
3 1� 2mð Þ ð5:2:11Þ2; l ¼ g

2 1þ mð Þ ð5:2:9Þ
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T ¼ To þT0; E ¼ Eo þE0 ð5:2:14Þ
To ¼ 1

3
trTð Þ1 ¼ ro1; Eo ¼ 1

3
trEð Þ1 ¼ 1

3
ev1 ð5:2:15Þ

To ¼ 3jEo; T0 ¼ 2lE0 ð5:2:16Þ

Solution The formula (5.2.7) implies:

trT ¼ g
1þ m

trEþ m
1� 2m

trEð Þtr 1
h i

¼ g
1þ m

1� 2m
1� 2m

þ 3m
1� 2m

� 

trE )

trT ¼ g
1� 2m

trE ð1Þ

The formulas (1) and (5.2.11)2 imply that:

To ¼ 1
3

trTð Þ1 ¼ g
3 1� 2mð Þ trEð Þ1 ¼ 3jEo , ð5:2:16Þ1

T0 ¼ T� To ¼ g
1þ m

E0 þE0� 	þ 3m
1� 2m

1
3

trEð Þ1
� 


� g
1� 2mð ÞE

o

¼ g
1þ m

E0 þ g
1þ m

Eo 1þ 3m
1� 2m

� 1þ m
1� 2mð Þ

� 

) T0 ¼ g

1þ m
E0 ¼ 2lE0 , ð5:2:16Þ2

Chapter 6
Problem 6.1 Derive the formula (6.4.21) for the determinant of a second order
tensor from the definition (3.3.10).

Solution Formula (6.4.21): detB ¼ det Bij
� 	

=g ¼ det Bi
jð Þ ¼ det Bi

j

� �
¼ det Bijð Þg

Definition (3.3.10) of the determinant of a second order tensor B:

detB ¼ detB ¼ detðBijÞin Cartesian coordinates

Let Ox be a Cartesian coordinate system with base vectors ei, and y a general
coordinate system with base vectors gk and g

l: By the formulas (6.2.11) and (6.2.19):

ei ¼ @yk

@xi
gk ¼

@xi
@yk

gk

The components of a second order tensor B in the two coordinate systems are by
definition:
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B ei; ei½ � in theOx-system and

Bkl¼B gk; gl½ �; Bl
k ¼ B gk; g

l

 �

; Bk
l ¼ B gk; gl


 �
; Bkl ¼ B gk; gl


 �
in the y-system

It follows that:

B ei; ej

 � ¼ B

@yk

@xi
gk;

@yl

@xj
gl

� 

¼ B

@yk

@xi
gk;

@xj
@yl

gl
� 


¼ B
@xi
@yk

gk;
@yl

@xj
gl

� 

¼ B

@xi
@yk

gk;
@xj
@yl

gl
� 


¼ @yk

@xi

@yl

@xj
B gk; gl½ � ¼ @yk

@xi

@xj
@yl

B gk; g
l


 � ¼ @xi
@yk

@yl

@xj
B gk; gl

 � ¼ @xi

@yk
@xj
@yl

B gk; gl

 �

) B ei; ei½ � ¼ @yk

@xi

@yl

@xj
Bkl ¼ @yk

@xi

@xj
@yl

Bl
k ¼

@xi
@yk

@yl

@xj
Bk
l ¼

@xi
@yk

@xj
@yl

Bkl

Now we apply the multiplication theorem for determinants (1.1.23) and the
formulas:

det
@yk

@xi

� �
¼ Jyx ¼

1ffiffiffi
g

p ; det
@xi
@yk

� �
¼ Jxy ¼

ffiffiffi
g

p
from the formulas ð6:2:30Þ

and obtain:

detB ¼ det B ei; ei½ �ð Þ ¼ det
@yk

@xi

� �
det Bklð Þ det @yl

@xj

� �
¼ @yk

@xi

� �
det Bl

k

� 	
det

@xj
@yl

� �

¼ det
@xi
@yk

� �
det Bk

l

� 	
det

@yl

@xj

� �
¼ det

@xi
@yk

� �
det Bkl
� 	

det
@xj
@yl

� �
)

detB ¼ Jyx det Bklð ÞJyx ¼ Jxy det B
k
l

� 	
Jyx ¼ Jyx det B

l
k

� 	
Jxy ¼ Jxy det B

kl
� 	

Jxy ¼
detB ¼ det Bij

� 	
=g ¼ det Bj

i

� 	 ¼ det Bi
j

� �
¼ det Bij

� 	
g ) ð6:4:21Þ

Problem 6.2 Show that the symbols eijk and eijk defined by the formulas (6.2.22)
and (6.2.24) are components in a general coordinate system y of the permutation
tensor P defined by the formula:

a ¼ abc½ � � a� bð Þ � c½ � ¼ P a; b; c½ � ð3:1:25Þ

Solution The formulas (3.1.25) and (6.2.25) imply that:

Pijk ¼ P gi; gj; gk

 � ¼ eijk; Pijk ¼ P gi; g j; gk


 � ¼ eijk QED

Problem 6.3 Prove the identity: eijk ersk ¼ dird
j
s � disd

j
r (6.4.23), using the identity:

eijkersk ¼ dirdjs � disdjr ð1:1:19Þ
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Solution By the formulas (6.2.24) and (6.2.22):

eijk ¼ Jyxeijk; ersk ¼ Jxyersk

The formulas (6.2.4) imply that: JyxJ
x
y ¼ 1. Applying the identity (1.1.19) we

obtain:

eijk ersk ¼ JyxeijkJ
x
yersk ¼ eijkersk ¼ dirdjs � disdjr ) eijk ersk ¼ dird

j
s � disd

j
r QED

Problem 6.4 Prove the formulas (6.5.3), (6.5.4), and (6.5.5).

Ck
ij ¼ gklCijl; Cijk ¼ gklC

l
ij ð6:5:3Þ

gij;k ¼ Cikj þCjki; Cijk ¼ 1
2

gik;j þ gjk;i � gij;k
� 	 ð6:5:4Þ

gk;j ¼ �Ck
ij g

i ð6:5:5Þ

Solution Proof of the formulas (6.5.3). By the definition of the Christoffel symbols:
gi;j ¼ Cijkgk ¼ Ck

ij gk. From the formulas (6.5.1) it follows that:

gi;j �gl ¼ Cijkgk � gl ¼ Ck
ijgk � gl ) Cijkg

kl ¼ Ck
ijd

l
k ¼ Cl

ij ) ð6:5:3Þ1
gi;j �gl ¼ Cijkgk � gl ¼ Ck

ijgk � gl ) Cijkd
k
l ¼ Ck

ijgkl ¼ Cijl ) ð6:5:3Þ2

Proof of the formulas (6.5.4). gij;k ¼ gi � gj
� 	

;k ¼ gi;k �gj þ gi � gj;k ¼
Cikl gl
� 	 � gj þ gi � Cjkl gl

� 	 ¼ Cikj þCjki ) ð6:5:4Þ1
The formula (6.5.4)1 and the symmetry: Cjik ¼ Cijk )

1
2

gik;j þ gjk;i �gij;k
� 	 ¼ 1

2
Cijk þCkji

 �þ Cjik þCkij


 �� Cikj þCjki

 �� 	

¼ 1
2

Cijk þCjik þ Ckji � Cjki

 �þ Ckij � Cikj


 �� 	 ¼ Cijk ) ð6:5:4Þ2

Proof of the formula (6.5.5).

gk � gi ¼ dki ) g;kj �gi þ gk � gi;j ¼ 0 and with the formula ð6:5:1Þ )
gk; j �gi ¼ �gk � gi; j ¼ �gk � Cl

ijgl
� �

¼ �Ck
ij ) gk; j ¼ �Ck

ij g
i ) ð6:5:5Þ
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Problem 6.5 Use the formulas (6.5.4)1, (1.1.24), and (6.2.31):

gij;k ¼ Cikj þCjkið6:5:4Þ1; Cogjk ¼ @g
@gjk

ð1:1:24Þ; gjk ¼ Cogjk
g

ð6:2:31Þ

To prove the formulas:

Ck
ik ¼

1
2g

g;i ¼ 1ffiffiffi
g

p ffiffiffi
g

p� 	
;i ð6:5:6Þ

Solution We use the formulas (1.1.24) and (6.2.31) and obtain:

@g
@gjk

¼ Co gjk = ggjk ð1Þ

From the formulas (1), (6.5.4)1, and (6.5.3) we get:

g;i ¼ @g
@gjk

gjk;i ¼ ggjkgjk;i ¼ ggjk Cjik þCkij

 � ¼ g C j

ji þCk
ki

h i
¼ 2gCk

ik ) Ck
ik

¼ 1
2g

g;i ) ð6:5:6Þ1

Furthermore with the formuls (6.5.6)1:

ffiffiffi
g

p� 	
;i ¼

d
ffiffiffi
g

p
dg

g;i ¼ 1
2
ffiffiffi
g

p g;i ¼ 1
2
ffiffiffi
g

p 2gCk
ik

� 	) Ck
ik ¼

1ffiffiffi
g

p ffiffiffi
g

p� 	
;i ) ð6:5:6Þ2

Problem 6.6 Derive the transformation rule (6.5.10) for the Christoffel symbols of
the second kind.

�Ck
ij ¼

@yr

@�yi
@ys

@�y j
@�yk

@yt
Ct
rs þ

@2yr

@�yi@�y j
@�yk

@yr
ð6:5:10Þ

Solution By the definitions (6.5.1):

@�gi
@�y j

� �gi;j ¼ �Ck
ij �gk;

@gr
@ys

� gr;s ¼ Ct
rs gt ð1Þ

The relations between the base vectors in two general coordinate systems y and �y
are:

�gi ¼
@yr

@�yi
gr; gr ¼

@�yk

@yr
�gk

356 Appendix: Problems with Solutions



We compute:

�gi;j ¼
@yr

@�yi
@gr
@ys

@ys

@�y j
þ @2yr

@�y j@�yi
gr

¼ @yr

@�yi
Ct
rsgt

@ys

@�y j
þ @2yr

@�y j@�yi
@�yk

@yr
�gk ¼

@yr

@�yi
Ct
rs
@ys

@�y j
@�yk

@yt
�gk þ

@2yr

@�y j@�yi
@�yk

@yr
�gk )

�gi;j ¼
@yr

@�yi
@ys

@�y j
@�yk

@yt
Ct
rs þ

@2yr

@�y j@�yi
@�yk

@yr

� 

�gk 2ð Þ

Equations (1) and (2) imply:

�Ck
ij ¼

@yr

@�yi
@ys

@�y j
@�yk

@yt
Ct
rs þ

@2yr

@�y j@�yi
@�yk

@yr
) ð6:5:10Þ

Problem 6.7 Use the formula: akjj ¼ ak;j �alCl
kj from the formula ð6:5:31Þ2 to

prove the last two equalities in Eq. (6.5.50).

rot a � curl a � r� a ¼ eijkak jjgi ¼ eijk ak;jgi ¼
1ffiffiffi
g

p det
g1 g2 g3
@
@y1

@
@y2

@
@y3

a1 a2 a3

0
@

1
A ð6:5:50Þ

Solution Symmetry and antisymmetry imply:

Cl
kj ¼ Cl

jk; eijk ¼ �eikj ) eijkCl
kj ¼ �eikjCl

kj ¼ �eijkCl
jk ¼ �eijkCl

kj ¼ 0

We now can write: eijkak jjgi ¼ eijk ak;j �alCl
kj

h i
gi ¼ eijkak;j gi ð1Þ

The formulas (6.2.24) and (6.2.30) imply that: eijk ¼ Jyxeijk ¼ eijk=
ffiffiffi
g

p ð2Þ
From the results (1) and (2) we obtain:

eijkak jjgi ¼
1ffiffiffi
g

p eijkak;j ¼ 1ffiffiffi
g

p det
g1 g2 g3
@
@y1

@
@y2

@
@y3

a1 a2 a3

0
@

1
A QED

Problem 6.8 Derive the formulas (6.5.51) for the divergence of a vector field by
using the formulas (6.5.49), (6.2.31)1, and (6.5.6).

div a � r � a ¼ 1ffiffiffi
g

p ffiffiffi
g

p
ai

� 	
; i ð6:5:51Þ

div a � r � a ¼ ai ji ð6:5:49Þ;
ai jj ¼ ai; j þ akCi

kj ð6:5:31Þ1;

Ck
ik ¼

1
2g

g;i ¼ 1ffiffiffi
g

p ffiffiffi
g

p� 	
; i ð6:5:6Þ;
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Solution We use the formulas (6.5.49), (6.2.31)1, and (6.5.6) to write:

div a ¼ ai ji ¼ ai;i þ akCi
ki ¼ ai;i þ ak

1ffiffiffi
g

p ffiffiffi
g

p� 	
;k ¼ 1ffiffiffi

g
p ffiffiffi

g
p

ai;i þ ffiffiffi
g

p� 	
;i a

i

 � ¼ 1ffiffiffi

g
p ffiffiffi

g
p

ai
� 	

;i )

div a ¼ ai ji ¼
1ffiffiffi
g

p ffiffiffi
g

p
ai

� 	
;i , ð6:5:51Þ

Problem 6.9 Derive the formula (6.5.99) using the formula (6.5.51):

r2a ¼ 1ffiffiffi
g

p ffiffiffi
g

p
gija; j

� 	
; i ð6:5:99Þ; div a ¼ r � a ¼ 1ffiffiffi

g
p ffiffiffi

g
p

ai
� 	

; i ð6:5:51Þ

Solution We define the vector: a ¼ grada � ra ¼ gija;j gi: The formula (6.5.51)
gives the result:

r2a ¼ r � ra ¼ r � a ¼ 1ffiffiffi
g

p ffiffiffi
g

p
gija; j

� 	
; i ) r2a ¼ 1ffiffiffi

g
p ffiffiffi

g
p

gija; j
� 	

; i , ð6:5:99Þ

Problem 6.10 Derive the formula: r� r� að Þ ¼ 1ffiffi
g

p @
@yk

ffiffiffi
g

p
gkrgis @ar

@ys � @as
@yr

� �h i
gi

ð6:5:107Þ
Solution We define the vector b ¼ r� a. The formula (6.5.50) gives:

b ¼ r� a ¼ eijk ak jjgi ¼ eijka
k j jgi ) bi ¼ eijka

k j j ¼ eijkg
krgjsar js

r� r� að Þ ¼ r � b ¼ etpi bi jpgt ¼ etpi bi;p gt ¼ etpi
@

@yp
eijk g

krgjsar js

 �

gt ð1Þ

We now use the formulas (6.2.22), (6.2.30).(6.2.24), and (1.1.19) to obtain.

eijk ¼ Jxy eijk ¼
ffiffiffi
g

p
eijk; etpi ¼ Jyx etpi ¼

1ffiffiffi
g

p etpi; etpieijk ¼ etpiejki ¼ dtjdpk � dtkdpj

The formula (1) is then rewritten to:

r� r� að Þ ¼ 1ffiffi
g

p @
@yp

ffiffiffi
g

p
gkrgjsar js dtjdpk � dtkdpj

� 	
 �
gt ¼ 1ffiffi

g
p @

@yp
ffiffiffi
g

p
gprgts ar js � as jr

� 	
 �
gt )

r� r� að Þ ¼ 1ffiffi
g

p @
@yp

ffiffiffi
g

p
gprgts ar js � as jr

� 	
 �
gt ð2Þ

We apply the formula (6.5.31)2 and the symmetry of the Christoffel symbols to
obtain the result:
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ar js � as jr ¼ ar;s �atC
t
rs

� 	� as;r �atC
t
sr

� 	 ¼ ar;s �as;r ¼ @ar
@ys

� @as
@yr

ð3Þ

When the result (3) is inserted into the formula (2) we obtain the formula
(6.5.107).

Chapter 7
Problem 7.1 Derive the formulas (7.4.14) and (7.4.15).

~Eij ¼ 1
2

gi � u;j þ gj � u;i �u;i �u;j
� 	 ¼ 1

2
ui jj þ uj ji � uk jiuk jj
� �

ð7:4:14Þ
E ¼ FT ~EF , EKL ¼ ~EijFi

KF
j
L ð7:4:15Þ

Solution Derivation of the formula (7.4.14).
First we develop the relations between the material line elements

dr0 of length ds0 and dr of length ds:

r ¼ r0 þ u ) dr ¼ dr0 þ du; ds ¼ drj j; ds0 ¼ dr0j j; dsð Þ2¼ dr � dr )
ds0ð Þ2¼ dr0 � dr0 ¼ dr� duð Þ � dr� duð Þ ¼ dsð Þ2�2dr � duþ du � du )
dsð Þ2� ds0ð Þ2¼ 2dr � du� du � du ð1Þ

From the formulas (6.5.35) we get:

du ¼ u;j dy j ¼ uk jjgkdy j ¼ uk jigk dyi )
2dr � du ¼ 2 gi dy

i
� 	 � u;j dy j

� 	 ¼ gi � u;j þ gj � u;i
� 	

dyidy j ¼ ui jj þ uj j i
� �

dyidy j ð2Þ
du � du ¼ u;i dyi

� 	 � u;j dy j
� 	 ¼ uk jiuk j jdyidy j ð3Þ

The results (2) and (3) are substituted into the formula (1) and we obtain, with
reference to formula (7.4.12):

dsð Þ2� ds0ð Þ2¼ dyi gi � u;j þ gj � u;i
� 	

dy j ¼ dyi ui jj þ uj j i � uk jiuk j j
� �

dy j

¼ 2dr � ~E � dr ð4Þ )
~Eij ¼ 1

2
gi � u;j þ gj � u;i �u;i � u;j
� 	 ¼ 1

2
ui jj þ uj ji � uk jiuk jj
� �

, ð7:4:14Þ

Derivation of the formula (7.4.15).
The formulas (7.3.1) and (7.3.3) give:

dr ¼ F � dr0 , dyi ¼ Fi
KdY

K ð5Þ

From the formulas (4) and (5) we obtain:
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dsð Þ2� ds0ð Þ2¼ 2dr � ~E � dr ¼ 2dyi~Eijdy j ¼ 2 Fi
K dY

K
� 	

~Eij F
j
L dY

L
� 	 ¼ 2dYK Fi

K
~EijF

j
L

� 	
dYL )

dsð Þ2� ds0ð Þ2¼ 2dr0 � FT ~EF
� 	 � dr0 ð6Þ

Because the tensors F; ~E; andE are independent of dr0; i:e: dYK ; we conclude
from the result (6) and the result formula (7.3.10): dsð Þ2� ds0ð Þ2¼ 2dr0 � E � dr0
from the formula (7.3.10), that:

E ¼ FT ~EF , EKL ¼ ~EijFi
KF

j
L , ð7:4:15Þ

Problem 7.2 Derive the formula (7.6.3).

_cK ¼ �vK jjLcL ð7:6:3Þ

Solution By definition of the base vectors cK and cL; and by Eq. (7.6.2):

cK � cL ¼ dKL and _cL ¼ vN jjLcN ) _cK � cL þ cK � _cL ¼ 0 ) _cK � cL þ cK � vN jjLcN
� 	 ¼ 0 )

_cK � cL ¼ �vK jjL ) _cK ¼ �vK jjLcL , ð7:6:3Þ

Problem 7.3 Show that Eq. (7.6.18) follows from Eq. (7.6.17).

@cBi
j ¼ _Bi

j � Bk
j v

i jk þBi
kv

k jj ð7:6:17Þ
@cBi

j ¼ @
@t B

i
j þBi

j;k v
k � Bk

j v
i;k þBi

kv
k;j ð7:6:18Þ

Solution The following equations are used:

ð7:2:12Þ ) _Bi
j ¼

@

@t
Bi
j þBi

j jkvk; ð6:5:31Þ1 ) vi jk ¼ vi;k þ vlCi
lk

ð6:5:81Þ ) Bi
j jk ¼ Bi

j;k þBl
jC

i
lk � Bi

lC
l
jk

From Eq. (7.6.17) we obtain:

@cB
i
j ¼ _Bi

j � Bk
j v

i jk þBi
kv

k jj
¼ @

@t
Bi
j þ Bi

j;k þBl
jC

i
lk � Bi

lC
l
jk

� �
vk

� 

� Bk

j vi;k þ vlCi
lk

� 	þBi
k vk;j þ vlCk

lj

� �
)

@cB
i
j ¼

@

@t
Bi
j þBi

j;k v
k � Bk

j v
i;k þBi

kv
k;j , ð7:6:18Þ

Problem 7.4 Derive the expression (7.6.18) for the convective derivatives of the
components of an objective tensor of second order B by applying the Oldroyd
method described in connection with Eqs. (7.6.19) and (7.6.20).
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@cB
i
j ¼

@

@t
Bi
j þBi

j;k v
k � Bk

j v
i;k þBi

kv
k;j ð7:6:18Þ

Solution The following equations are used:

ð7:6:12Þ: @cBK
L ¼ @

@t
BK
L ð1Þ; ð7:6:19Þ: BK

L ¼ @YK

@yi
@y j

@YL B
i
j ð2Þ;

ð7:6:20Þ: @cBr
s ¼ @cBK

L
@yr

@YK

@YL

@ys
ð3Þ; ð7:2:13Þ: _Bi

j ¼
@Bi

j

@t
þBi

j;k v
k

Material differentiation of Eq. (2) gives:

@cB
K
L ¼ @

@t
BK
L ¼ @YK

@yi

:

@y j

@YL
Bi
j þ

@YK

@yi
@2y j

@t@YL
Bi
j þ

@YK

@yi
@y j

@YL
_Bi
j ð4Þ

(4) ! (3) )

@cB
r
s ¼ @cB

K
L
@yr

@YK

@YL

@ys
¼ @YK

@yi

:

@y j

@YL B
i
j
@yr

@YK

@YL

@ys

þ @YK

@yi
@2y j

@t@YL B
i
j
@yr

@YK

@YL

@ys
þ @YK

@yi
@y j

@YL
_Bi
j
@yr

@YK

@YL

@ys
)

@cB
r
s ¼

@YK

@yi

:

@yr

@YK
Bi
s þ

@vk

@ys
Br
k þ _Br

s
@Br

s

@t
þBr

s;kv
k

� �
ð5Þ

We need an expression for @YK

@yi

:
@yr

@YK and write:

@yr

@YK

@YK

@yi
¼ dri )

@yr

@YK

@YK

@yi

:

þ @2yr

@t@YK

@YK

@yi
¼ 0 ) @yr

@YK

@YK

@yi

:

¼ � @vr

@YK

@YK

@yi

¼ �vr;i ð6Þ

When the result (6) is substituted into Eq. (5) we obtain:

@cB
r
s ¼

@

@t
Br
s þBr

s;k v
k � Bk

sv
r;k þBr

kv
k;s , ð7:6:18Þ

Problem 7.5 Derive the formula:

@cBij ¼ _Bij þBkjv
k ji þBikv

k jj ð7:6:23Þ1
Solution Let a and b be any two vector fields such that according to Eq. (7.6.8):
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@ca
i ¼ _ai � akvi jk; @cb

j ¼ _b j � bkv j jk ð1Þ

Let a scalar field be defined by: a ¼ B½a; b� ¼ Bijaib j: In a fixed y-system:

_a ¼ @cBija
ib j þBij @ca

i b j þ ai @cb
j

� 	 ¼ _Bija
ib j þBij _ai b j þ ai _b j

� 	 ð2Þ

The Eqs. (1) and (2) provide the result:

@cBij � _Bij

 �

aib j þBij _ai � akvi jk � _ai
� 	

b j þ ai _b j � bkv j jk � _b j
� 	
 � ¼ 0 )

@cBij � _Bij � Bkjv
k ji � Bikv

k jj
h i

aib j ¼ 0 ð3Þ

Because a and b may be any two vector fields, the term in the parenthesis [] must
be zero. Hence:

@cBij ¼ _Bij þBkjv
k ji þBikv

k jj , ð7:6:23Þ1
Problem 7.6 Show that the two sets of physical components of stress defined
respectively by Eqs. (7.7.8) and (7.7.11) are related through Eq. (7.7.12).

ski ¼ Tki
ffiffiffiffiffiffi
gkk
gii

r
ð7:7:8Þ; TðkiÞ ¼ Tk

i

ffiffiffiffiffiffi
gkk
gii

r
ð7:7:11Þ; ski ¼

X
j

TðkjÞgij
ffiffiffiffiffi
gjj
gii

r
ð7:7:12Þ

Solution The formulas (7.7.8) and (7.7.11) give:

ski ¼ Tki
ffiffiffiffiffiffi
gkk
gii

r
¼
X
j

Tk
j g

ij
� � ffiffiffiffiffiffi

gkk
gii

r
; Tk

j ¼ TðkjÞ
ffiffiffiffiffiffi
gjj
gkk

r

Then:

ski ¼ Tki
ffiffiffiffiffiffi
gkk
gii

r
¼
X
j

Tk
j g

ij
� � ffiffiffiffiffiffi

gkk
gii

r
¼
X
j

TðkjÞ
ffiffiffiffiffiffi
gjj
gkk

r� 

gij

� � ffiffiffiffiffiffi
gkk
gii

r

¼
X
j

TðkjÞgij
ffiffiffiffiffi
gjj
gii

r
, ð7:7:12Þ

Problem 7.7 Use the general Cauchy equations for orthogonal coordinates (7.7.18)
to develop the Cauchy equations (7.7.19) in cylindrical coordinates.

X
k

1
h

@

@yk
h
hk

TðikÞ
� �

þ 1
hi hk

@hi
@yk

TðikÞ � 1
hi hk

@hk
@yi

TðkkÞ
� 


þ q bðiÞ ¼ q aðiÞ
ð7:7:18Þ
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Solution In cylindrical coordinates ðR; h; zÞ: h1 ¼ 1; h2 ¼ R; h3 ¼ 1; h ¼ R:

Physical coordinate stresses: TðikÞð Þ ¼
rR sRh sRz
shR rh shz
szR szh rz

0
@

1
A

Equation (7.7.18) )

i ¼ 1:
1
R

@

@R
R
1
rR

� �
þ @

@h
R
R
sRh

� �
þ @

@z
R
1
sRz

� �� 

� 1
1 � Rrh þ q bR ¼ q aR

i ¼ 2:
1
R

@

@R
R
1
shR

� �
þ @

@h
R
R
rh

� �
þ @

@z
R
1
shz

� �� 

þ 1

1 � R shR þ q bh ¼ q ah

i ¼ 3:
1
R

@

@R
R
1
szR

� �
þ @

@h
R
R
szh

� �
þ @

@z
R
1
rz

� �� 

þ q bz ¼ q az

These equations are reorganized to:

@rR
@R

þ rR � rh
R

þ 1
R
@sRh
@h

þ @sRz
@z

þ qbR ¼ qaR

1
R2

@

@R
R2shR
� 	þ 1

R
@rh
@h

þ @shz
@z

þ qbh ¼ qah , ð7:7:19Þ
1
R

@

@R
RszRð Þþ 1

R
@shz
@h

þ @rz
@z

þ qbz ¼ qaz

Problem 7.8 Use the general Cauchy equations for orthogonal coordinates (7.7.18)
to develop the Cauchy equations (7.7.21) in spherical coordinates.

X
k

1
h

@

@yk
h
hk

TðikÞ
� �

þ 1
hi hk

@hi
@yk

TðikÞ � 1
hi hk

@hk
@yi

TðkkÞ
� 


þ q bðiÞ ¼ q aðiÞ
ð7:7:18Þ

Solution In spherical coordinates ðr; h;/Þ : h1 ¼ hr ¼ 1; h2 ¼ hh ¼ r; h3 ¼ h/ ¼
r sin h; h ¼ r2 sin h:

Physical coordinate stresses: TðikÞð Þ ¼
rr srh sr/
shr rh sh/
s/r s/h r/

0
@

1
A
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Equation (7.7.18) )

i ¼ 1:
1

r2 sin h
@

@r
r2 sin h

1
rr

� �
þ @

@h
r2 sin h

r
srh

� �
þ @

@/
r2 sin h
r sin h

sr/

� �� 


� 1
1 � r rh �

sin h
1 � r sin h r/ þ q br ¼ q ar

i ¼ 2:
1

r2 sin h
@

@r
r2 sin h

1
shr

� �
þ @

@h
r2 sin h

r
rh

� �
þ @

@/
r2 sin h
r sin h

sh/

� �� 


þ 1
r � 1 shr �

r cos h
r � r sin h r/ þ q bh ¼ q ah

i ¼ 3:
1

r2 sin h
@

@r
r2 sin h

1
s/r

� �
þ @

@h
r2 sin h

r
s/h

� �
þ @

@/
r2 sin h
r sin h

r/

� �� 


þ sin h
r sin h � 1 s/r þ

r cos h
r sin h � r s/h þ q b/ ¼ q a/

These equations are reorganized to:

@rr
@r

þ 2rr � rh � r/
r

þ 1
r sin h

@

@h
sin h srhð Þþ @sr/

@/

� 

þ qbr ¼ qar

1
r3

@

@r
r3shr
� 	þ 1

r sin h
@

@h
sin h rhð Þþ @sh/

@/

� 

� cot h

r
r/ þ qbh ¼ qah , ð7:7:21Þ

1
r3

@

@r
r3s/r
� 	þ 1

r sin2 h

@

@h
sin2 h s/h
� 	þ 1

r sin h
@r/
@/

þ qb/ ¼ qa/

Problem 7.9 Use the formulas (6.5.69) for the covariant derivatives of the vector
components viof a vector field vðr; tÞ to derive the formula (7.9.7) for the physical
components of the particle acceleration.

ð6:5:69Þ ) vi ji ¼ @
@yi

vðiÞ
hi

� �
þ P

k

vðkÞ
hk

1
hi

@hi
@yk; vi jk ¼ 1

hi
@vðiÞ
@yk � vðkÞ

h2i

@hk
@yi i 6¼ k

aðiÞ ¼ DvðiÞ
Dt þ P

k

vðkÞ
hihk

vðiÞ @hi
@yk � vðkÞ @hk@yi

n o
ð7:9:7Þ

Solution The general expression for the acceleration a in a general coordinate
system y is found in the formulas (7.9.4) as:

a ¼ @v
@t

þ v � rð Þv ) ai ¼ @vi

@t
þ vkvi jk
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For the index i ¼ 1 we write:

a1 ¼ @v1

@t
þ vkv1 jk ¼

@v1

@t
þ v1v1 j1 þ v2v1 j2 þ v3v1 j3 )

að1Þ ¼ h1a
1 ¼ h1

@

@t
vð1Þ
h1

� �
þ h1

vð1Þ
h1

@

@y1
vð1Þ
h1

� �
þ
X
k

vðkÞ
hk

1
h1

@h1
@yk

" #

þ h1
vð2Þ
h2

1
h1

@vð1Þ
@y2

� vð2Þ
h21

@h2
@y1

� 

þ h1

vð3Þ
h3

1
h1

@vð1Þ
@y3

� vð3Þ
h21

@h3
@y1

� 

)

að1Þ ¼ @vð1Þ
@t

þ vð1Þ 1
h1

@vð1Þ
@y1

� vð1Þ
h21

@h1
@y1

þ vð1Þ
h1

@h1
@y1

þ vð2Þ
h2

@h1
@y2

þ vð3Þ
h3

@h1
@y3

� 


þ vð2Þ
h2

@vð1Þ
@y2

� vð2Þ
h1

@h2
@y1

� 

þ vð3Þ

h3

@vð1Þ
@y3

� vð3Þ
h1

@h3
@y1

� 


¼ @vð1Þ
@t

þ vð1Þ
h1

@vð1Þ
@y1

� vð1Þ
h1

vð1Þ
h1

@h1
@y1

þ vð1Þ
h1

vð1Þ
h1

@h1
@y1

þ vð1Þ
h1

vð2Þ
h2

@h1
@y2

þ vð1Þ
h1

vð3Þ
h3

@h1
@y3

þ vð2Þ
h2

@vð1Þ
@y2

� vð2Þ
h2

vð2Þ
h1

@h2
@y1

þ vð3Þ
h3

@vð1Þ
@y3

� vð3Þ
h3

vð3Þ
h1

@h3
@y1

¼ @vð1Þ
@t

þ
X
k

vðkÞ
hk

@vð1Þ
@yk

þ
X
k

vð1Þ
h1

vðkÞ
hk

@h1
@yk

�
X
k

vðkÞ
hk

vðkÞ
h1

@hk
@y1

)

að1Þ ¼ @vð1Þ
@t

þ
X
k

vðkÞ
hk

@vð1Þ
@yk

" #
þ
X
k

vðkÞ
h1hk

@h1
@yk

@h1
@yk

vð1Þ � @hk
@y1

vðkÞ
� �" #

The operator (7.9.8) is utilized to define:

Dvð1Þ
Dt

¼ @vð1Þ
@t

þ
X
k

vðkÞ
hk

@vð1Þ
@yk

Hence we have the result:

að1Þ ¼ Dvð1Þ
Dt

þ
X
k

vðkÞ
h1hk

@h1
@yk

@h1
@yk

vð1Þ � @hk
@y1

vðkÞ
� �

The above formula is generalized to:

aðiÞ ¼ DvðiÞ
Dt

þ
X
k

vðkÞ
hihk

@hi
@yk

vðiÞ � @hk
@yi

vðkÞ
� �

, ð7:9:7Þ
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Chapter 8
Problem 8.1

(a) Use the formula (6.4.23) and the definitions (1.1.16) and (8.1.11) for the per-
mutation symbols

eijk; eijk; e
ijk; eab; eab; and eab ð1Þ

to prove the relationships:

eab e
cq ¼ dca d

q
b � dcb d

q
a ) eab e

cb ¼ dca ð8:1:12Þ

(b) Derive the formulas (8.1.13):

a1 � a2j j ¼ ffiffiffi
a

p
; a1 � a2 ¼

ffiffiffi
a

p
a3; aa � ab ¼ eaba3; aa � ab ¼ eaba3 ð8:1:13Þ1;2;3;4

a3 � aa ¼ eab ab; a3 � aa ¼ eabab ð8:1:13Þ5;6

Solution

(a) Proof of the formulas (8.1.12). From the definitions of the permutation symbols
(1) it follows that:

eab ¼ eab
ffiffiffi
a

p ¼ eab3
ffiffiffi
a

p
; eab ¼ eab=

ffiffiffi
a

p ¼ eab3=
ffiffiffi
a

p
; eabk ¼ 0

for k ¼ 1 or 2

From the formulas (6.4.23) and (1.1.19) it then follows that:

eabke
cqk ¼ dcad

q
b � dcbd

q
a ¼ eabe

cq ) ð8:1:12Þ1
ð8:1:12Þ1 ) eabe

cb ¼ dcad
b
b � dcbd

b
a ¼ dca2� dca ¼ dca ) ð8:1:12Þ2

(b) Derivation of the formulas (8.1.13).

a1 � a2j j2 ¼ a1j j2 a2j j2sin2 a1; a2ð Þ ¼ a11a22 1� cos2 a1; a2ð Þ
 �
¼ a11a22 1� a12ð Þ2

a11a22

" #
¼ a11a22 � a12ð Þ2¼ det aab

� 	 ¼ a )

a1 � a2 ¼
ffiffiffi
a

p
a3 ) aa � ab ¼ ffiffiffi

a
p

eaba3 ¼ eab a3 ) ð8:1:13Þ1;2;3

a1 � a2 ¼ a1aaa
� 	� a1bab

� 	 ¼ a1aa1baa � ab ¼ a1aa1beab a3

¼ a11a22 � a12
� 	2h i ffiffiffi

a
p

a3 )
a1 � a2 ¼ det aab

� 	 ffiffiffi
a

p
a3 ð1Þ
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Formula ð8:1:7Þ3 ) aaca
cb ¼ dba ) det aab

� 	
det aab
� 	 ¼ 1 ) det aab

� 	 ¼ 1= det aab
� 	

¼ 1=a ð2Þ
The equations ð1Þ and ð2Þ

) a1 � a2 ¼ a3=
ffiffiffi
a

p ) aa � ab ¼ eaba3 ) ð8:1:13Þ4

The formulas (8.1.11)3 and (8.1.5), i.e. aa � ai ¼ dai ; yield:

a3 � aað Þ � ab ¼ a3 � aa � ab
� 	 ¼ a3 � eaba3

� 	 ¼ eab
eaqaq � ab ¼ eaqd

q
b ¼ eab

�
) a3 � aa ¼ eabab

) ð8:1:13Þ5

The formula a3 � aa ¼ eabab ð8:1:13Þ6 is proved analogously.

Problem 8.2 The covariant components of the unit normal vector a3in a general
curvilinear coordinate system y are denoted by a�i such that a3 ¼ a�ig

i. Derive the
formula (8.1.14):

a�i
¼ 1

2
eijk

@y j

@ua
@yk

@ub
eab ð8:1:14Þ

Solution The following formulas are applied:

a3eab ¼ aa � ab ¼ eaba3 ð8:1:13Þ3; eabe
cb ¼ dca ð8:1:12Þ

aa ¼ gi
@yi

@ua
ð8:1:2Þ; gi � gi ¼ eijkgk ð6:2:21Þ

We now find:

eab a�i
gi ¼ eaba3 ¼ aa � ab ¼ gj

@y j

@ua

� �
� gk

@yk

@ub

� �

¼ @y j

@ua
@yk

@ub
ejkigi ) eab a�i

¼ @y j

@ua
@yk

@ub
ejki )

eabeab a�i
¼ @y j

@ua
@yk

@ub
ejkie

ab ¼ daa a�i
) a�i

¼ 1
2
eijk

@y j

@ua
@yk

@ub
eab , ð8:1:14Þ

Problem 8.3 Derive the formulas (8.1.18)–(8.1.20).

a3;a ¼ �Bab ab; aa;b ¼ �Ca
cb a

c þBcbaca a3 ð8:1:18Þ
aab;c ¼ Cacb þCbca; Cabc ¼ 1

2 aac;b þ abc;a �aab;c
� 	 ð8:1:19Þ

Ca
ab ¼ 1

2a a;b ¼ 1ffiffi
a

p ffiffiffi
a

pð Þ;b ð8:1:20Þ
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Solution Derivation of the formulas (8.1.18).
We use the formula (8.1.15): aa;b ¼ Cc

abac þBab a3 to obtain:

a3 � ab ¼ 0 ) a3;a �ab þ a3 � ab;a ¼ 0 ) a3;a �ab
¼ �a3 � Cc

baac þBbaa3
h i

) a3;a ¼ Babab ) ð8:1:18Þ1

To derive (8.1.18)2 we again use the formula (8.1.15): aa;b ¼ Cc
abac þBab a3 to

obtain:

aa � aq ¼ daq ) a;ab �aq þ aa � aq;b ¼ 0 ) aa;b � aq ¼ �aa � Cc
qbac þBqba3

h i
¼ �Ca

qb

aa � a3 ¼ 0 ) aa;b �a3 þ aa � a3;b ¼ 0 ) aa;b �a3 ¼ �aa � �Bbc ac

 � ¼ Bbcaac

)
)

aa ¼ �Ca
qba

a þBbcaaca3 ) ð8:1:18Þ2

Derivation of the formulas (8.1.19).

aab ¼ aa � ab ) aab;c ¼ aa;c �ab þ aa � ab;c )
aab;c ¼ Cq

acaq
� �

� ab þ aa � Cq
bc aq

� �
¼ Cq

acaqb þCq
bcaaq ¼ Cacb þCbca ) ð8:1:19Þ1

aac;b þ abc;a � aab;c ¼ Cabc þCcba
� 	þ Cbac þCcab

� 	� Cacb þCbca
� 	 ¼ Cabc þCbac ¼ 2Cabc )

Cabc ¼ 1
2

aac;b þ abc;a� aab;c
� 	 ) ð8:1:19Þ2

Derivation of the formulas (8.1.20).
The formulas (1.1.25), (1.1.29), and (8.1.17) provide the results:

Co aab ¼ @a
@aab

; aab ¼ Co aab
a

Then we obtain:

a;b ¼ @a
@aac

aac;b ¼ aaacaac;b ¼ aaac Cabc þCcba

� 	 ¼ 2aCa
abffiffiffi

a
pð Þ;c ¼ d

ffiffi
a

p
da a;c ¼ 1

2
ffiffi
a

p a;c

9=
;)

Ca
ab ¼ 1

2a
a;b ¼ 1ffiffiffi

a
p ffiffiffi

a
p� 	

;b ) ð8:1:20Þ

Problem 8.4 Show that the symbols eab and eab defined by the formulas (8.1.11):

eab ¼ eab
ffiffiffi
a

p
; eab ¼ eab=

ffiffiffi
a

p
; eab
� 	 ¼ 0 1

�1 0

� �
ð8:1:11Þ

represent the components of a surface tensor: the permutation tensor for surfaces.
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Solution Let be the components of the tensor in two different surface coordinate
systems �u and u be given by: the symbols �eab and�eab in the �u-system; and by
ecq and ecq in the u-system:We need to show that:

�eab ¼ @uc

@�ua
@uq

@�ub
ecq ð1Þ; �eab ¼ @�ua

@uc
@�ub

@uq
ecq ð2Þ

The fundamental parameters of first order in two surface coordinate systems
u and �u are related through the formulas:

�aab ¼ @uc

@�ua

@uq

@�ub
acq ð3Þ; �aab ¼ @�ua

@uc
@�ub

@uc
acq ð4Þ

Using the multiplication theorem (1.1.23) for determinants, we obtain from the
formulas (3) and (4):

�a ¼ det �aab
� 	 ¼ det

@uc

@�ua

� �� 
2
det akq
� 	 ¼ det

@uc

@�ua

� �� 
2
a ) ffiffiffi

�a
p ¼ det

@uc

@�ua

� � ffiffiffi
a

p ð5Þ

1
�a
¼ det �aab

� 	 ¼ det
@�ua

@uc

� �� 
2
det acqð Þ ¼ det

@uc

@�ua

� �� 
21
a
) 1ffiffiffi

�a
p ¼ det

@uc

@�ua

� �
1ffiffiffi
a

p ð6Þ

Applying the formulas (8.1.11) we obtain from the results (5) and (6):

@uc

@�ua
@uq

@�ub
ecq ¼ @uc

@�ua
@uq

@�ub
ecq

ffiffiffi
a

p ¼ @u1

@�ua
@u2

@�ub
� @u2

@�ua
@u1

@�ub

� 
 ffiffiffi
a

p

¼ det
@uc

@�uq

� �
eab

ffiffiffi
a

p ¼ eab
ffiffiffi
�a

p ¼ �eab ) �eab ¼ @uc

@�ua
@uq

@�ub
ecq ) ð1Þ

@�ua

@uc
@�ub

@uc
ecq ¼ @�ua

@uc
@�ub

@uq
ecq=

ffiffiffi
a

p ¼ @�ua

@u1
@�ub

@u2
� @�ua

@u2
@�ub

@u1

� 

1ffiffiffi
a

p

¼ det
@�uq

@uc

� �
eab

1ffiffiffi
a

p ¼ eab
1ffiffiffi
�a

p ¼�eab ) �eab ¼ @�ua

@uc
@�ub

@uc
ecq ) ð2Þ

Problem 8.5 Let S be a symmetric surface tensor field of second order. Show that
the angle / between a principal direction b corresponding to the principal value r;
and the base vector a1 in a surface coordinate system u is given by the formula:

tan/ ¼ r� S11
S21

a11ffiffiffi
a

p � a12ffiffiffi
a

p ð8:4:13Þ

Solution From Fig. 8.6 we obtain:
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sin/ ¼ b � a2ffiffiffiffiffi
a22

p ¼ baaað Þ � a2ffiffiffiffiffi
a22

p ¼ b1a12 þ b2a22ffiffiffiffiffi
a22

p

cos/ ¼ b � a1ffiffiffiffiffi
a11

p ¼ baaað Þ � a1ffiffiffiffiffi
a11

p ¼ b1ffiffiffiffiffi
a11

p

9=
;) tan/ ¼ sin/

cos/

¼ a12 þ b2
b1

a22
� � ffiffiffiffiffiffi

a11
a22

r
ð1Þ

From the formulas (8.1.9) and (8.4.8) we get:

ffiffiffiffiffiffi
a11
a22

r
¼ ffiffiffi

a
p

; a12 ¼ � a12
a

; a22 ¼ a11
a

ð2Þ;

rb1 ¼ S11b1 þ S21b2 )
b2
b1

¼ r� S11
S21

ð3Þ

The results (1), (2), and (3) combine to: tan/ ¼ r�S11
S21

a11ffiffi
a

p � a12ffiffi
a

p ) ð8:4:13Þ
Problem 8.6 Show that for a geodesic coordinate system u for a point P on a
surface yiðuÞthe following hold true:

aab;c ¼ aab;c ¼ a;a ¼ eab;c ¼ eab;c ¼ 0 in P ð8:5:29Þ

Solution Because the Christoffel symbols are zero in the pole P for a geodesic
coordinate system u, it follows from the formulas (8.1.9) and (8.1.20) that:

aab;c ¼ 0; a;a ¼ 0 inP ð1Þ

From the formulas (8.1.7) and (8.1.11) we write:

aaca
bc ¼ dba ; eab ¼ eab

ffiffiffi
a

p
; eab ¼ eab=

ffiffiffi
a

p ð2Þ

The results (1) and (2) yield the formulas (8.5.29).

Problem 8.7 Use the results (8.5.29) to prove that the formulas (8.5.30).

aab;c¼ aab;c ¼ a;a ¼ eab;c ¼ eab;c ¼ 0 ð8:5:29Þ

aab jc ¼ aab jc ¼ eab jc ¼ eab jc ¼ 0;
daab
ds

¼ daab

ds
¼ deab

ds
¼ deab

ds
¼ 0 ð8:5:30Þ

Solution In the special geodesic coordinate system u for the pole P the formulas
(8.5.29) represent the tensor equations:

aab jc ¼ aab jc ¼ eab jc ¼ eab jc ¼ 0 ð1Þ

and must therefore be valid in any general coordinate system u on the surface yiðuÞ.
The formulas (8.5.22) imply that:
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The results (1) and (2) prove the formulas 8.5.30).

Problem 8.8 Develop the formulas (8.5.31) for the covariant derivatives of the
components of a second order tensor D:

Dab jc ¼ Dab;c �DkbC
k
ac � DakC

a
bc; Da

b jc ¼ Da
b;c þDk

bC
a
kc � Da

kDakC
k
bc ð8:5:31Þ

Solution Formula (8.5.31)1 will be developed by the following procedure. For any
two coordinate systems u and �u in the surface the components Dqk and �Dab of the
tensor D are related through the formulas:

�Dab ¼ @uq

@�ua
@uk

@�ub
Dqk

It follows that:

@ �Dab

@�uc
¼ @uq

@�ua
@uk

@�ub
@Dqk

@u/
@u/

@�uc
þ @2uq

@�uc@�ua
@uk

@�ub
Dqk þ @uq

@�ua
@2uk

@�uc@�ub
Dqk ð1Þ

Let the system �u be a geodesic coordinate system in a point P in the surface.
Then according to the formulas (8.3.14) the result (1) gives in point P:

�Dab;k � @ �Dab

@�uc
¼ dqad

k
b
@Dqk

@u/
d/c � Cq

acd
k
bDqk � dqaC

k
bcDqk

¼ @Dab

@uc
� Ck

acDkb � Ck
bcDak in P ð2Þ

The components �Dab;k in Eq. (2) represent the covariant derivatives �Dab jk of the
tensor components �Dab in P in the system �u:The covariant derivatives Dab jk in the
point P for the system u are obtained from the transformation formulas:

Dab jc ¼
@�uq

@ua
@�uk

@ub
@�u/

@uc
�Dqk j/ ¼ dqad

k
ad

/
a
�Dqk;/ ¼ �Dab;k in P ð3Þ

The combination of the formulas (2) and (3) gives the result (8.5.31)1.
Formula (8.5.31)2 will be developed by another method. Let c be any surface

vector field and define the surface vector field b ¼ D � c ) ba ¼ Da
b c

b: The relation

ba ¼ Da
b c

b may be differentiated in two ways:

bajc ¼ Da
bjccb þDa

bc
bjc; ba;c ¼ Da

b;c c
b þDa

bc
b;c ð4Þ

The formulas (8.5.3) yield:
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ba jc ¼ ba;c þ bkCa
kc; cb jc ¼ cb;c þ ckCb

kc ð5Þ

From the Eqs. (4) and (5) we obtain:

bajc ¼ Da
b;c c

b þDa
bc

b;c

h i
þ bkCa

kc ¼ Da
bjccb þDa

b cb;c þ ckCb
kc

h i
)

Da
bjccb � Da

b;c c
b � Dk

bc
bCa

kc þDa
kc

bCk
bc ¼ 0 ) Da

bjc � Da
b;c �Dk

bC
a
kc þDa

kC
k
bc

h i
cb ¼ 0

Because the result is to be true for any choice of the vector c, the term in the
brackets [] must be zero:

Da
b j c � Da

b;c �Dk
bC

a
kc þDa

kC
k
bc ¼ 0 ) Da

b j c ¼ Da
b;c þDk

bC
a
kc � Da

kC
k
bc

) ð8:5:31Þ2

Problem 8.9 Show that: gij ja ¼ gij j a ¼ 0; eijk ja ¼ eijk j a ¼ 0 ð8:5:32Þ
Solution In a Cartesian coordinate y-system and a geodesic u-system:

gij ¼ gij ¼ dij; eijk ¼ eijk ¼ eijk )

gij ja ¼ gij ja ¼
@ðdijÞ
@ua

¼ 0; eijk j a ¼ eijk ja ¼
@ðeijkÞ
@ua

¼ 0 ð1Þ

Since the formulas (1) represent tensor equations the formulas also hold true in
space coordinate systems y and surface coordinate systems u. This argument proves
the formulas (8.5.32).

Problem 8.10 Derive the formulas: Bab ¼ @yi

@ua jb a�i ,
@yi

@ua jb ¼ Bab a�
i ð8:5:33Þ

Solution The following formulas will be used:

ð8:1:2Þ ) aa ¼ gi
@yi

@ua
; ð8:5:26Þ ) gi ja ¼ 0; ð8:5:28Þ ) aa jb ¼ Bab a3;

Definition : a3 ¼ a�ig
i

We find:

aa jb ¼ gi jb
@yi

@ua
þ gi

@yi

@ua
jb ¼ gi

@yi

@ua
jb ¼ Baba3 ¼ Bab a�

igi ) @yi

@ua
jb ¼ Bab a�

i ) ð8:5:33Þ2

ð8:5:33Þ2 ) @yi

@ua
jb a�i ¼ Bab a�

i a�i ) Bab ¼ @yi

@ua
jb a�i ) ð8:5:33Þ1

Problem 8.11 Let be /ðyÞ scalar field on a surface yiðuÞ: Show that:
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/ jab ¼ / jba ð8:5:38Þ

Solution By definition: / ja ¼ /;a : Using the formula (8.5.3)2 and the symmetry
of the Christoffel symbols we get:

/ jab ¼ / jað Þ;b �/ jcCc
ab ¼ /;ab �/;c C

c
ab ¼ / jba ) ð8:5:38Þ

Problem 8.12 Show that for the second covariant derivatives of the components
Dab of a second order surface tensor D:

Dab jcd � Dab jdc ¼ DrbR
r
acd þDarR

r
bcd; Dab jcd ¼ Dab jdc only when R ¼ 0

ð8:5:39Þ

Solution Let c by any surface vector field and define the surface vector field
b ¼ D � c ) ba ¼ Dab cb: It follows that:

bajc ¼ Dabjccb þDabc
bjc; bajcjd � bajcd

¼ Dabjcdcb þDabjccbjd þDabjdcbjc þDabc
bjcd

) Dabjcd � Dabjdc
h i

cb

¼ bajcd � bajdc
h i

� Dab cbjcd � cbjdc
h i

5� Dabjccbjd þDabjdcbjc � Dabjdcbjc � Dabjccbjd
h i

) ð1Þ

Using the formula (8.5.36) and the result Rr
bcd ¼ �Rrbcd from the formulas

(8.5.40) we can write:

ba jcd � ba jdc ¼ brR
r
acd ¼ Drb c

bRr
acd ð2Þ

Dab cb jcd � cb jdc
h i

¼ Dabc
rRb

rcd ¼ �DarcbRr
bcd ð3Þ

By combining the two formulas (1), (2), and (2) we obtain:

Dab jcd � Dab jdc � DrbR
r
acd � DarR

r
bcd

h i
cb ¼ 0

Because the result is to be true for any choice of the vector c, the term in the
brackets [] must be zero:

Dab jcd � Dab jdc � DrbRr
acd � DarRr

bcd ¼ 0 )
Dab jcd � Dab jdc ¼ DrbRr

acd þDarRr
bcd;Dab jcd ¼ Dab jdc onlywhenR ¼ 0 , ð8:5:39Þ
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Problem 8.13 Prove the formula for the Gauss curvature c of a surface yiðuÞ :

c ¼ 1
4
edaebcRdabc ð8:5:42Þ

Solution We use the formulas:

ð8:1:11Þ ) eab ¼ eab
ffiffiffi
a

p
; eab ¼ eab=

ffiffiffi
a

p
; ð8:1:12Þ ) eabe

cb ¼ dca
ð8:5:41Þ ) Rdabk ¼ cedaebc

Then we obtain:

edaebc
� 	

Rdabk
� 	 ¼ cedaebc

� 	
edaebc
� 	) edaebcRdabk ¼ cdaad

b
b ¼ c � 2 � 2 )

c ¼ 1
4 e

daebcRdabk , ð8:5:42Þ

Problem 8.14 Derive Weingarten’s formula: a�
i ja ¼ �Bb

a
@yi

@ub ð8:5:45Þ
Solution From the formulas:

a3 ¼ a
�
igi; ð8:1:18Þ ) a3;a ¼ �Babab ¼ �Bb

aab; ð8:5:26Þ ) gj ja ¼ 0;

ð8:1:3Þ ) ab � gi ¼ @yi

@ub

we obtain:

a3;a ¼ ai jagi þ aigi ja ¼ ai jagi ¼ �Bb
aab )

a�
i jagi � g j ¼ �Bb

aab � g j ) a�
i ja ¼ �Bb

a
@yi

@ub
) ð8:5:45Þ

Problem 8.15 Let b be the space vector:b ¼ bbab þ b3 a3. Derive the equation:

b;a ¼ bb ja � b3Bba
� 	

ab þ b3;a þ bbB
b
a

� 	
a3 ð8:5:46Þ

Solution We introduce a surface vector c ¼ bbabc such that b ¼ cþ b3a3: Then
we use the result (8.5.4) to obtain:

b;a ¼ c;a þ b3;a a3 þ b3 a3;a ¼ cb jaab þ cb ab ja þ b3;a a3 þ b3 a3;a
¼ bb jaab þ bb ab ja þ b3;a a3 þ b3 a3;a

Now we use formula (8.6.18) to write: a3;a ¼ �Bababand obtain the result:
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b;a ¼ bb ja � b3Bba
� 	

ab þ b3;a þ bbB
b
a

� 	
a3 , ð8:5:46Þ

Problem 8.16 Show that the fundamental parameters of third order Cab, of second
order Bab, and of first order aabof a surface yiðuÞ satisfy the equation:

Cab � 2lBab þ caab ¼ 0 ð8:7:18Þ

l is the mean curvature and c is the Gauss curvature of the surface yiðuÞ .
Solution First we obtain from the formula (8.1.2):

aa � ab ¼ @yi

@ua
gi

� �
� @y j

@ub
gj

� �
¼ @yi

@ua
@y j

@ub
gij ¼ aab ) @yi

@ua
@y j

@ub
gij ¼ aab ð1Þ

The formulas (8.7.16), (8.5.45), and (1) now yield:

Cab ¼ a�
i ja a�i jb ¼ �Bq

a
@yi

@uq

� �
�Bc

b

@y j

@uc
gij

� �
¼ Bq

aB
c
baqc ) Cb

a ¼ Bq
aB

b
q )

C ¼ B2

In a surface coordinate system �u with base vectors parallel to the principal
directions of the tensors B and C, the tensor matrices are:

�B ¼ ~j1 0
0 ~j2

� �
; �C ¼ �B2 ¼ ~j21 0

0 ~j22

� �

From the characteristic equation (8.7.8) of the tensor B: ~j2 � 2l~jþ c ¼ 0, we
obtain the matrix equation: C � 2lBþ c1 ¼ 0: This is a matrix representation of
the tensor equation: C� 2lBþ c1 ¼ 0: In any surface coordinate system u one
component representation of this tensor equation is (8.7.18).

Appendix: Problems with Solutions 375



Index

A
Absolute

scalar field, 228
tensor field, 228
vector field, 228

Absolute derivative of
surface vector field, 288
tensor components, 216, 219, 290
vector components, 208, 209

Acceleration, 26, 39
Acceleration distribution formula, 112
Addition of

matrices, 2
tensors, 81, 200
vectors, 9

Algebraic compliment of matrix element, 5
Almansi’s strain tensor, 246
Alternative definitions of tensors, 90
Alternative invariants of second order

tensors, 97
Angle of rotation, 104, 108
Angular acceleration

tensor, 110, 112
vector, 110, 112

Angular momentum, 44
Angular velocity vector, 49, 109
Anisotropic state of stress, 174
Antisymmetric second order tensor, 92
Arc length, 22, 205, 277
Arc length formula, 22, 205
Atmospheric pressure, 180
Axial

scalar, 228
tensor, 229

vector, 196, 229
Axis of rotation, 107, 108, 123

B
Balance of angular momentum, 45, 120
Balance of linear momentum, 45
Base vector, 10, 187, 271
Basic equations

for linearly viscous fluids, 262
in linear elasticity, 260

Biaxial state of stress, 62, 63
Bilinear scalar-valued function

of two vector, 76, 77
Binormal, 210
Binormal vector, 22, 23
Body couple, 44, 49
Body force, 42
Body-invariant tensor of second order, 120
Box product, 18, 190, 196

in general coordinates, 198
Bulk modulus of elasticity, 89, 167
Bulk viscosity, 89, 178

C
Calculus of variations, 298
Cartesian components of a vector, 10, 11, 13
Cartesian coordinate system, 7
Cartesian coordinate transformation, 18
Cartesian right-handed

coordinate system, 18
Cauchy-elastic material, 164
Cauchy-Poisson law, 178
Cauchy’s deformation tensor, 246
Cauchy’s equations of motion, 54, 55, 56, 258
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Cauchy’s equations of motion (cont.)
in cylindrical coordinates, 259
in general coordinates, 258
in spherical coordinates, 259

Cauchy’s first law of motion, 55
Cauchy’s lemma, 47
Cauchy’s second law of motion, 56
Cauchy’s stress tensor, 35, 50, 75, 254
Cauchy’s stress theorem, 50, 51, 53
Cauchy tetrahedron, 51, 331
Cayley–Hamilton theorem, 84, 97, 112, 129
Center of gravity, 45
Center of mass, 45
Central angular momentum, 121
Change of variable in a volume integral, 327
Characteristic equation of the

second order tensor, 95, 284, 285
strain tensor, 142
stress tensor, 59

Christoffel symbols, 204
of first kind, 204, 274
of second kind, 204, 273

Circular irrotational flow, 153, 154
Coaxial tensors, 65, 96, 98
Codazzi equations, 307
Cofactor of matrix element, 6
Cofactor tensor, 93
Column matrix, 1
Column number, 1
Comma notation, 28
Completely symmetric/antisymmetric

tensor, 81
Component displacement vector, 8
Components of tensors in

Cartesian systems, 77, 78
general coordinate systems, 200

Components of tensor of second order, 77, 78
Components of the stress tensor, 53, 77
Components of vectors, 10
Composition of two tensors of second order,

82, 85, 200, 201
Composition of vectors, 9
Compression modulus of elasticity, 167
Compressive stress, 48
Configuration of a body, 36
Constitutive equation, 35, 163

for Cauchy elastic materials, 164
for linearly viscous fluids, 177, 178

Contact force, 42
Continuity equation

for a fluid particle, 177
Continuum mechanics, 35, 163
Contraction of a tensor, 81–83, 201

Contravariant
base vectors, 189, 281
components of a tensor, 199
components of a vector, 194, 195, 277, 281
transformation, 188, 200, 205, 281
transformation rule, 281

Control surface, 335
Control volume, 335
Convected

coordinates, 247
coordinate system, 35, 37, 237, 247

Convected derivative, 252
differentiated vector components, 251

Convected derivative of a vector, 252
Convected differentiated

vector components, 251
Convective acceleration, 40
Convective part of material derivative, 40
Coordinate, 7

invariant, 8
line, 7, 185, 316
plane, 7
rate of shear strain, 149
rates of strain, 149
strains, 136
stresses, 47, 48, 75
stretch, 138
surface, 184
transformation formula, 20

Coordinate axes, 7
Coordinate rate of longitudinal strain, 149
Couple stress, 44
Covariant

base vectors, 189, 281
components of a vector, 194, 277
components of a tensor, 198, 199
transformation, 187, 188, 200, 205, 281
transformation rule, 281

Covariant derivative
of tensor components, 216, 218
of vector components, 208, 277, 281, 287
of vector components in

cylindrical coordinates, 216
Cross product, 15
Curl of a vector, 31, 212
Curvature

line, 302
of a curve, 23, 296
of a space curve, 210
of a surface, 301
tensor, 274, 301

Curves in space, 21
Curvilinear coordinates, 185, 316
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Curvilinear coordinates system, 91, 185
Cylindrical coordinates, 25, 32, 183, 185, 186,

192, 205, 213, 243, 258
Cylindrical surface, 274

D
Decomposition of a vector, 9
Decomposition of the stress deviator, 65
Definition of fluids, 174
Deformation analysis, 131, 236
Deformation gradient tensor, 134, 154, 236
Del-operator, 30, 32, 39, 101, 207

in cylindrical coordinates, 213, 216
in general coordinates, 206, 207
in orthogonal coordinates, 212, 213
in spherical coordinates, 214

Density, 37, 40, 174, 333
Determinant of

matrix, 4, 5
second order tensor, 92, 201, 284,

285
Developable surface, 295
Deviator of a second order tensor, 98
Difference of tensors, 81
Differential element of area, 44, 312
Differential element of volume, 40, 322
Differentiation of tensor fields, 204, 217
Dilatational waves, 173
Directional derivative of

scalar field, 28, 29
tensor field, 103

Directional vector, 9
Direction cosines, 19
Direction of a vector, 9
Displacement, 8
Displacement gradient, 137
Displacement gradient tensor, 137, 155, 238,

245
Displacement vector, 8, 107, 137, 233, 239
Distortional wave, 173
Distributive rule for vector products, 16
Divergence of

gradient of scalar field, 30, 31, 217
gradient of a tensor field, 100
gradient of a vector field, 221, 222

Divergence of a vector field, 100, 212
in Cartesian coordinates, 30
in cylindrical coordinates, 211
in orthogonal coordinates, 212
in spherical coordinates, 214

Divergence of tensor field of order n, 221
Divergence of tensor of second order, 55, 100
Divergence theorem in a plane, 314
Divergence theorem in space, 325

Dot product of
vectors, 13

Dot product of tensors, 83, 85, 201
Double dot product, 85, 201
Double vector, 227
Dual base vectors, 189
Dual quantities, 91, 92
Dummy index, 3
Dyad, 82
Dyadic, 90
Dyadic products, 82
Dynamics, 35
Dynamic viscosity, 89

E
Eigenvalue, 59, 95
Eigenvalue problem, 59, 95
Eigenvalues of a second order tensor, 59
Eigenvectors, 59, 95
Einstein’s summation convention, 2
Elastically homogeneous material, 164
Elastically isotropic material, 164
Elasticities, 165
Elastic material, 164
Elastic waves, 171
Element of area, 312, 318
Equation of state, 174
Equations of motion, 41, 42
Equilibrium equation for a fluid, 57
Equivoluminal wave, 173
Euclidian

angles, 116
shifters, 226, 234, 245
space, 8, 11, 79, 320, 321
surface, 295

Euler equations, 298
Eulerian coordinates, 38, 175, 233
Eulerian description, 31, 38, 207, 233
Eulerian fluid, 177
Euler’s axioms, 41, 44
Euler’s equations of motion for a rigid body,

120
Euler’s first axiom of motion, 35, 37, 41, 43
Euler’s laws of motion, 44
Euler’s second axiom of motion, 42, 44, 118
Euler’s strain tensor, 246, 248
Extensive quantity, 37
Extremal value of normal stress, 66
Extremes of a functional, 299

F
Film flow, 179
Fluid at rest, 54
Fluid definition, 174
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Fluid mehanics, 38
Force, 27
Form invariant

deformation, 161
strain, 143

Fourth order unit tensor, 88
Free index, 3
Frenet-Serret formulas, 23, 210

for surface curve, 297, 295
Fundamental parameters

of first order, 191, 272, 307, 317
of second order, 273, 307
of third order, 307

G
Gas constant, 175
Gauss curvature, 293, 295, 303
Gauss equation, 307
Gauss’ integral theorem

in a plane, 313
in space, 322

General
coordinates, 183, 184, 185
homogeneous deformation, 158
isotropic tensor of fourth order, 88

General analysis of large deformations,
244

Generalized Hooke’s law, 89, 166, 260
General rigid-body motion, 120
Geodesic, 299

curvature, 296, 300
curve, 299

Geodesic coordinate system, 282
Geometrical sum, 9, 13
Gradient of

surface vector, 287
tensor field of order n, 99

Gradient of a scalar field, 29, 30, 207
in Cartesian coordinates, 30
in cylindrical coordinates, 213
in general coordinates, 206, 207
in orthogonal coordinates, 213
in spherical coordinates, 214

Gradient of a vector field, 209
in Cartesian coordinates, 100
in general coordinates, 209

Gradient of divergence of a tensor field, 100,
101

Gradient of divergence of a vector field,
221

Gradient of gradient of scalar field, 220
Gravitational force, 42
Green’s deformation tensor, 135, 156, 236
Green’s strain tensor, 135, 155, 237, 248

H
Helical constraint, 27
Helix, 25
Homogeneous deformation, 138
Homogeneous pure strain, 156, 157
Hookean material, 166
Hookean solid, 166
Hooke’s law, 165, 166, 168

alternative forms, 168
Hydrostatic stress tensor, 65

I
Ideal gas, 174
Identity matrix, 4
Improper orthogonal tensor, 125
Incompressibility condition, 177
Incompressible elastic material, 168, 169
Individual derivative, 38
Inertia tensor, 104, 117
Infinitesimal deformations, 141
Inner product of tensors, 83, 85
Instantaneous axis of rotation, 106, 110
Intensive physical quantity, 37, 38
Intensive quantity, 37
Intrinsic surface geometry, 294, 295
Inverse

deformation gradient tensor, 246
deformation tensor, 246
matrix, 6
tensor, 92, 201

Irrotational
flow, 151
motion, 151
vortex, 153
wave, 173

Isochoric
deformation, 161
flow, 152, 153
state of strain, 143

Isometric surface, 295
Isotropic deformation, 161
Isotropic fourth order tensor, 88
Isotropic function of tensors, 126
Isotropic, linearly elastic material, 89, 166
Isotropic scalar-valued

function of tensors, 126
Isotropic second order

tensor-valued function, 126
tensor, 82

Isotropic second order tensor, 79
Isotropic state of strain, 143
Isotropic state of stress, 54, 62
Isotropic tensor, 62, 79
Isotrop of second order tensor, 79, 82, 98
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J
Jacobian, 162, 184, 280
Jacobi determinant, 162, 316

K
Kinematics, 35
Kinematics of

general rigid-body motion, 111
Kinetic energy density, 37
Kinetics, 35
Kronecker delta, 4, 79, 189

L
Lagrangian coordinates, 38, 233
Lagrangian description, 38, 233
Lamé constants, 89, 169
Laplace-operator, 31, 32, 101, 221
Large deformations, 154
Law of balance

of angular momentum, 45
of linear momentum, 45

Law of moments for system
of mass particles, 42

Left deformation tensor, 161
Left-divergence of tensor field, 102
Left–gradient of tensor field, 101,

102
Left–handed

Cartesian system, 196
coordinate system, 190
system, 7, 190
system of vectors, 190

Left-operator, 101
Left stretch tensor, 159, 160
Level surface, 29
Linearly elastic material, 89, 165
Linearly viscous fluid, 262
Linear mapping of

tensors, 84, 201
vectors, 76, 84

Linear momentum, 37, 44
Linear momentum of rigid body, 121
Linear transformation of vectors, 76
Linear vector-valued function

of a vector, 76
Local acceleration, 40
Local part of material derivative, 40
Longitudinal

strain, 131, 135, 237, 239
strain rate, 241
wave, 172

Lower-convected derivative, 252,
254

M
Magnitude of

matrix, 6
vector, 9, 15

Magnitude of base vectors, 192, 195
Mass density, 37
Mass particle, 26, 42
Material

coordinates, 38, 233
coordinates system, 231
line, 37
model, 35

Material derivative of
extensive quantity, 41, 333
intensive quantity, 38
particle function, 38
place function, 37, 39
tensor field, 103

Material derivative of the components of
the permutation tensor, 235
the unit tensor, 235

Matrix, 1
Matrix product, 2
Maximum shear strain, 143

in a surface, 146, 147
Maximum shear stress, 64, 65
Mean curvature, 302
Mean normal stress, 167
Mean value theorem, 326
Metric

coordinate, 185
of surface, 294, 295
of the space E3, 206
tensor, 191, 206

Mixed transformations
of tensor components, 198, 199, 200

Modulus of elasticity, 89, 165
Mohr–diagram

for small deformations in a surface, 147
for state of plane stress, 71, 72

Mohr’s strain circle, 131, 147
Mohr’s stress circle, 61, 131
Moment invariants

of second order tensor, 97
Moment of inertia, 117

of homogeneous bodies, 117, 118
Motion of a continuum, 103
Motion of pure strain, 156
Multilinear scalar–valued function

of vectors, 76, 90, 198
Multiplication of matrices, 3
Multiplication theorem

for determinants, 5
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N
Natural power of a matrix, 6
Navier’s equations, 169, 170, 221, 260

in cylindrical coordinates, 261
in general coordinates, 260
in orthogonal coordinates, 260
in spherical coordinates, 261, 264

Navier–Stokes’ equations, 179, 221, 262
in Cartesian coordinates, 179, 262
in cylindrical coordinates, 266
in general coordinates, 262, 263
in spherical coordinates, 268

n-dimensional
Euclidean space, 7
matrix, 2
Riemannian space, 8

Newtonian fluid, 176, 178, 262
Newton’s second law of motion, 27, 42

for a system of mass particles, 42
Newton’s third law of action and reaction, 42,

46, 47
Non-singular tensor, 124, 160
Normal

acceleration, 26, 211
component of a second order tensor, 94,

202, 285
strain, 131
stress, 43, 47
vector, 22

Norm of
matrix, 6
second order tensor, 92, 201

NP-scalar field, 228
NP-vector field, 228
NP-tensor field, 229

O
Objective quantity, 6
Objective tensor, 251
One-dimensional

matrix, 1
wave equation, 172

Origin of a coordinate system, 7
Orthogonal

Cartesian coordinate system, 11
coordinates, 192, 212, 213, 239, 242
matrix, 19

Orthogonal right-handed
system of unit vectors, 18

Orthogonal right-handed Cartesian
coordinate system, 7, 35

Orthogonal shear component of a second
order tensor, 94, 202

Orthogonal tensor of second order, 93
Orthonormal set of vectors, 93
Osculating plane, 23

P
Parallelogram law, 9
Parallel vector field, 300
Partial-covariant derivatives, 227
Particle, 35, 232
Particle acceleration, 40, 235
Particle coordinates, 37, 38, 232
Particle derivative, 38
Particle function, 38, 233
Particle vector, 35, 232
Pathline, 36
Perfect fluid, 177
Permutation symbols, 4, 190, 273
Permutation tensor, 80, 202, 220, 235
Permutation tensor for surfaces, 284
Physical components of

rate of deformation tensor, 242
rate of rotation tensor, 242
small strain tensor, 212, 213, 238, 239
vectors, 195
vorticity vector, 242

Physical stress components, 256, 257
in cylindrical coordinates, 258

Piecewise smooth curve, 22
Pipe flow, 267
Place coordinates, 232
Place function, 37, 38, 233
Plane isotropic state of stress, 62, 63
Plane of normals, 22
Plane state of stress, 62, 63
Poisson’s ratio, 165, 168
Polar decomposition, 124, 159
Polar decomposition theorem, 124, 160, 246
Pole of normals, 73
Polyad, 82
Polyadic, 89, 90
Positive definite symmetric tensor, 156
Positive definite tensor, 96, 156
Positive side of a surface, 272, 317
Potential flow, 136, 151
Potential vortex, 135, 153
Potential vortex flow, 154
Power of a tensor, 96
Present configuration, 36, 231
Present time, 35, 231
Pressure in a fluid at rest, 54, 57
Primary wave, 174
Principal

curvature, 302
moments of inertia, 117, 120
normal, 22, 296
normal vector, 22, 23, 210, 296
planes of stress, 58, 69
strain, 142, 143
stress, 56, 58
stress directions, 58
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stress planes, 58, 69
stretch, 156, 160
values of second order tensor, 94, 285

Principal axes of
inertia, 117
second order tensor, 95
stress, 62

Principal directions of
curvature, 302
plane state of stress, 69
rate of deformation tensor, 241, 242
second order tensor, 94, 286
small strains, 142
stress, 56, 58

Principal invariants of
second order tensor, 82, 95, 182, 203
strain tensor, 124, 141
stress, 50, 58

Principal normal vector, 22, 210
Principal planes of stress, 56, 69
Principal stresses, 58

in a state of pure shear stress, 64
Principal stress theorem, 58
Principle of

conservation of mass, 40
superposition, 163, 164

Product of a scalar and a vector, 9
Product of inertia, 117
Proper orthogonal tensor, 125
Properties of some elastic materials, 167
Pure

rotation, 144, 145
rotation about a fixed axis, 104
rotation about a fixed point, 106
strain, 145

Purely viscous fluid, 176

Q
Q-rotation

of tensors, 124
of vectors, 123

Quotient theorem, 86, 87

R
Radius of curvature, 23
“Raising and lowering of indices”, 199
Rate of

deformation tensor, 89, 148, 241
longitudinal strain, 148
rotation tensor, 109, 148, 241
shear strain, 149
strain, 148
strain tensor, 89
volumetric strain, 149, 152

Reciprocal base vectors, 189, 272
Reciprocal fundamental parameter

of first order, 191, 272, 295
Rectilinear rotational flow, 151
Reference, 6

body, 6
configuration, 36, 231
coordinates, 37, 38, 233
description, 38, 233
frame, 6
related tensor, 251
time, 35, 231

Reference invariant quantity, 6
Reference invariant tensor, 251
Reference related quantity, 7
Reference time, 231
Relative scalar field, 228
Relative tensor, 228, 229
Relative tensor field, 228
Resultant force, 44
Resultant moment, 44
Resultant of displacement, 9
Reynolds’ transport theorem, 334, 335
Riemann–Christoffel tensor, 292, 295
Riemannian space, 8
Right deformation tensor, 161
Right-divergence of tensor field, 102
Right-gradient of tensor field, 101
Right–handed

Cartesian coordinate system, 7
system, 317
system of axes, 7
system of three vectors, 93, 272
system of unit vectors, 18
system of vectors, 190

Right-hand rule, 15
Right-operator, 101
Right stretch tensor, 158, 160, 245
Rigid-body

dynamics, kinematics, 104
dynamics, kinetics, 115
motion, 111, 156
rotation about a fixed axis, 105
rotation about a fixed point, 107

Rotational
velocity vector, 109
wave, 173

Rotation angle, 124
Rotation of

surface vector field, 294
tensor field of order n, 101
two surface vectors, 279, 280
vector field, 31, 32, 212, 221

Rotation tensor, 105, 107, 158, 159
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Rotation tensor for small deformations, 144,
239

Rotation vector for small deformation, 144
Row matrix, 2
Row number, 1
R-rotation of a vector field, 107

S
Scalar, 8

components of a vector, 10, 11
density, 228
field, 28
invariant, 8, 92

Scalar invariant of a second order tensor, 92
Scalar product of surface vectors, 279
Scalar product of tensors, 83, 201
Scalar product of vectors, 13, 196
Scalar triple product of vectors, 18, 196

in general coordinates, 196, 199
Scalar-valued function of vectors, 76, 198
Secondary wave, 174
Shear component of second order tensor, 202,

285
Shear modulus, 89, 167
Shear rate, 149
Shear strain, 131, 132, 237, 239
Shear strain rate, 241
Shear stress, 43, 47
Shear viscosity, 89, 178
Simple shear, 249
Simple shear flow, 151, 153
Small deformations, 138, 139, 140, 238
Small deformations in a material surface,

145
Small strains, 138, 139, 238
Small strain tensor, 141
Smooth curve, 21, 22
Space coordinates, 38, 233
Space curve, 21
Space polygon, 13
Space–surface tensor, 286, 287
Spacial description, 38, 175, 233
Specific linear momentum, 37
Specific quantity, 37
Spherical coordinates, 32, 183, 186, 192, 193,

205, 214, 243
Spin tensor, 148
Square matrix, 1, 2
State of

biaxial stress, 69
form invariant strain, 143
plane stress, 69, 71, 72
pure shear stress, 50, 64
small deformations, 139
small strains, 138

Steady field, 28
Steady tensor field, 98
Stiffness, 165
Stokes’ four criteria for fluids, 177
Stokes relation, 178
Stokes’ theorem

for a curved surface, 325
in a plane, 314

Strain
deviator, 143
isotrop, 143
longitudinal, 131
measures, 131, 237
potential, 145
rate, 148
tensor, 134, 135
tensor for small deformations, 89, 164, 239
volumetric, 137, 141

Stress
deviator, 64, 65
isotrop, 64, 65
matrix, 47
pulses, 171
tensor, definition, 53, 76
vector, 43, 50
waves, 171

Stretch, 138
Stretch tensor, 156
Substantial derivative, 38
Subtraction of tensors, 200
Summation convention, 2
Summation index, 3
Sum of tensors, 81
Surface, 271

coordinates, 271, 315, 320
force, 42
gradient, 290, 291
tensor, 271, 283

Surface vector, 277
contravariant components, 277
covariant components, 277

Symmetric/antisymmetric tensor, 90
Symmetric second order surface tensor, 284

characteristic equation, 285
principal directions, 286
principal invariants, 285
principal values, 285

Symmetric tensor of second order, 93, 202

T
Tangential acceleration, 27, 211
Tangent plane, 277
Tangent vector, 22, 206, 210, 277, 295
Temperature, 174
Tensile stress, 48
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Tensor
algebra, 81
components, 77, 198, 199
definition, 76, 198, 199
equation, 87
field, 98
isotropic, 62, 79
matrix, 77, 78
of first order, 76, 77
of order n, 76, 80, 85, 198
of second order, 77, 78, 79, 91
of zeroth order, 77
product, 81, 82, 200, 201
sum, 81

Tensor-derivative, 287, 288, 289, 290
Tensor for small deformations, 141
Tensors as polyadics, 89, 203
Theorem of existence of solution, 164
Theorem of uniqueness of solution, 164
Thermodynamic pressure, 174, 177
Three-dimensional Euclidian space, 7, 271
Three-dimensional matrix, 2
Time, 26, 28
Torque, 49, 122
Torsion of a curve, 23, 210
Total-covariant derivative

of tensor components, 228
Total curvature, 293
Trace invariants, 97
Trace of a matrix, 6
Trace of a second order tensor, 83, 92, 201, 285
Traction, 42
Transformation matrix, 19
Translation, 111, 138
Transposed matrix, 2
Transposed tensor, 91, 92
Transversal wave, 172
Triad, 82
Triaxial state of stress, 62
Two–dimensional

Euclidean space, 7, 294
Riemannian space, 8, 271, 295

Two dimensional matrix, 1
Two–point components of

deformation gradient tensor, 236
unit tensor, 226

Two–point tensor field, 225
Two–point vector field, 227

U
Uniaxial state of stress, 49, 62
Uniform field, 28

Uniform tensor field, 98
Uniform vector field, 209
Unit matrix, 4
Unit tangent vector, 263, 295
Unit tensor of fourth order, 88
Unit tensor of second order, 79, 191, 199, 220,

286
Unit vector, 9
Upper-convected derivative, 252, 254

V
Vector

addition, 9
algebra, 13
components, 11
definition, 13
field, 28, 194
matrix, 1, 12
polygon, 11
product in general coordinates, 198
product of surface vectors, 279
product of vectors, 15

Vector operators
in cylindrical coordinates, 223
in spherical coordinates, 224

Vector–valued function of a vector, 75, 76
Velocity, 26, 39
Velocity distribution formula, 112
Velocity gradient tensor, 148, 241
Viscometer, 175
Viscosity, 176, 178
Volume element, 40, 322, 329
Volume forces, 42
Volume invariant deformation, 161
Volume invariant strain, 143
Volumetric

strain, 131, 132, 137, 237, 239
strain rate, 214, 241

Volumetric wave, 173
Vorticity, 149
Vorticity-free vortex, 154
Vorticity tensor, 148

W
Wave front, 172
Wave front velocity, 172, 173
Weingarten’s formula, 294

Z
Zero tensor, 81, 292
Zero vector, 9
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