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Preface

This book presents tensors and tensor analysis as primary mathematical tools for
students and researchers of engineering and engineering science. The presentation
is based on the concepts of vectors and vector analysis in three-dimensional
Euclidean space. A vector is primarily defined as a quantity representing a mag-
nitude and a direction in space. Vectors are in general independent of any particular
coordinate system and are therefore coordinate-invariant quantity. However, in
most applications, vectors will be represented by components related to a coordi-
nate system defined in the space.

The book is intended as a textbook that takes the subject matter to a rather
advanced level. However, as the presentation starts elementary with geometrical
vector algebra, the book may serve as a first introduction to tensors and tensor
analysis.

Vectors and vector analysis are import tools in classical Newtonian mechanics in
which forces, displacements, velocities, and accelerations are vector quantities.
However, these tools are essential in all branches of mathematical physics and in
two- and three-dimensional geometry.

Tensors and tensor analysis were developed by Gregorio Ricci-Curbastro (1853—
1925) and his student Tullio Levi-Civita (1873—1941) as an extension of vector and
vector analysis. Tensors are used to formulize the manipulation of physical quan-
tities and geometrical entities arising from the study of mathematical physics and
geometry. Tensor analysis is concerned with relations or laws for physical quan-
tities and geometrical entities that remain valid regardless of the coordinate systems
used to specify the quantities. Tensor analysis was used by Albert Einstein (1879—
1955) to develop the theory of general relativity.

In the mechanics of bodies of continuously distributed material, the analysis of
mechanical stress and deformation leads to the definition of stress tensors and
tensors related to the deformation of the bodies, e.g., the strain tensors.

The word tensor means stress, and the stress tensor is defined to be independent
of the chosen coordinate system and therefore said to be a coordinate-invariant
quantity. The analysis of the state of stress was developed into a mathematical
theory that became the beginning of tensor analysis.



vi Preface

In the mechanics of continuous materials, the mechanical and thermomechanical
behaviors of materials are described by coordinate-invariant equations, i.e., tensor
equations, relating stress tensors, and deformation tensors. These equations are
called constitutive equations.

My contact with tensors and tensor analysis relates to the study of continuum
mechanics, constitutive modeling of materials, the theory of elastic shells, rheology,
and non-Newtonian fluids.

During my years as lecturer and professor at the Norwegian University of
Science and Technology, I have taught courses in Applied Mechanics, Mechanics
of Materials, and Fluid Mechanics for undergraduate students. I have written
textbooks in Norwegian on Statics (Statikk), Dynamics (Dynamikk), Strength of
Materials (Fasthetslcere), and Engineering Mechanics (Ingeniormekanikk). For
graduate students, I have designed courses in Continuum Mechanics, Rheology,
and Tensor Analysis. The graduate courses were based on my compendia and my
two books written in Norwegian: Kontinuumsmekanikk published in 1974 and
Tensor Analyse published in 1982, both by Tapir Akademisk Forlag, Trondheim,
Norway. The compendia were translated into English.

The major part of the material from these books and the compendia was pre-
sented and published as my Springer book Continuum Mechanics in 2008 and in
my Springer book Rheology and Non-Newtonian Fluids in 2014, in which tensors
were applied. However, I came to feel that there was enough material in the
Norwegian books and compendia that had not been included in my book
Continuum Mechanics to make it opportune or relevant to introduce this new
book which I have called Tensor Analysis. Although some of the material from my
book Continuum Mechanics is included in the new book, I have made an effort to
improve the presentation in the present book.

The development of the materials in the book has been inspired by my former
colleagues and graduate students at the Norwegian University of Science and
Technology (NTNU). During the preparation of the present text, Professor Hugo
Atle Jakobsen at NTNU has given valuable support. He has read through the
manuscript in many stages and given me inspiration and good advice. I thank him
and acknowledge his valuable comments and corrections. My friend, English tea-
cher cand.philol Karin Hals, has read through the manuscript and sorted out some
grammatical errors in addition to giving me good advice concerning the English
language.

Finally, many thanks to my wife Eva, who has helped me with the index and
otherwise supported and encouraged me during the writing and the preparation
of the book.

Bergen, Norway Fridtjov Irgens
September 2018



A Short Presentation of the Contents
of This Book

Chapter 1 introduces some of the necessary mathematical foundation for the pre-
sentations in the following chapters. Vectors and the algebra of vectors in two- and
three-dimensional Euclidean space are first given a geometrical presentation. After
having introduced a Cartesian coordinate system in three-dimensional Euclidean
space, I define: “A vector is a coordinate invariant quantity uniquely expressed by a
magnitude and a direction in space and obeys the parallelogram law by addition of
other vectors representing similar quantities.” Examples of vector quantities from
mechanics are forces, displacements, velocities, and accelerations. Vectors are in
this book denoted by small boldface Latin letter, e.g., a and b. The algebra of
vectors is then given in terms of scalar components of the vectors related to
Cartesian coordinates systems with axes xj,x;, and x3, e.g., a; and b; for vector
components. The basic law in classical mechanics is Newton’s second law relating
the force f on a body of mass m and the acceleration a of the body: f = ma
fi = ma;. In the algebra of vectors, matrices and some aspects of matrix algebra are
needed. Matrices are described by Latin letters, e.g., A and b, and the matrix
elements by, e.g., A; and b;.

Chapter 2 introduces the equations of motions for bodies of continuous material.
The concept of stress as force per unit area t on a material surface provides a
convenient introduction to the mathematical definition of a tensor. The word
“tensor” means stress, and tensor analysis was originally a stress analysis. The
primary stress tensor is the Cauchy stress tensor T.

Chapter 3 presents a general definition of tensors and tensor fields in
three-dimensional Euclidean space. Based on the presentation of mechanical stress
and the stress tensor in Chap. 2, tensors in three-dimensional space are then defined
as multilinear scalar-valued functions of vectors, and the definition is independent
of a coordinate system. For example, a tensor of second order, exemplified by the
stress tensor T, is a bilinear scalar-valued function of two vectors. This definition of
tensors is inspired by the presentation of Jaunzemis [3], (the number in the brackets
[ ] refers to the reference list on page ix). The definition implies that tensors are
coordinate-invariant quantities, and directly leads to the definition of tensor

vii



viii A Short Presentation of the Contents of This Book

components in Cartesian coordinate systems, as will be shown in Chap. 6, to the
definition of tensor components in general coordinate systems. Tensors are in this
book denoted by capital boldface Latin letter, e.g., A and B, with an exception for
tensors of first order for which the vector notation is kept, e.g., a and b.

The definition of tensors preferred in the present book also connects tensor
algebra and analysis to vector algebra and vector analysis as presented in Chap. 1 in
a straightforward and natural manner. In the literature, tensors are defined in dif-
ferent ways. In some presentations of tensor analysis, e.g., McConnell [6], Spain
[7], and Lawden [4], tensors are defined by their components in an n-dimensional
space without the application of the geometrical vector concept. The components
are functions of n variables or coordinates that obey certain transformation rules
when the coordinates undergo a linear transformation. Green and Zerna [1] use the
same approach to tensors in two- and three-dimensional space. In other presenta-
tions, the special concept of Cartesian tensors is introduced, e.g., Malvern [5] and
Hunter [2], restricting tensor analysis to only Cartesian coordinate systems.
Malvern [5] also defines tensors in general coordinate systems by their components
obeying linear laws of transformations when changing coordinate systems, and he
introduces tensors as polyadics. Section 3.2.2 briefly presents and discusses the
alternative definitions of tensors.

Some aspects of rigid body dynamics are given as an example of application
of the tensor analysis. The inertia tensor is introduced in this chapter.

In Chap. 4, a new family of tensors related to the deformation of continuous
materials is introduced. Examples are the strain tensor that is applied to describe the
behavior of elastic materials and the rate of deformation tensor related to the
mechanics of viscous fluids.

Chapter 5 gives a brief presentation of constitutive equations for elastic materials
and viscous fluids which are presented as tensor equations relating the tensor
concept of stress to the tensors describing deformation, rate of deformation, and
rotation.

Chapter 6 introduces general coordinate systems in three-dimensional Euclidean
space. From the general definition of tensor presented in Chap. 3, different sets of
components are defined. The algebra of tensors is now expressed through these
components. General expressions for differential operators as the gradient, the
divergence, and the rotation or curl of vectors and tensors are presented.

Chapter 7 shows how tensor equations discussed in Chaps. 4 and 5 are presented
in general coordinates.

Chapter 8 presents surface geometry in three-dimensional Euclidean space. The
surface represents a two-dimensional of non-Euclidean space called a
two-dimensional Riemannian space. The material in this chapter is inspired by the
presentation in the book by Green and Zerna [1]. The theory developed in this
chapter is suitable for analysis in the theory of elastic shells.

Chapter 9 contains the most common integral theorems in two- and
three-dimensional Euclidean space applied in continuum mechanics and mathe-
matical physics.
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Appendix: The book is supplied with an Appendix containing problems related
to the text and with solutions to these problems. Most of the problems are referred
to in the relevant chapters of the main text. The problems are meant to familiarize
the reader with the formulas and the usage of them. To show the solutions to the
problems in the main text would have made the text less readable.
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Chapter 1 )
Mathematical Foundation Check or

1.1 Matrices and Determinants

A two-dimensional matrix is a table or rectangular array of elements arranged in
rows and columns. The matrix A with 2 rows and 3 columns is alternatively
presented as:

Al Ap Ap
= (A=A 1.1.1
<A21 A Azs) (Az) ( )

The elements may be numbers or functions. The symbol A,; represents an arbitrary
element for which the row number (o) may take the values 1 or 2, while the column
number (i) may have any of the values 1, 2, or 3. If not otherwise specified, lower
case Greek letter indices shall represent the numbers 1 and 2, while lower case Latin
letter indices shall represent the numbers 1, 2 and 3.

In the present exposition matrices will in general be denoted by capital Latin
letters. An exception to this notation applies to matrices with one row or one
column and is presented below. Many textbooks on Matrix Analysis prefer to use
capital boldface letters for matrices. But this book reserves boldface letters for the
coordinate invariant notation of vectors and tensors.

It is convenient to let the symbol A,; represent both an element in the matrix
A and the complete matrix A itself. The table and the two other symbols for matrices
given by the identities (1.1.1), and also the symbol A,; alone, now represent four
different ways of presenting one and the same matrix. The matrix A,;, which has 2
rows and 3 columns, is called a 2 x 3 (“two by three”) matrix. The matrices B,
(2 x 2) matrix and C;; (3 x 3 matrix) have as many columns as rows and are called
square matrices, due to the forms of their tables.

A one-dimensional matrix is an array of elements arranged in one column or one
row. A matrix with one column is called a column matrix or a vector matrix and
will in general be denoted by lower case Latin letters. For practical reasons it may
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be convenient to write the elements of a column matrix on a horizontal rather than a
vertical line, e.g.:

a
a=(a)=| a | ={aaa} (1.1.2)
as

From a two-dimensional matrix A = (A,;) we may construct a transposed matrix
AT = (A;,) by interchanging rows and columns. For a (3 x 3 matrix) C:

T T T
C=(Cy) & " =(cf) = ch=c; (1.1.3)
The transposed matrix a’ of a column matrix a is a row matrix:

a' = (ayaya3) (1.1.4)

An n-dimensional matrix is represented by a set of elements with n indices. For
example will the elements Dy represent a three-dimensional matrix. The matrix
algebra, as presented below, is designed for one- and two-dimensional matrices.

Addition of matrices is defined only for matrices of the same size. The sum of
two column matrices a and b is a column matrix ¢, and the sum of two 3 x 3
matrices A and B is a 3 X 3 matrix C:

a+b=c< a+b; =c, A+B:C<:>Aij+3[j:c,'j (115)

The element Cj; in the matrix C is obtained by adding corresponding elements A;
and Bj; in the matrices A and B. We easily see that the operation addition is both
associative and commutative. Addition also applies to n-dimensional matrices.
The product of a matrix A = (A;) by a term o is a matrix «A = (¢A;). The
matrix product Ab of square matrix A and a column matrix b is a column matrix c,
and the matrix product AB of two matrices A and B is a new matrix C, such that:

3 3
Ab:c@ZA,-kbk =¢, AB= C@ZAikBkj: Cyi (1.1.6)
k=1 k=1

The element c; in the column matrix ¢ is obtained as the sum of the product pairs
Ajiby of the elements in row (i) of A and the elements by of b. The element C;; in the
matrix C is obtained as the sum of the all product pairs A;By; of the elements in the
row (i) of A and the elements in the column (j) of B.

We shall now introduce an important convention of great consequence when
dealing with matrices in the index format.

The Einstein’s summation convention: An index repeated once and only once in a term
implies a summation over the number region of that index.



1.1 Matrices and Determinants 3

The convention is attributed to Albert Einstein [1879—-1955]. By this convention we
may write:
3
ZAikBkj = AyBy (1.1.7)

k=1

The summation convention does not apply if the summation index is repeated more
than once. For example:

3
ZAikBkjak # AuByjax (1.1.8)

k=1

An index that does not imply summation is called a free index. In the inequality
(1.1.8) the index (k) on the left hand side is a summation index, while the index
(k) on the right hand side is a free index. A summation index is also called a
“dummy” index because it may be replaced by a different letter without changing
the result of the summation. For example:

AikBkj = AilBlj (119)

Multiplication of matrices is not a commutative operation, which is shown as
follows:

AuByj # BaAy < AB # BA (1.1.10)

Multiplication of matrices is an associative operation. Let A, B,C,D and E be
3 x 3 matrices such that:

D =AB & D; = AgBy;, E =DC < Ey = D;Cy
Then:
E =DC = (AB)C = Ey = D;jCjy = (AuByj) Cit = Ai(ByCi) = AuByCi
These results are conveniently stated as: E = (AB)C = A(BC) = ABC:
(AB)C = A(BC) = ABC (1.1.11)
From the definition (1.1.6) it follows that:
(AB)"= B'AT (1.1.12)

Note that in general bAy; # Aybr = ¢; = Ab = c. The product biAy; = d; may
alternatively be expressed as:
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biAri = Aiby = (AD)by = d; = ATh = d (1.1.13)

Two unit matrices or identity matrices are now defined:

Lo 1 00
1:(5@:(0 1)’ 1=(8y) = 8 (1) (1) (1.1.14)

The element symbols d,5 and J;; are called Kronecker deltas, named after Leopold
Kronecker [1823-1891]. The elements have the following values:

o0j=1 wheni=j, ;=0 wheni#j (1.1.15)
The effect of a unit matrix is shown in the following example.
Al=1A=A & Aikékj = 5ikAkj = A,:]‘

In the definition of the determinant of a matrix we need two special symbols and
matrices:

The permutation symbol e,5 = 0,1,0r — 1, such that: (e,5) = ( _01 (1)> (1.1.16)

The permutation symbol e
0 when two or three indices are equal
= < 1 when the indices form a cyclic permutation of the numers 123
—1 when the indices form a cyclic permutaton of the numbers 321
ey are elements of a three-dimensional matrix: the permutation matrix : (ej).
(1.1.17)

For example: e12 = €333 = 0,e123 = €231 = €310 = l,e31 = ea;3 = e = —1. It
follows from the definitions (1.1.16), (1.1.17) that: e;x = exj = —eyji, eup = —€py =
eqp3- We also find that:

(i =) — k) (k — ) (1.1.18)

Cijk =

N —

The permutation symbol e;; and the Kronecker delta J;; are related through the
identity:

€ijk€rsk = 5ir5js - 5[5517 (1119)

The validity of the identity (1.1.19) may be tested by selecting different sets of the
free indices i, j, r, and s on both sides of the equation.
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The determinants, det A, of 2 x 2 and 3 x 3 square matrices A are defined
respectively by:

detA = det(Aup) = expAinAap = expAnlp (1.1.20)
detA = det(Ay) = euAiiAyAs = epAnApAis (1.1.21)

From the definitions it follows that: detA” = detA, and that the determinant of a
matrix is zero when two rows or two columns are identical. For example:

A=Ay = detA=0
By inspection we find that:
eupArAp, = (detA)e,;,  ejrAiAj Ay = (detA)e,y (1.1.22)
This result may be used to prove the multiplication theorem for determinants:
det(AB) = (detA)(det B) (1.1.23)

Proof of the theorem for 3 x 3 matrices: Using formula (1.1.21) for det B, then
formula (1.1.22) for det A, and finally formula (1.1.21) for the determinant det(AB)
of the matrix product AB, we obtain:

(dC[A)(dC[B) = (detA) (emB,.lBsng) = (detA erst)(BrlBSZBt}) = (eijkAirAjsAkt) (BrlBsZBt3)

= ejiu(AiBr1) (AjsBy2) (AiBi3) = det(AB) = (detA)(det B) = det(AB)

The determinant of a matrix A may be expressed as a linear function of the
elements A;, in any arbitrarily chosen row or column. The coefficients in the linear
function are called the cofactors CoA;., or the algebraic complements, to the
corresponding elements A;,. For instance:

detA = eijkAilAjZAkS = A,‘l (e,-jkAjzAk3) = AiICOAil = COAil = eijkAjzAkg

By inspection we find:

1 O(detA
CoA; = EeijkerstijAkt = (BZ ) (1124)
O(detA
COAO(',‘ = erx/fe"//",Aﬂ/l = (81: ) (1125)
oy

detA =Y A;CoAy =Y A;CoA, r=120r3 (1.1.26)
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The cofactors are elements in the matrix Co A, and we find that:

(detA)1 =A"CoA =ACoA" = (CoA)AT (1.127)
& (detA)dy = ACo Ay = AxCoAy = (CoAy)A; o

If the product of two square matrices A and B is equal to the unit matrix, i.e.
1 = (J;), then we call one matrix the inverse matrix to the other. The inverse matrix

to A is denoted A~ !:
AATT =ATA=1 (1.1.28)

The inverse matrix A~! may be determined as follows. Using the formulas (1.2.27),
(1.2.28) we get:

A '(detA) = A ! (detA)l = A'ACoA” = 1CoA” = CoA”
1 1 (1.1.29)
= A'=—_CoAT & A = ——CoA;
detA i T detA O
It follows that a condition for the inverse matrix A~! to exist, is that the determinant
det A is not equal to zero.

Natural powers of the matrices A and A, where n is a natural number, are
defined by:

A"=AA-- A, ATT=ATAT AT (1.1.30)
In addition to the determinant, det A, of a matrix A, we shall also need the trace,

tr A, of A and the norm of A, denoted by “norm A “or by ||A||. These quantities are
defined respectively by:

trA EAkk =A11—|—A22—|—A33 (1131)
normA = ||Al| = VuAAT = \/AzA; (1.1.32)

The norm of the matrix A is also called the magnitude of the matrix A.

1.2 Cartesian Coordinate Systems. Scalars and Vectors

In order to localize physical objects in space and to define motion of bodies in
space, we need a reference body or reference frame, here for short called a refer-
ence and denoted by Rf. The reference may be the earth, a space laboratory, or the
Milky Way. A quantity that is not defined relative to a reference will be called a
reference invariant quantity, an objective quantity, or a reference invariant. The
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distance between two space points and the temperature in a body are two examples
of reference invariants. A quantity defined relative to a reference, will be called a
reference related quantity. The velocity of a body with respect to a reference frame
gives an example of a reference related quantity.

Figure 1.1 shows a reference Rf in three-dimensional space, a reference point
O fixed in Rf and three orthogonal axes x; that intersect in O. The point O and the
axes represent an orthogonal Cartesian right-handed coordinate system denoted by
Ox. The point O is called the origin of the coordinate system. The axes represent a
right-handed system in the following sense: If the right hand is held about the
x3-axis such that the fingers point in the direction of a 90°-rotation of the positive
x1-axis toward the positive xp-axis, the thumb then points to the direction of the
positive x3-axis. If the direction of one of the axes is reversed, or two of the axes are
interchanged, the new system becomes a left-handed system.

The origin O and a pair of any two coordinate axes define three orthogonal
planes: Ox;x;, Ox;x3, Oxsx;. The distances x;, x,, and x3 from these planes to a
point P in space are positive or negative according to which side of the planes the
point is. For instance, x; is positive when P is on the same side of the Ox,x3-plane
as the positive x;-axis. The three distances x; are called the coordinates of the point
P relative to an orthogonal right-handed Cartesian coordinate system Ox. The
x;-axes are called coordinate axes. Coordinate planes are defined by x; = constant,
X, = constant, or x3 = constant. The lines of intersection between these planes are
the coordinate lines. Three coordinate planes and three coordinate lines intersect in
every point P in space.

The geometry presented in the three-dimensional physical space in which a
Cartesian coordinates may be used, is called Euclidean and is based on the parallel
postulate of Euclid [ca.330 — 275BCE]. The space is called a three-dimensional
Euclidean space E5. A plane, in which we may use an orthogonal right-handed
Cartesian coordinate system Oxx;, Fig. 1.2, with two orthogonal axes represents a
two-dimensional Euclidean space E,. A curved surface embedded in the

Fig. 1.1 Cartesian X,
coordinate system 1‘

Rf
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Fig. 1.2 Two-dimensional A
Euclidean space E,. Cartesian
coordinate system Oxx;.
Resultant displacement vector
u. Component displacement
vectors u; and u,

O >

three-dimensional Euclidean space E3, e.g. a spherical surface, in which we cannot
introduce a Cartesian coordinate system, is called a two-dimensional Riemannian
space R;, after Georg Friedrich Bernhard Riemann [1826—1866]. Chapter 8 Surface
Geometry presents vector and tensor analyses in two-dimensional Riemannian
space R».

In the general exposition we shall use orthogonal Cartesian right-handed coor-
dinate systems until Chap. 6 where general curvilinear coordinate analysis is
introduced. The quantities we call scalars, vectors, and tensors are defined to be
invariant with respect to our choice of coordinate system, and they are therefore
called coordinate invariants. Reference invariant quantities are coordinate invari-
ant, but in general the opposite does not apply.

The following definition of scalars is useful and important.

A scalar invariant, or for short a scalar, is a coordinate invariant quantity
uniquely expressed by a magnitude.

Examples of scalars: the distance between two points in space, the temperature 6,
and the pressure in a fluid p. Scalars will in the present exposition preferably be
denoted by Greek letters: , 8, y, the pressure p being an exception.

1.2.1 Displacement Vectors

Figure 1.2 presents Euclidean two-dimensional space E; and a Cartesian coordinate
system Oxx;. A small body marked as a point is at time 7, at the position or place
Py on the plane and is displaced to position or place P on the plane at time ¢. The
displacement is given by the arrow u, representing a length u and a direction in the
plane. The quantity u is called a displacement vector. The figure shows the dis-
placement vector u decomposed into two component displacements vectors
u; and u; in either of two ways: either by the displacement vector u; followed by
the displacement vector u,, or by the displacement u, followed by the displacement
u;. The construction of the displacement u from the displacements u; and u; is
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also shown by the parallelogram PyQPR. The displacement u is called the resultant
of the components displacements u; and u,. The resultant u is also called the
geometrical sum of the two components u; and u,.

The construction presented in Fig. 1.2 is called vector addition and may be
presented as:

utuw=u+tu =u (1.2.1)

When the resultant displacement u is constructed by the parallelogram on the
components displacements u; and u,, we say that displacements follow the par-
allelogram law by addition. Equation (1.2.1) may also be interpreted as a com-
position u of the two vectors u; and uy, or as a decomposition of the vector u into
the two vectors u; and u,.

Each of the displacement vectors u,u;, and u; represents a magnitude given by
the length of the displacement vector and a direction. The magnitudes are presented
by:

[, [w, and [u] (1.2.2)

The magnitude |u| of the resultant displacement u may be calculated by the
cosine-formula:

lu)*= uy * + [ua|* + 2|y |[uy| cos ¢ (1.2.3)

¢ is the angle in Fig. 1.2 between the two component displacements u; and u,.

It follows from Fig. 1.2 that if the two components u; and u, have the same
magnitude but opposite directions, then the geometrical sum has neither a magni-
tude nor a direction and is called a zero vector 0. In this case we write:

utuw=0=u =—u (124)

The vector —u; is interpreted as a vector of the same magnitude as u; but in the
opposite direction of u;.

General definitions: A product of a scalar o and a vector a is a new vector
b = ca with magnitude b = aa, and in the direction of a when « is positive and in
the opposite direction of a if o is negative. A unit vector e in the direction of a
vector a is defined by the expression:

e= " sa= |aje (1.2.5)

a|

The unit vector e defined by formula (1.2.5) is called the directional vector related
to the vector a.
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(b) 1

Fig. 1.3 a Base vectors e and e,. Scalar components u; and u,. b Vector addition: u = u; + u, =
Uy =uyy + Uy, Uz = Ugp + U

In a plane we introduce an orthogonal Cartesian coordinate system Ox, Fig. 1.3,
with two axes: x;-axis and x;-axis. We define base vectors as directional vectors in
the positive directions of the coordinate axes:

e in the direction of the positive x;-axis, (12.6)
e, in the direction of the positive x;-axis o

In Fig. 1.3a the displacement vector u is decomposed into two vectors:
ue and Uuz€).

u=ue;+ue (127)

The quantities u; and u, are called the scalar components or the Cartesian com-
ponent s of the vector u in the coordinate system Ox. Note that in general the scalar
components may be positive or negative scalars. The magnitude |u| of the vector
u may now be expressed by the formula:

2 2
[u| =/ (u1)” + (u2) (1.2.8)
Figure 1.3b presents the displacement vector u as the resultant of two dis-
placement components u; and u,. The three vectors u, u; and u, are decom-

posed into components in the directions of the coordinate axes such that:

u=ue +uxey, U =uje +upey, U =uye +une (1.2.9)
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Fig. 1.4 The resultant u of
three vectors uy, u,, and uy

From Fig. 1.3b it follows that:
u=u;+U = U =uy +Uuy, U =1Up+Uy (1210)

The results (1.2.9) are easily generalized to additions of more then two dis-
placement components. As an example Fig. 1.4 demonstrates a geometrical sum-
mation of three displacement vectors u;,u;, and uz to one resultant displacement
vector u:

up =u;+uw, u=up+tuy=
u=u +u+u3 = (1.2.11)

up = uy +ux +usl, Ux =upt+uptun

As is easily seen the order of geometrical summation is arbitrary. The polygon
PoORP in Fig. 1.4 is called a vector polygon.

A generalization to a geometrical sum of n displacements vectors w; i =
1,2,...,n to a resultant displacement u is presented as:

u:Zu,w:)ul:Zun, Mzzzuiz (1-2-12)

In a three-dimensional Euclidian space we introduce an orthogonal Cartesian
coordinate system Ox, Fig. 1.5, with three base vectors e; as directional vectors in
the positive directions of the coordinate axes. A displacement vector u may be
represented by its vector components w;, or by its scalar components or Cartesian
components u; with respect to the coordinate system Ox:

u= Zui = ue; < w; = ue; (no summation w.r. to i) (1.2.13)
i

The vector u may also alternatively be presented as follows:
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U; =€,

X, (u.e;)
e, : P

u, =u,e,

e " u = ue, ue, +u,e,

Fig. 1.5 Vector components u; and Cartesian scalar components u; of a vector u in an orthogonal
Cartesian coordinate system Ox in three-dimensional space. Base vectors e;

Uy
u=[u,u,uz], u=\wr | ={uw urup} (1.2.14)
u3

In the last formula u is the vector matrix related to the vector u.

Let the symbols (u, e;) represent the angles between the vector u and the base
vector e;. Then the Cartesian components u; of the vector u in the coordinate system
Ox are:

u; = |u|cos(u,e;) (1.2.15)

Because the vector components w; are orthogonal, the magnitude of the vector
u may be determined as follows:

2
g +w| =\ /ui +u3, u=|u|= (\/u2+uz) +u =
b ) (1.2.16)
u=lul =\/ul+ul+13

The resultant u of n component displacement vectors w; i = 1,2, ...,n may in
principle be determined similarly to in a plane and is demonstrated in Fig. 1.6 for three
component vectors u;,u; and ujz and their resultant u. In Fig. 1.6 the four vectors
are projected onto an axis parallel to the x;-axis. The components u;, 11>, and uy;
are positive, while the component u3, is negative. It follows from the figure that:

Up = upp +uxp +usp
Similarly we find:

up = uyp +upy +uszy, Uz = upz+Uupz +uzz = U = Uy + Uy +uz;
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Fig. 1.6 Resultant u of three
component vectors u;, u,, and
uz. The figure shows the
scalar components in the x,-
direction of the four vectors.
Note that the component u3,
of the vector u; is negative

The figure consisting of the four vectors u, u;,u, and uj is called a space polygon,
and shows the vector u as a geometrical sum of the three component vectors
u;,u and us.

A generalization to a geometrical sum of n displacements vectors u; i =
1,2,...,n to a resultant displacement u is presented as:

u:ZuM:)ul :Zuil, Mzzzuiz, u3:Zui3 (1217)

1.2.2  Vector Algebra

Definition of vectors:

A vector is a coordinate invariant quantity uniquely expressed by a magnitude and a
direction in space, and obeys the parallelogram law by addition of other vectors repre-
senting similar quantities.

Examples of vectors: displacements, velocities, accelerations, angular velocities,
and mechanical forces. These vectors will be introduced in Chap. 2. The addition of
vectors is exemplified by the addition of displacement components in Sect. 1.2.1.

Vectors will in the present exposition preferably be denoted by bold face lower
case Latin letters: a, b, c... Bold face upper case Latin letters: A, B, C ..., will
primarily be reserved for quantities we define as tensors in the Chaps. 2 and 3.

In an orthogonal Cartesian coordinate system Ox a vector a is represented by its
Cartesian components a;, i.e. a = a;e;.

Scalar product of vectors. The scalar product of two vectors a and b, also
called the dot product, is a scalar denoted by a-b ("a dot b”) and defined as the
scalar:

a-b = |a|[b| cos(a, b) (1.2.18)
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Fig. 1.7 The scalar product
of the vectors a and b:
a-b = |a||b|cos(a,b)

[b|cos(a,b)=a-b/|al

The symbol (a,b) represents the angle between the two vectors a and b. As
demonstrated in Fig. 1.7 the scalar product a - b = |a||b| cos(a, b) is the product of
the magnitude of the vector a and the normal projection of the vector b onto
a. Because cos(a,b) may be positive or negative the scalar product a - b may be
positive or negative.

It follows from this definition (1.2.18) that the scalar product is commutative:

a-b=b-a (1.2.19)

Figure 1.8 shows that the scalar product follows the distributive rule:
a-(b+c)=a-b+a-c (1.2.20)
The scalar products of the base vectors e; in a Cartesian coordinate system Ox are:
e e =J; (1.2.21)

According to the rule (1.2.20) and formula (1.2.21) the scalar product of the two
vectors a = a;e; and b = b;e; becomes:

Fig. 1.8 The distribute rule
for the scalar product
a-(b+c)=a-b+a-c
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a-b= (aiei) . (bjej) = a,-bj e - ej = aibjéij = aibi = (1222)
a-b= a,-bi

The magnitude of a vector a, i.e. the length of the vector arrow, may now be found

from the formula:

la| = va-a=aa =da +d+a3 (1.2.23)

Vector product of vectors. Figure 1.9 shows two vectors a and b and a third vector
p=axb (“a cross b”) normal to a and b. The magnitude |p| of the vector
p =a X b is equal to the area A of the parallelogram spanned by the vectors a
and b:

|p| = |a x b| = A = |a||b|sin(a,b) (1.2.24)

Here (a, b) represents the smallest angle between the vectors a and b (always less
than 180°), such that sin(a,b) is always positive. The direction of the vector
p = a x b is determined by:

The right-hand rule: The right hand is held about the vector p with the fingers
pointing in the direction of a rotation of a to b through the angle (a,b). The thumb
then points in the direction of the vector p = a x b.

The vector p = a x b is called the vector product, or the cross product, of the
vectors a and b. Let e be the unit vector in the direction of p = a x b. Then we may
write:

p =a x b =Ae = |a||b|sin(a,b)e (1.2.25)

From the definition (1.2.25) of the vector product p = a X b it follows that the
vector product is not commutative, i.e.:

axb=-bxa (1.2.26)

Let e; be the base vectors in a right-handed orthogonal Cartesian coordinate
system Ox. Then:

Fig. 1.9 Vector product p of
the vectors a and b:
p =a x b = |a||b|sin(a,b)e
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e1><e2:e2><e3:e3><e1:1
€3 X e —€ Xxe —e xe3=—1 e X € = e (1.2.27)
e Xe =e xXe =e3xe3 =0

We shall now show, applying Figs. 1.10 and 1.11, that the vector product is
distributive, which implies that for three vectors a,b and ¢ we may write:

ax(b+c)=axb+axc (1.2.28)

Because we will emphasize the geometrical nature of vector algebra, the following
proof of the formula (1.2.28), i.e. the distributive rule for the vector product, is
strictly geometrical.

Figure 1.10a shows three vectors a, b, and b, and a Cartesian coordinate system
Ox with the x3-axis oriented in the direction of the vector a. The vector b is the
normal projection of the vector b onto the x x;-plane. It is seen from the figure that
areas of the parallelograms OP;P,P30 and OP;P4Ps0 are equal. This implies that

@ & (b) s

a d=b+c¢

Fig. 1.10 Proof of the distributive rule for vector products: a x (b x¢)=axb+axec.
(a) Proof of formula (1.2.29): Vector product p = a x b = a x b. The vector a is directed along
the the x3-axis. The vector b is the normal projection of vector b onto the x; x,-plane. (b) The
vector a is directed along the the x3-axis. Vector d = b +¢. Vectors b, ¢, and d and are the
normal projections of the vectors b, ¢ and d onto the x; x,-plane
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d=b+T

Fig. 1.11 The arrows of the vectors b, ¢, and d =b+¢ in the x, x,-plane are rotated 90’
counter-clockwise and multiplied by the magnitude |a| of the vector a. The result is a
parallelogram of three vectors: a x b, a x ¢, and a x d = a x (b + ¢€) From the figure it follows
that: axd=a x (b+¢) =a x b+a x ¢ Using the formula (1.2.29) we may conclude that:
ax (b+c)=axb, axc This result is a proof of the distributive rule (1.2.28) for the vector
product

the vector products a x b and a x b are equal and are represented by a vector
p perpendicular to the three vectors a, b, and b :

p=axb=axb (1.2.29)

Figure 1.10b shows the vectors a, b, ¢, d = b + ¢, the unit vector e = a/|a|, and
the normal projections b, ¢, andd=b+¢ of b, ¢, and d =b+¢, onto the
Xx1xp-plane in a Cartesian coordinate system Ox. The xz-axis is oriented in the
direction of the vector a.

Figure 1.11 shows the x;x,-plane with the vectors b, ¢, and d = b + ¢. The three
vectors are rotated 90° counter-clockwise and multiplied by the magnitude |a| to
give the three vectors a x b,a x ¢,and a x d = a x (b+¢). It then follows from
the figure that:

ax(b+e)=axbt+axc (1.2.30)

We apply the result (1.2.29) to each of the three vectors in this equation and obtain
the distributive rule for vector products (1.2.28).

Let three vectors a, b, and ¢ be represented by their components in a Cartesian
coordinate system Ox:
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a=ae;, b=0>be;, c=ce (1.2.31)

From the definition (1.2.25) of the vector product p = a X b, the formulas (1.2.27),
and the distributive rule (1.2.28) it follows that:

axb=c= (a,’e,’) X (bjej) = a,-bjei X e = aibje,-jkek = Ccpey = (l ’ 32)
a x b = c¢ = abjeje; = crex = cx = abjey -

axb= aibjeijkek (1233)

Using formula (1.1.21) for the determinant A of a matrix (A,]) we rewrite
formula (1.2.33):

a a as
axb=det| by b, b3 (1234)
€ € €3

Scalar triple product. The scalar triple product [abe] of the three vectors a, b, and
¢, also called the box product, is defined by:

[abcj=(axb)-c=a-(bxc)=b-(cxa) (1.2.35)

Using formula (1.2.33) for the vector product and formula (1.2.22) for the scalar
product, we obtain the result:

axb= aibjeijkek; (a X b) C = aibje,-jkck =

a-a @ (1.2.36)
[abc} = eijkaibjck =det| by by b3
i 2 3
The base vectors e; are related according to:
[ereses] =1, [eseres] =1 ete. & [eeje] = e (1.2.37)

This relation may be taken to define an orthogonal right-handed system of unit
vectors.

1.3 Cartesian Coordinate Transformations

Vectors and tensors, to be introduced in Chap. 2 and generally defined in Chap. 3,
are coordinate invariant quantities, which in any coordinate system we have chosen,
are represented by their components. It is important to determine the relations
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Fig. 1.12 Two right-handed orthogonal Cartesian coordinate systems: Ox with base vectors e;,
and Ox with base vectors &;. Place P defined by place vectors r and F

between sets of components relative to different coordinate systems. Let Ox and Ox
denote two right-handed orthogonal Cartesian coordinate systems, see Fig. 1.12.
When the Ox-system has been given, the system OX is determined by the position
vector ¢ from the origin O of the Ox-system to the origin O and the base vectors €;.

C = Cr€ ZZ'iéi (131)
€ = Ouer, e = 0pe, Qi =cos(e,e)=e-e (1.3.2)

The elements Q;; are called direction cosines and are elements in a matrix that is
called the transformation matrix Q for the coordinate transformation from Ox to Ox.
The 9 elements Qj are, as will be shown below, connected through 7 relations.

Both Ox and Ox shall be right-handed orthogonal Cartesian coordinate systems
and the base vectors e; and €; shall be unit vectors. These requirements are sat-
isfied for €; by the conditions:

[ éj = 5ij; [616263] =1 (133)

Confer the formulas (1.2.21) and (1.2.37). Now, also using formula (1.1.21), we
obtain:

e ¢ = (Quer) - (Ojer) = Qi Qii(ex - €) = QuQjid = QuOjx
[élé263] = [(erer)(Qers)(QSZetﬂ = erQ2sQ3t[ereset] = erQZsQSzemt = detQ

These results show, when compared with the conditions (1.3.3), that the transfor-
mation matrix Q has to satisfy the conditions:



20 1 Mathematical Foundation

QuQi =0; = 00" =1 0"'=0", detQ=1 (1.3.4)

A matrix with these properties is called an orthogonal matrix. From the formulas
(1.3.2) we see that the rows in the matrix Q represent the components in the
Ox-system of the orthogonal vectors e;, and that the columns in Q represent the
components in the Ox-system of the orthogonal vectors e.

A place P in three-dimensional space may either be defined by the place vector
r from the origin O to P, or by the place vector r from the origin O to P. From
Fig. 1.12 we obtain:

r=c+r (1.3.5)

Let the coordinates of the place P be x; in the Ox-system and ¥; in the Ox-system.
Then:

r = xe;, = xk(Q,»kéi) = Quxr€;, and T = X;€; (136)

The representation of the relation (1.3.5) in the coordinate system OX provides the
coordinate transformation formula:

X =¢+0uxy &X=c+0x (1.3.7)
The inverse transformation is easily found to be:
X = —c+0pX & x=—c+0'x (1.3.8)
For a vector a with the components ¢; in Ox and @; in O%, we get:

a = a;¢; = a;0ner = are, = Qi€ = Qpar€; < (13.9)
: 2 i . 3.
a;=0pax = a=Q0a, a=0xa<a=Q0a

In plane, two-dimensional analysis we introduce plane Cartesian coordinate
systems Ox and Ox with the the x,-axes and the X,-axes in the plane, Fig. 1.13.
The x;-axis makes the angle 0 with respect to the x;-axis. Then:

cosf sin0 )
or

0 = (Qyp) = (cos(e, ep)) = <

—sin0 cos0
cosf sinf O (1.3.10)
0 = (Qi) = (cos(€;,er)) = | —sinf cosf 0

0 0 1
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o > X,

Fig. 1.13 Transformation of plane Cartesian coordinates: from the Ox-system to the OX-system

1.4 Curves in Space

Let the parameter p be a scalar variable and let the symbol a(p) represent a unique
vector a for every value of the parameter p. The components of the vector a in a
Cartesian coordinate system Ox are then also functions of the parameter p:

a(p) = ai(p)e; (1.4.1)

The derivative da/dp is defined by the limiting process:

Ap) — Aa(p, A
da _ lim alp+A4p) —a(p) = lim Aa(p, Ap) (1.4.2)
dp Ap—0 Ap Ap—0  Ap
The following differentiation rules are easily tested:

dp —dp" dp dp” dp (1.4.3)

d(a-b) da db daxb) da db o
=—-b+ta-—, ———F=—xbt+ax—

dp dp dp dp dp dp

The function r = r(p) = x;(p)e; describes a collection of places in space that we
call a space curve. If the function r(p) is a continuous function of the parameter
p and has continuous first derivatives dr/dp, the curve is called a smooth curve.
Figure 1.14 illustrates the space curve in a Cartesian coordinate system Ox. Three
places are marked on the curve in Fig. 1.14: Py for parameter value py and with
place vector r(py), P for parameter value p and with place vector r(p), and a place
given by the place vector r(p + Ap).
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Fig. 1.14 Space curve r(p). p /Ar(p.Ap)
Tangent vector t = dr/ds

t=9r
ds
X Rf
A tangent vector to the curve is defined by:
Ap) — Ar(p, A ;
dr _ 1imw = lim Mzﬂzﬁei (1.4.4)
dp Ap—0 Ap Ap—0  Ap dp dp

A curve consisting of a finite number of smooth curves is called a piecewise smooth
curve. The length s of a smooth curve between two places Py, for parameter p,
and P for parameter p, is given by the arc length formula:

14
dr dr dx;dx; _
= gy = — 1.4.5
ap dp" /\/dpdpp (14.5)
Po

We assume that there is a one-to-one correspondence between the parameter p and
the arc length s. The formula (1.4.5) may then be used to substitute the parameter
p by the arc length s as a new curve parameter. The space curve will now be defined
by the place vector:

r=r(s) = x(s)e; (1.4.6)

From the formulas (1.4.5) and (1.4.6) we compute:

ds  [dx;dx;
Do g = Jar|,  dr = dve; (1.4.7)
dp dp dp

We define the fangent vector t to the curve and at the place r(s), by the unit vector:

dr B dxi

=20 =2
ds’ ' ds

(1.4.8)

A normal vector to the space curve at a place r(s) is a vector perpendicular to the
tangent vector at the place. The infinite number of such normal vectors defines the
plane of normals at the place. Two normal vectors are of special interest: the
principal normal vector n and the binormal vector b. Before defining these two
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vectors we define the curvature k and the radius of curvature p of the curve and at
the place r(s):

d’r
ds?

dt
ds

1
S 1.4.9
A (1.4.9)

The principal normal vector n to the curve is now defined by:

1dt 1d2r@ 1 d?x;
n—-——— ni = —
kds i ds? K ds?

(1.4.10)

The plane defined by the tangent vector t and the principal normal n is called the
osculating plane, Fig. 1.15. The unit vector b = t X n is called the binormal vector
to the space curve:

b:txn:>b,-:e,-jktjnk (1411)
We can show that the vector db/ds is parallel to the principal normal vector n.

b-b=1=4%2-b=0
b-t=0= =
d.t=—b.-%=_p (kn)=0

db
T is perpendicular to both b and t, and therefore parallel to n
s

We use this result to define the forsion t of the curveby the formula:

db db
C=-m=t=-n (1.4.12)

It follows from the formula (1.4.12), that the torsion t of a curve is positive if for
increasing value of the parameter s the principal normal b rotates about the tangent
vector t clockwise when observed in the direction of t.

We shall now present the three Frenet—Serret formulas for a space curve, named
after Jean Frederic Frenet [1816—-1900] and Joseph Alfred Serret [1819—-1885]:

Fig. 1.15 Space curve r b Iplane of normals
(s) with tangent vector t, 7'y
principal normal n, binormal
b, plane of normals, and
osculating plane

\ 4
=

|3 Ved
¢ /( /
A space curve r(s)
osculating plane
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g—Kn:>@—;cn<

ds ds

dn dn;

—1b-— t— b — Kt 1.4.13
s th — kt = I th; — Kt; ( )
a_

ds t ds R

The first and the last of these formulas are given above in the formulas (1.4.10) and
(1.4.12). The second of the formulas (1.4.13) is derived as follows:

dn db
dn dn
. :1 _— = _— . =
(b)n-n =—-n O:>[ds+;<t} n=20
dn dt dn dn

The results (b) and (c) show that the vector [dn/ds + kt] is parallel to the binormal
b, and the result (a) shows that the magnitude of this vector is the torsion 7. Hence:

dn dn
I +xt=1b == b — xt = (1.4.13),

From the result (a) we obtain the following formula for the torsion of the space
curve:

dn dn dn dny,

An alternative expression for the torsion 7 of a space curve is obtained as follows:

Fig. 1.16 Helix r = A
Reg(0) + ze, Tangent t.
Principal normal n. Binormal
b. Cylindrical coordinates
(R,0,2)
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ds ds\rds) ds\kds?) T K2 dsds® | xds  rds' @ kds
(t x n) dn drxdzrl ldKn—i— 1 Pr 1 [drd®rd’r N

T = —_— = _ _— . _— _— - — | — — -

ds ds = ds’k K ds K ds3 k2 |ds ds? ds3
1 e
- ds ds? ds3

dn_d <1dt> d <1d2r> _ —ldxd’r  1dr  ldx_ 1d’r

» (1.4.15)

Example 1.1 Helix A helix is a space curve defined by the place vector r(R, 0,z) =
Reg(0) +ze, in Fig. 1.16, where we have introduced cylindrical coordinates
(R,0,7) as defined in detail in Fig. 1.20:
r = Reg(0) +ze; = x;e;, x; =RcosB, x; =Rsinf, x3=z=>b0+z
R,b, and zp are constant parameters

The angle 0 will be chosen as curve parameter p = . The arc length formula (1.4.5)
gives:

0 0 0
dr dr - dxidxi - . 2 2 —
0) = — - —=dl = ——=dl = —Rsin 0 R 0 b2d0 =+/R?* + b0 =
s(0) /\/dG a0 / 40 do /\/( sin0)" + (Reos 0)" + *
0 0 0
a1
ds - 4/1324,b2

The tangent vector t, the curvature x, the radius of curvature p, the principal normal
vector n, the binormal vector b, and the torsion 7 are computed from the formulas
(1.4.8), (1.4.9), (1.4.10), (1.4.11), (1.4.15):

fﬂfﬂd_e—é[—RsinG Rcos 6, )
Tds dids VR 1B ’ ’
1

t= \/Rzi+bz (Rey + be,)

d’r 1 . —R
v :1?274_192[—Rc0s67 —Rsin0,0] = Rtk
Cld’r| R 1 R+

Tlae| TR Tk R

_ ld*r

n=-——-= —€g
K ds?
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1
b=txn=det| ny no n3 | =>=b=—+-—[bsin0,—bcosO,R
e \/R2+b2[ |
1 € €3
1
=————(Re, — bey
g (R~ beo)
d’r . 1 1 1 [drd’rd®r
F = [1{511’167 —Rcos 070}W—WW7 T = P [%EF}

| —Rsinf)  Rcosf b
= Fdet —Rcos —Rsinf 0
Rsin@ —Rcosf O

1 1 1 1 b
= T =
/R2+b2R2+b2R2+b2 /R2+b2 T R2 + b2

1.5 Dynamics of a Mass Particle

A mass particle is a body of mass m and which is small enough for the extension of
the body to be neglected, and the position P of the body may at any time ¢ be
localized by a place r(t) in space. Figure 1.17 illustrates a reference Rf, a Cartesian
coordinate system Ox, and the path of the particle as it moves from the position Py
at the time f, to the position P at the time t. The length of the particle path from P
to P is denoted by the path length s(t).

The velocity v and the acceleration a of the particle are defined by the vectors:

=v=rp (1.5.1)

Using the definition of the tangent vector t from the formula (1.4.8) and the
principal normal vector n from formula (1.4.10), we obtain:

dr drds ds .

Fig. 1.17 Motion of mass P, particle path
particle of mass m. Velocity v.
Acceleration a. Path length s

®
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a—ﬂ—ét—&-é deds —Et—i—in (1.5.3)
Cdt A dr\dsdt) P) -

The acceleration vector has two distinct components:

tangential acceleration: a, = 5.

2 (1.5.4)
normal acceleration: a, = — = —
p

The mass particle moves under the influence of a force given by the vector f ac-
cording to Newton’s second law of motion:

f=ma (15.5)

The equation of motion of a mass particle (1.5.5) may be decomposed into the three
directions t,n,and b :

fr=may, fy =may, f,=0 (1.5.6)

Example 1.2 Mass Particle Moving on a Helical Constraint

Figure 1.18 illustrates a particle with mass m on a fixed curve with the form of the
helix presented in Example 1.1. The particle moves subjected to the vertical grav-
itational force mg and two constraining forces: N in the direction of the principal
normal n and B in the direction of the binormal b. The geometry of the helix is given
in Example 1.1. We shall find expressions for the motion given by the angle 6(¢) and

the constraining forces N and B. The initial conditions are: 6(0) = 6,, 6(0) = 0.
The acceleration a consists of a tangential acceleration and a normal acceleration:

a=at+am, a=5=\VR+b20
$2 1(ds-\*> R N2,
=2 _—Z(ZZ9) = 2 1520) —
a, (d09> g (VR R0) = R(D)

o p

Fig. 1.18 Particle of mass
m moving on the helix r =
reg(0) 4 x3e;. Vertical
gravitational force (—mg)es.
Constraining forces Nn and
Bb
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Newton’s second law of motion (1.5.6) yields:

f —ma=

fz:mati(_mg%)'t:m\/mé:ézlp_—igbz’ :Rz_—?)bzr:}
:>0:2(R;ﬁ:gbz)12+90

f, =ma, = N+ (—mges) -n = mR(D)* = N = mR(0)* mr

ﬁ,:O:>B+(—mge3)'b:0:>B:\/%

1.6 Scalar Fields and Vector Fields

Scalars and vectors, representing physical or geometrical quantities related to places
r in a defined region in space, are represented by fields. Here we define two kinds of
fields:

o =o(r,7) ascalar field, a=a(r,7) a vector field (1.6.1)

The symbol 7 is the time. The temperature 6 in a body is an example of a scalar field,
while the velocity v of a particle or a body is a vector field. If the time ¢ does not
appear as an independent variable in a field function, the field is said to be a steady
field. If the time ¢ is the only argument in the field function, the field is called a
uniform field. The fields o = o(r,7) and a = a(r,7) are also denoted by:

o =a(r, 1) = alx; x2,x3,1) = a(x,f), a=a(rt)=a(x;,x,x3,t) =a(x,1)
(1.6.2)

The partial derivatives of a field function f(r, ) with respect to the time ¢ and the
space coordinates x; in the Ox-system and ¥; in the Ox-system, are expressed by the
symbols:

P S P i
8zf:8t7 f7z—axi7 f’l_a)_Ci7 fazaj—fw—fw——axixj (163)

Using a comma to indicate partial derivative with respect to a space coordinate is
called the comma notation. For the partial derivatives of the vector components
a;(x,1) of a vector a with respect to the space coordinates x; in the Ox-system, and
the partial derivatives of the vector components a;(¥, t) of the vector a with respect
to the space coordinates X; in the Ox-system, we introduce the comma notations:
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Fig. 1.19 Level surface a(r, 1) = u(z) at the time 7 with a space curve r(s). s = the arc length of
the space curve from the reference point P to the point P at the place r. The gradient of the scalar
field o(r,¢) grad o is a normal vector to the level surface

Oa; _ oa;
aj,j = o’ Qi = o, (1.6.4)
The equation a(r, 7) = og(t), where o(z) is a function of time only, represents at
any time ¢ a surface in space, see Fig. 1.19. The surface is called a level surface for
the scalar field o(r, 7). From the place P on the surface given by the place vector r,
we introduce an axis in an arbitrary direction given by the unit vector e = ¢;e;.
A coordinate ¢ along the axis is introduced representing the distance from the place
P to a place P’ on the axis. The place P’ is now given by the place vector r + ce. The
value of the scalar field « at the place P’ is equal to a(r + ee, 7). The rate of change
of o at the place r for the direction e is defined by the directional derivative of o at
the place r and in the direction e, and is given by:

@
Oe

Ou a(xi + 88,‘) . Ou _
[a(xi + ee;) e 0_ Ox; € = dyiei (1.6.5)

e=0 &=

For an arbitrarily given direction e the directional derivative defined in formula
(1.6.5) is a scalar field, and it follows from formula (1.6.5) that the components
Oo/Ox; define a vector field: the gradient of the scalar field a(r,t) denoted by
grado :

grado = %ei =0, € (1.6.6)

Xi

The formula (1.6.5) for the directional derivative of the scalar field «(r, ) in the
direction e = ¢;e&; may now be presented as:
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Ou
% 8:0: (grad o) - e (1.6.7)
Geometrically the gradient of the scalar field o(r, ¢) represents a normal vector to
the level surface a(r, ) = op(¢). This fact may be seen as follows. Let the function
r(s) = x;(s)e; represent an arbitrary space curve at the time 7 on the surface
o(r, 1) = ag(t), see Fig. 1.19, where the parameter s is the arc length of the curve
measured from some reference point on the curve, and with as the tangent vector
t = dr/ds from the formula (1.4.8) to the curve. The equation a(r(s),?) = og is
then satisfied for all values of s. Thus:

Oo  Oadx; dx; dr
%= onds = a,,a = (grad o) = 0 (1.6.8)

The vector dr/ds is a unit tangent vector to the curve and therefore a tangent to the

level surface. The result (1.6.8) shows that the vector grad o is perpendicular to the
tangent to an arbitrary curve on the surface. Hence:

The gradient to a scalar field o(r,7) represents a normal vector to the level surface
o(r, 1) = .

From formula (1.6.7) it now follows that:

The maximum value of the directional derivative of a scalar field a(r, 7) on the level surface
o(r) = ap is given by the magnitude of the gradient of the scalar field o(r, ). The vector
grad « points in the direction of increasing a—values.

The gradient of a scalar field «(r,f) may alternatively be denoted by:

grado = % = Vu (1.6.9)

The symbol V is called “del” and represents an operator, the del-operator, which in
Cartesian coordinates is given by:

0
v:ei%:e[ai (1.6.10)

Let a(r, ) be a scalar field and r(s) = x;(s)e; any space curve with the tangent
vector t = dr/ds. Then:

Oa 80(dx,‘_ dxi_
5_8_)@E:a’i$_(grada).t (1.6.11)

The result (1.6.8) is again obtained if the curve lies on the level surface
a(r, 1) = o(1).
The divergence of a vector field a(r, f) is a scalar field diva defined by:
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diva=V-a=(e0;) (aex) = ar.i € - e = i, Oix = disi =

. aai aal 8a2 aa3 (1612)
diva=V.a=g¢g,=—=— + -+ —

v “ ox; Ox; + Oxy + Ox3

The symbol V - a may be interpreted as “the scalar product” of the del-operator
(1.6.10) and the vector a.

We shall show that div a is a scalar field, i.e. a coordinate invariant quantity, by
showing that the value of div a is the same in all coordinate systems. Using suc-
cessively Egs. (1.6.4), (1.3.9), the chain rule of differentiation, and finally the result
0iQjj = d;; obtained from Eq. (1.3.4), we obtain:

_ 8E1i 8(Q,-kak) 6)(‘ 8ak
ajyi = o ch@_fc], = Qika—ijij = Qi Qijay,j = Oyjar,; = ar,x  Q.E.D

The divergence of the gradient of a scalar field o(r,t) is a new scalar field of
special interest in applications, and is therefore given a special symbol:
Po Oa
Ox;,Ox, B OX OXy,

V% = div (grade) = V- Vo = au = (1.6.13)

The symbol V is called the Laplace operator, named after Pierre-Simon Laplace
[1749-1827]. In a Cartesian coordinate system Ox the expression for the Laplace
operator is:

, P PP

= =—+—+— 1.6.14
OxOx; — Ox3 Ox3  0x3 ( )

The rotation of a vector field a(r, f) is the vector:
rota=curla =V X a = ejai,;e; (1.6.15)

The name and symbol curl is very often used in English literature. The symbol
V x a, read as “del cross a”, may be interpreted as a vector product of the
del-operator and the vector a. In a Cartesian coordinate system the rotation of a
vector field may be computed from a determinant of a matrix:

6/8x1 8/6x2 8/8353
Vxa=det| a a as (1.6.16)
€ € €3

The following identities may be derived by using the identity (1.1.19), see
Problem 1.6:
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Fig. 1.20 Cylindrical
coordinates (R, 0, )

(a)ax(bxe)=(a-¢c)b—(a-b)-c
(b) Va=V(V-a) -V x (V x a)
(c)(a-V)a=(Vxa)xa+V(a-a/2)
(d)V x (ea) = (Vo) xa+a(V x a)

(1.6.17)

Cylindrical coordinates (R, 0, z) are defined and presented in Fig. 1.20. The unit
vectors eg, €y, and e, in direction of the coordinates may be expressed in terms of
the base vectors e; of the Cartesian coordinate system Ox:

eg =cosfe + sinfle,, €)= —sinbfe; + cosle,, e, —€3 (1618)

The del-operator V, the Laplace-operator V2, the divergence and the rotation
of a vector field a(r, ) in cylindrical coordinates are presented in Sect. 6.5.5 and
given by:

V=e g +e 1 9 +e 9
“RoR T"RO0 T %oz
5 5 (1.6.19)
Vz—li Rﬂ +ia_+8_
T ROR\ OR)  R290* 0
1 0 1 0ay Baz
diva=V-a= ﬁﬁ(RaR)JrRaQ B
rota=e 19a: _ Day %—% 6
“ R0 oz dz  OR (1.6:20)
10 18aR
te [R@R (Rag) - R%}

Spherical coordinates (r,0,¢) are defined and presented in Fig. 1.21. Unit
vectors e, €y, and e in direction of the coordinates are expressed in terms of the
base vectors of the Cartesian coordinate system Ox:
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1.6 Scalar Fields and Vector Fields

Fig. 1.21 Spherical
coordinates (r, 0, ¢)

e, =sinfcos¢pe; + sinf singpe, + cosle;
eg =cosfcos¢pe + cosb singpe, —sinfe;

ey = —singe + cospe

(1.6.21)

The del-operator, the Laplace-operator, the diver-gence of a vector field a(r, )
spherical coor-dinates are presented in Sect. 6.5.5 and given by:

0 10 1 0
V—era -I-eo;% —H%bm% (1.6.22)
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rota = e, [ 550 (sin Oay) — e 9%] (1.6.24)
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Problems 1.1-1.6 with solutions see Appendix



Chapter 2 )
Dynamics. The Cauchy Stress Tensor e

This chapter introduces the concept tensors by defining the original tensor, i.e.
Cauchy’s stress tensor. However, first some basic principles of dynamics related to
continuous materials: solids, fluids, and gases, have to be presented. Dynamics,
which is the science of motion of bodies with mass and the forces that cause this
motion, is often subdivided into Kinematics and Kinetics. Kinematics is the
geometry of motion with velocity and acceleration as the most important concepts.
The kinematics of continuous materials is the subject matter in Sect. 2.1. Kinetics
treats the interrelationship between forces and the motion they cause. Continuum
mechanics is the science of motion and behaviour of continuous materials.
Section 2.2 introduces the types of forces generally considered in Continuum
Mechanics, and the equations of motion that apply to all continuous materials.
Section 2.3 Stress Analysis discusses the internal forces in a continuum. Material
models and constitutive equations are used to describe the response of continuous
materials to motion, deformation, and forces. Such models and equations are pre-
sented in Chap. 5.

2.1 Kinematics

2.1.1 Lagrangian Coordinates and Eulerian Coordinates

A portion of the continuous material we are considering is called a body. Figure 2.1
illustrates a reference Rf, to which motion will be referred, an orthogonal right—
handed Cartesian coordinate system Ox, with base vectors e¢; and a body at two
different times: a reference time t(, and the present time t, i.e. the time at which the
body is under investigation. A material point in the body is called a particle. At the
reference time f, the particle is denoted Py, and localized by the place vector ry,
which we call the particle vector, or by the three coordinate X; in the system Ox. At
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material lines

pathline

e X

Fig. 2.1 Cartesian coordinate system Ox fixed in reference Rf. Body of continuous material. The
body has volume V;, and surface area A in a reference configuration Ky, and volume V and surface
area A in the present configuration K. Particle ry at the place r = r(ry,?) at the time t in K. Volume
element dV. Displacement vector u = u(r,?)

the present time ¢ the particle is denoted P and localized by the place vector r or by
the three coordinate x;. We choose the alternative notations for a particle and for the
place of the particle at the present time ¢:

X1
particle: rg, [X1,X2,X;3], X, X=1|X; | = {XiX2X3} (2.1.1)
X3
X1
place: r, [)Cl,xZ,)C3], X, X= X2 = {Xl X2 X3} (212)
X3

The set of places that represents the body at any time is called a configuration of
the body at that time. The configuration of the body at the present time ¢ is called the
present configuration K. The configuration of the body corresponding to the ref-
erence time fy is called the reference configuration Ky. The body has at any time ¢ a
volume V and a surface area A. It is assumed that the body consists of the same
particles at all times and that the surface of the body is a closed material surface in
the continuum and in general consists at all times of the same particles.

The motion of the continuum may be described by functional relationships
between the place vector r and the place vector ry, and between their components
Xi and X,‘Z

r=r(ry,t), x =x(X1,X2,X3,1) =x(X,1) (2.1.3)

In Fig. 2.1 the motion of the particle is indicated by a pathline. The particle r
moves along this space curve. The relations (2.1.3) represent a one-to-one mapping
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between the places ry in Ky and the places r in K. The motion of the body may also
be represented by the displacement vector:

u=u(ry,?) =r(ro,t) —ro < u; = (X, 1) =x;(X, 1) — X; (2.1.4)

The motion of the body from configuration Ky to configuration K will generally
lead to deformation of the body, i.e. geometrical figures will change their shapes
and sizes during the motion. Deformation is illustrated in Fig. 2.1 by material lines,
which in K, are chosen to coincide with the coordinate lines. In K the deformed
material lines represent a curvilinear coordinate system, and an analysis of this
system would give us information about the state of deformation of the body
relative to the reference configuration Kj. A coordinate system imbedded in a body,
and which deforms with it, is called a convected coordinate system. Such coordinate
systems will be analyzed and utilized in Sect. 7.5.

The body consists at any time ¢ of the same particles. The surface of the body is a
closed material surface in the continuum and consists at any time of the same
particles.

Physical quantities are separated into extensive quantities and intensive quan-
tities. An extensive quantity is given for a body and may be a function of the
volume V or the mass m of the body. Examples are the mass itself, the linear
momentum of the body, and the kinetic energy of the body. The value of an
extensive quantity is the sum of its values for the parts into which the body may be
divided.

An intensive quantity is related to the particles in a body and independent of the
volume or the mass of the body. Examples are pressure, temperature, mass density,
and particle velocity. An intensive quantity may represent the intensity of an
extensive quantity and gives quantities per unit volume or per unit mass. For
instance, mass density is defined as mass per unit volume. In general an intensive
quantity that is given per unit volume is characterized as a density. Kinetic energy
per unit volume is thus a kinetic energy density. For short it is customary to use the
word density also when we actually mean mass density. An intensive quantity
defined per unit mass, is characterized as a specific quantity. For instance, the
velocity of a particle is also linear momentum per unit mass, and thus represents the
intensity related to the extensive quantity called the linear momentum of the body.
Velocity is therefore specific linear momentum.

An intensive physical quantity may be expressed by a field as either a particle
function f(ro, t), which is a function of the particle vector ry and the time ¢, or as a
place function f(r,t), which is a function of the place vector r and the time
t. Alternatively the particle function may be expressed as a function of the particle
coordinates X and the time #, and the place function may be expressed as a function
of the place coordinates x and the time ¢. Thus we have the alternative forms:
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f(ro,t) =f(X,t) =f(X1,Xz,X3,1) particle function (2.1.5)
f(r 1) =f(x,1) =f(x1,x,x3,t) placefunction (2.1.6)

The form f(ro, ¢) for a particle function rather than the form f (X, ¢) is used when we
want to emphasize the coordinate invariant property of the quantity that the field
function represents. To get from a place function for a particle related intensive
quantity to a particle function we introduce the motion r(ry,?) of the particle and
write alternatively:

fr,0) = f(x(ro, 1), 1) & f(x, 1) = f(x(X, 1), 1) (2.1.7)

The coordinates (X, t) = (X, X, X3, t) are alternatively called Lagrangian
coordinates, named after Joseph Louis Lagrange [1736-1813], material coordi-
nates, particle coordinates, or reference coordinates. The application of these
coordinates is called Lagrangian description or reference description.

The coordinates (x,?) = (x1,xz,x3,1)) are alternatively called Eulerian coordi-
nates, named after Leonhard Euler [1736-1813], or space coordinates, and their
application for Eulerian description or spacial description.

According to Truesdell and Toupin [1], the Lagrangian coordinates were intro-
duced by Euler in 1762, while Jean le Rond D’ Alembert [1717—-1783] was the first to
use the Eulerian coordinates in 1752. In general Continuum Mechanics Lagrangian
coordinates and the reference description are the most common. The same holds true
in Solid Mechanics. However, in Fluid Mechanics, due to the large displacements
and the complex deformations resulting from the fluid motion, it is usually necessary
and most practical to use Eulerian coordinates and spacial description.

2.1.2 Material Derivative of Intensive Quantities

Let the particle function f(ro, ), which may be a scalar or a vector, represent an
arbitrary intensive physical quantity. For a particular choice of the particle vector ry
or the particle coordinates X the function f(ry, ) is connected to that particle ry at
all times ¢. The change per unit time, i.e. the time rate of change, of f when attached
to the particle ry is called the material derivative of the particle function f and is
denoted by f with a superimposed dot.

_df _af(l'o,t):

f - E ry :conslant_ ot B atf(r07 t) < 218

f:ﬁ :8f(x’t)=8Lf(Xt) ()
B dt X=constant ot B ’

Other names for this quantity are the substantial derivative, the particle derivative,
and the individual derivative.
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The velocity v and the accelerationa of the particle X are defined by:

v(rg,t) =¥ = 0r(ro, 1) & v(X,1) =t = or(X,1) (2.1.9)

a(rg,t) =V =1 = dr(ry,t) & a(X,t) = v =¥ = dr(X,1) (2.1.10)

Using the definition (2.1.4) of the displacement vector u, we have as alternative
expressions:

v=1=0u(ry,?) =ou(X,1), a=v=ii=0u(r,t)=0duX,1) (2.1.11)

The components of the velocity and the acceleration in the coordinate system Ox
are:

Vi =1u; = &ui(X, t) =X = atxi(X, [) (2112)
a = =%=0x(X,t) = ii; (2.1.13)

Let the place function f(r,t) = f(x,7) represent an intensive quantity, which
may be a scalar or a vector. For any particular choice of r or coordinates x the
function is attached to the particular place r or x in space. The local change of
f(r,t) = f(x,1) per unit time is:

o (r,1)
ot

If (x,1)
ot

Of (r,1) = < Of (x,1) = (2.1.14)

In order to find the material derivative of the place function f(r,t) = f(x,t), we
attach the function to the particle r, that takes the position x at time 7 and use the
form (2.1.7). The definition (2.1.8) of the material derivative of the field function

f(x(X,1),t) representing an intensive quantity leads us to the result:

P (o) O 1) 96(X,1)

f 8t 8}(,’ 6t = atf +fai8l-xi

The last factor in the last term represents the components v; of the particle
velocity. We then have an expression for the material derivative of a place function
f(x,1) representing an intensive quantity for a particle X:

f=0f+vfi (2.1.15)

We use the del-operator V from the formula (1.6.10) and introduce the operator:
0

v-V=v,— (2.1.16)

ax i
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This operator represents a scalar product of the velocity vector and the del-operator.
The formula (2.1.15) may now alternatively be written as:

f=0f+(v-V)f (2.1.17)

The material derivative f in the formula (2.1.17) contains two parts: The local
part Of and the convective part (v - V)f of the material derivative. The local part
Of registers the change of f at the place r. In Fluid Mechanics, for instance,
recording of intensive quantities like pressure, temperatures and velocities will
usually be performed with stationary instruments. A stationary instrument can
register f at a definite place r and provides values of f for the particles passing
through the place r. The recording of such an instrument can therefore only give the
local part O,f of the material derivative f . The convective part, (v-V)f of the
material derivative f represents the time rate of change of f due to the fact that the
particle, which at time 7 is at place r, moves to a new position in space.

The particle acceleration a may be computed from the velocity field v(r, ) by
application of the formula (2.1.17). We write:

a:i’:(“),v—&—(v-V)v{:)ai:iz,-:6,vi+vkvi,k (2118)

From the result (2.1.18) we see that the particle acceleration a consists of the local
acceleration 0,v and the convective acceleration (v - V)v.

2.1.3 Material Derivative of Extensive Quantities

A body of continuous matter and with volume V(7) has constant mass m. This
statement is called the principle of conservation of mass. Mass per unit volume is
called the mass density, or for short, the density. Let the scalar field p = p(r, 1)
represent the density at the place r, and let dV be differential element of volume. In a
Cartesian coordinate system Ox the differential element of volume is presented as a
rectangular parallelepiped as shown in Fig. 2.2 with volume dV = dx;dx,dx;. In
other coordinate systems and in general curvilinear coordinate system the volume
element is defined and presented in Sect. 9.3. The mass m of a body of volume V(z)
at the present time ¢, may then be expressed by a volume integral:

m= / pdV (2.1.19)
V()

Let f(r,t) be a place function that represents an intensive quantity expressed per
unit mass, i.e. a specific quantity, and let F(f) be the corresponding extensive
quantity for a body with volume V(¥):
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Fig. 2.2 Differential volume

A x3
element in a Cartesian M,
coordinate system _
Ox:dV = dxldedX3
\ dx,
dy, /r
dv
/O- »> X
Xi
F(r) = / fpdV (2.1.20)
40

For instance, f(r,#) may be the kinetic energy per unit mass, v-v/2 = v;v;/2 and
F(t) the total kinetic energy for the body.
The time rate of change of F(r) attached to the body is called the material

derivative F of the extensive quantity F(r). We will find that:

F=F(@) = /fpdv (2.1.21)
V(r)

This result may be derived as follows. The body is considered to consist of many
small elements with volumes and mass symbolized by dV and pdV respectively. The
contribution to F(¢) from the volume element dV is fpdV. The integral in (2.1.20)
represents the sum of contributions from all volume elements. The volume elements
may change both in form and size with time, but the mass p dV of any element is
constant by the principle of mass conservation. The time rate of change of the
quantity fpdV is therefore f pdV . The time rate of change of F() is then the sum of

the element contributions fpdV, and thus equal to the integral in formula (2.1.21).

2.2 Equations of Motion

2.2.1 Euler’s Axioms

Newton’s laws for the motion of a mass particle cannot in the strict sense logically
be transferred to apply to a body of continuously distributed matter. It has been
customary in some texts to claim that this transformation is possible: From
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Newton’s second law for motion of a body, originally by Newton for a mass
particle, and Newton’s third law for the interaction between mass particles, the
equations of motion for a system of mass particles are derived as two vector
equations: firstly an equation equating the resultant of all the external forces on the
system to the change in the sum of the linear momentums of the particles, and
secondly an equation equating the sum of all the moments of the external forces
about a point O to the sum of angular momentums of the particles about the same
point O. The first vector equation may be referred to as Newton’s second law for a
system of mass particles. The second vector equation may be referred to as the law
of moments for a system of mass particles. These two vector equations are then
taken to apply to a continuum. The consideration is either that the continuum is a
system of a large number of elementary particles, or as a system of infinitely many
infinitely small particles. The first method of consideration fails on the ground that
elementary particles do not obey Newtonian mechanics. Quantum mechanical
issues are involved here, and the transfer from the micro world to the macro world
must include statistical mechanics. The other method contains logical difficulties of
mathematical nature.

In Continuum Mechanics two axioms are postulated: Euler’s first axiom, which
corresponds to Newton’s second law for a system a system of particles, and Euler’s
second axiom, which has its parallel in the law of moments for a system of particles.
The two axioms are presented below as Eqgs. (2.2.6) and (2.2.7). The law of action
and reaction of forces, i.e. Newton’s third law, and of couples and counter couples
for interaction between two bodies now follows as a consequence of the Eulerian
axioms. This will be demonstrated in Sect. 2.2.2.

From a continuum at time r we now consider in Fig. 2.3 the present configu-
ration K of a body having mass m, volume V, and surface A. The body is assumed to
be acted upon by two types of forces: body force b per unit mass, and contact force
t per unit area over the surface of the body. The Cartesian coordinate system Ox is
fixed in the reference Rf.

The body forces are external forces originating from sources outside of the body,
and they represent actions at a distance from the surroundings. It is for practical
reasons that all body forces are considered to be given per unit mass. Gravitation,
centrifugal forces, electrostatic and magnetic influences are examples of body
forces. The most typical body force is the gravitational force g in the parallel
constant field of gravity, with its standard value g = 9.81 N/kg. Normally it is
assumed that the body forces are independent of the state of the body, but in general
the body forces may depend upon the position in space of the particle on which they
act. At the place r we express the body force by:

b = b(r,1) = b(x,7) (2.2.1)

If a body force is given as force per unit volume, it is called a volume force.

In a solid material the contact force represents the internal forces between the
physical particles, atoms and molecules, on both sides of the surface A separating
the body from its surroundings. Surface force and traction are other names of the
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t=t(r,z,n)

Fig. 2.3 Present configuration K at the time ¢ of a body of continuous material with volume V,
mass m, and surface area A. Density p = mass per unit volume. Reference Rf. Body force b(r,
t) = force per unit mass. Surface force, stress vector, t(r,z,n) = force per unit area. Velocity vector
v(r,?). Element of area dA. Element of volume dV. Decomposition of the stress vector t into a
normal stress ¢ and a shear stress ©

contact force. The vector t will in the present exposition be called the stress vector.
The stress vector varies with the place r, or the particle X, on the surface, with the
time ¢, and with the normal n to the surface at the place r. The vector n is defined to
be a unit vector pointing out from the surface A at the place r. Alternatively we use
the expressions:

t =t(r,z,n) = t(x,7,n) = t(r,,1,n) = t(X,1,n) (2.2.2)

The components of the stress vector t in the direction n and in the tangent plane to
the surface A at the place r are the normal stress ¢ and the shear stress T respec-
tively, see Fig. 2.2.

When a gas is considered as a continuous medium, the surface of a gaseous body
is a material surface. However, if we take into consideration that the gas consists of
molecules, moving about at great speeds, the surface of gaseous body is a math-
ematical surface through which molecules may pass, although the macromechanical
flow through a surface element is assumed to be zero. The motion, or rather the
momentum, of the molecules that pass through the boundary surface is in
Continuum Mechanics represented by the contact forces. Intermolecular forces in a
gas are negligible. When the boundary surface is an interface between a gas and a
liquid or a solid material, the molecular motion is represented by a pressure and
tangential forces, i.e. shear stresses, on the liquid surface or the surface of the solid
material respectively. On an interface between two liquid bodies, the contact forces
represent both intermolecular forces and molecular motion.
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In special situations, it becomes necessary to add to the two types of forces
introduced above, body couples, given as couple per unit mass, and surface couples
or couple stresses on the surface of the body, given as couple (moment) per unit
area. Body couples are for instance present as a result of an elastic strain wave
passing through a body exposed to an electromagnetic field. Another example of the
presence of body couples is given by the effect of the magnetic field of the earth on
the needle of a compass. Couple stresses may appear when the molecular structure
of a material is taken into consideration, and when dislocations in metals are
considered. In this book these types of mechanical actions are not considered.

The body shown in Fig. 2.3 is subjected to a resultant force f given by:

f:/tdA+ /de (2.2.3)
A |4

The symbol dA represents a differential element of area of the surface A of the
body, and the symbol dV is the differential element of volume of the body. When a
surface is a part of a x;x,-plane in a Cartesian coordinate system Ox, the element of
area may be represented by the rectangle dA = dx;dx,. The expression for the
element of area in general coordinates is defined and presented in Sect. 9.3.

The resultant moment my about the point O of all forces acting of the body is:

moz/rxtdA+/rxde (2.2.4)
A v

The velocity of a particle ry at the place r in the body is given by the vector
fields v(ro,#) or v(r,t). The linear momentum p of the body and the angular
momentum lp of the body about the origin O are defined by the integrals:

p= /VpdV, lp = /r X vpdV (2.2.3)
v v

Note that the velocity v may be interpreted as the specific linear momentum, i.e.

momentum per unit mass. Likewise, r X v is the specific angular momentum about O.
The general laws of motion for a body of mass m, which at time ¢ has the volume

V and the surface A, are postulated as Euler’s two axioms or laws and given by:

f=p= /i’p dv = /ap dv Euler's first axiom (2.2.6)

vV 14

my =1y = /r xvpdV = /r x apdV Euler's second axiom  (2.2.7)

14 14
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a = v is the particle acceleration. When computing the material derivative of the
extensive quantities p and lp, we have used the formula (2.1.21). Furthermore, we
have used the development:

d . .
E(rxv):rxv+r><v:v><v+r><a:r><a

Euler’s first axiom is also called the law of balance of linear momentum of a
body. Euler’s second axiom is also called the law of balance of angular momentum
of a body.

The center of mass of a body is defined by the point C that at time ¢ is at the
place given by the place vector:

1
rec = —/rpdV (2.2.8)
m
v

The center of mass is a reference invariant point that moves with the body. The
weight of a body, which represents the resultant of the constant and parallel
gravitational field near the surface of the earth, always has its line of action through
the mass center C. The point C is therefore also called the center of gravity of the
body. The velocity v¢ and the acceleration ac of the center of mass are found from
the expressions:

1 1
\o=0 Yo :—/I"pde—/vpdV (2.2.9)
m m
v v
. . 1 /. 1
aC:Vc:rC:—/VpdV:—/apdV (2.2.10)
m m
v v

From the definition (2.2.5) (2.2.5); and the formula (2.2.9), it follows that the linear
momentum p of the body may be expressed by:

p = mvc (2.2.11)

Then, according to Euler’s first axiom (2.2.6) the motion of the center of mass is
governed by the equation:

f = mac (2.2.12)

Thus, the center of mass of a body moves as a physical particle with mass equal to
the mass m of the body, and subjected to the resultant force f on the body.
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2.2.2 Newton’s Third Law of Action and Reaction

Newton formulated his third law of action and reaction when two bodies interacted,
without taking into consideration the extent of the two bodies. Using the two
fundamental axioms of Euler, we shall derive and extend the third law to two bodies
of arbitrary shapes and extensions.

Figure 2.4 shows a body, considered to consist of two parts I and /I separated by
the interface A'. The axioms (2.2.6) and (2.2.7) are now formulated for the body and
for each of the parts I and I, using the point O’ on the interface A’ as a moment
point. Subtractions of corresponding equations for the parts from the equations for
the total body give as results:

— / t(rJ,n)dA — / t(l’,l, —n)dA =0 —f—1f;=0
AT AT

- / r' x t(r,z,n) dA — / r' x t(r,z,—n)dA=0< —mp; —my =0
A aln

(2.2.13)

The result: —f;, — f; = 0 shows that the resultant force £, of the contact forces on
part [ from part /I, is equal to the resultant force f,; of the contact forces acting on
part /I from part 1, but with opposite signs. The result: —mj;, — my; = 0 shows that
the resultant moment m;, of the contact forces on part I from part 1, is equal to the
resultant moment my; of the contact forces acting on part /I from part I, but with
opposite signs. Hence:

f12 = —le, mi; = —IMyp; (2214)

t(r,z,n)

Fig. 2.4 Body of mass m and density p subjected to external forces f;, f,, and f;, The body
consists of two parts I and I/ separated by an interface A’. On the interface A’ on the parts / and /I:
resultant forces f),, f5;, and resultant moments m;,, m,; about the point O’
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Fig. 2.5 Cauchy’s lemma
t=t(r,z,n)

I V4
/|

t(r,f,—n)=—t

material interface 4'

The resultant forces act through the moment point O, and the resultant moments are
couples. The result (2.2.14) may be interpreted as a generalization of Newton’s third
law of action and reaction: To each action (fj;ormjy) there is a reaction
(f210r myy).

Figure 2.5 illustrates a material interface A’ with a particle P located by place
vector r, not shown in the figure. Let the area A’ shrink to zero. Then it follows from
the results (2.2.13) that:

t(r,z,n) = —t(r,z, —m) (2.2.15)

This result is called Cauchy’s lemma, named after Augustin Louis Cauchy [1789—
1857]. The lemma shows that the stress vectors on the two sides of a material
surface are equal but in opposite directions, as shown in Fig. 2.5.

2.2.3 Coordinate Stresses

Figure 2.6 shows the stress vectors t; on three material surfaces through the particle
P at the place r and perpendicular to the coordinate axes. The unit normals to these
surfaces are the base vectors e;. The components of the stress vectors t; are denoted
T;«. Hence:

te =Tye; <€ -t =Ty (2216)

The components T will be called the coordinate stresses in the particle P or at
the place r. The coordinate stresses are elements of the stress matrix T = (Ty) in P,
or at r, with respect to the coordinate system Ox, or with respect to the base vectors
e;. The coordinate stresses Ty, 7>, and T33 are normal stresses, while the coor-
dinate stresses Ty, i # k, are shear stresses. The first index (i) of Ty refers to the
direction of the stress and the second index (k) refers to the normal vector e; to the
surface on which the stress acts. In the literature the meaning of the indices is often
reversed.
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Fig. 2.6 Stress vectors t; on material surfaces through a particle P and with unit normal vectors
equal to the base vectors e; in a Cartesian coordinate system Ox. Coordinate stresses Ty at the
particle P

Figure 2.7 shows two sides of a material surface in an x;x3-coordinate plane
through a particle P. On the surface side with unit normal equal to the base vector e,
the stress vector is t, with the three Cartesian components T,;, where T, is a
normal stress, and 7', and T,3 are shear stresses. On the side of the surface with unit
normal —e; the stress vector is, according to Cauchy’s lemma, equal to —t, with the
three Cartesian components — 7y, where Ty, is a normal stress, and T, and T3 are
shear stresses.

Because the normal stress on both sides of the material surface in Fig. 2.7 points
out from the surface this normal stress is called a tensile stress. A normal stress
representing a pressure on the surface is called a compressive stress.

Based on the situation in Fig. 2.7 we may state the following sign rule for
coordinate stresses:

A positive coordinate stress acts in direction of a positive coordinate axis on that side of a
material coordinate surface facing the positive direction of a coordinate axis. On the side of
the material surface facing the negative direction of a coordinate axis, the positive coor-
dinate stress acts in the direction of a negative coordinate axis.

Fig. 2.7 Positive coordinate
stresses

12
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As will be shown in Sect. 2.2.5, the coordinate shear stresses Tj; and T}; are
equal, i.e. Ty = Ty, as long as we only consider the two types of forces: body
forces b and contact forces t. Normally therefore the order of the indices is not
really so important. An exception to the equality of shear stress pairs is provided
when body couples and when couple stresses are present. However, in some
derivations and applications it is advantageous to distinguish between Ty and Ty;.

The literature uses a variety of symbols for coordinate stresses. When number
indices are used, the following symbols may be found.

Ty = Six = Oix = Tixk = —Pik (2.2.17)

In texts using xyz-coordinates, normal stresses are denoted as g, or gy, etc., and
shear stresses as 1, or gy, etc.. Thus:

T T Tiz Ox  Txy Ty Oxx Oxy Oxg
T=|Ty Tn Tun|=|1t 0 7| =|0x 0, 0y (2.2.18)
T3 T3 Ts3 Txx Ty O Ox Oz Oz

Example 2.1 Uniaxial State of Stress
A rod with axis along the x;-axis in a Cartesian coordinate system Ox is subjected
to an axial force N, Fig. 2.8.

Any cross-section of area A of the rod is subjected to a normal stress ¢ = N /A.
The cross-section is free of shear stresses: T>; = T3; = 0. The state of stress is
given by the stress matrix:

ﬂ

I
o oq
==

0 0
0 0}, o=
0 0

This state of stress is called uniaxial, a term that will be explained in Sect. 2.3.1.

Example 2.2 State of Pure Shear Stress

A thin-walled tube with a mean radius r and a wall thickness of h (h < r) is
subjected to a torsion moment, or torque, m,, Fig. 2.9. The resultant of the stresses
over the cross-section of the tube must be equal to the torsion moment. Due to
symmetry the cross-section will only carry a constant shear stress, which we find to
be © = m,/(2nr*h). Figure 2.9 shows the state of stress on a small, approximately
plane, element of the tube wall. Related to the local Cartesian coordinate system Ox,

Fig. 2.8 Rod subjected to an
axial force N. Normal stress o <—|f e R
on a cross-section. Uniaxial

state of stress ¢ = N/A
N —
I e
ea A

ar




50 2 Dynamics. The Cauchy Stress Tensor

small, approximately plane, element of the tube wall

Fig. 2.9 Torsion of a thin—walled tube with mean radius r and wall thickness h. The tube is
subjected to a torque m,

shown on the element in Fig. 2.9, the non-zero coordinate stresses are the shear
stresses Tjp and 7. Moment equilibrium of the element requires that:
Ty, =Ty =1

The state of stress in a particle P in the wall of the tube is now expressed by the
stress matrix:

0 0 m
T = 0 = —
(T) 0 © YT omh

S O A

The small, approximately plane, element of the tube wall shown in Fig. 2.9 is in a
state of pure shear stress.

2.2.4 Cauchy’s Stress Theorem and Cauchy’s Stress Tensor

Figure 2.10 shows the stress vector t on a surface element dA with unit normal
n through a particle P. The element may be a part of the boundary surface of a body
or a material surface in a body. Let Tj; be the coordinate stresses in the particle
related to a Cartesian coordinate system Ox with base vectors e;, and let:

t=te, n=nge; (2219)

Fig. 2.10 Stress vector t on a t
surface element dA through a
particle P on the surface of a
body. Unit normal vector n
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Then the Cauchy’s stress theorem states that:
ti=Tyuny &t=Tn (2220)

The proof of the theorem follows below.

Figure 2.11 shows a small body in the form of a tetrahedron, called a Cauchy
tetrahedron, of volume V and with a surface consisting of four triangles. Three of
the triangles are parallel to coordinate planes and have the areas A; and are con-
nected at the P. The fourth triangular plane has the area A and a unit normal vector
n and has a distance & from particle P.

The body is subjected to a body force b, the stress vectors —t; on the areas Ay
and the stress vector t on the fourth triangle of area A. Euler’s first axiom applied to
the body results in the equations of motion:

3
Z/(—tk)dA+/tdA+/de:/apdV (2.2.21)
k=1 A A v v

If we let the vectors: —t;, t, bp, and ap represent mean values on the respective
surfaces and in the volume, the equation of motion (2.2.21) may be presented as:

4 A +tA+bpV =apV (2.2.22)

The edges of the tetrahedron in Fig. 2.11 parallel to the base vectors e; are denoted

by &, and since n is a unit vector, we may write:
Fig. 2.11 Cauchy e,
J e2
e1

thetrahedron. Body of volume
V and mass m. Body force

b. Acceleration a. Surface
consisting of four triangles:
Three orthogonal triangles
parallel to coordinate planes
are connected at the particle
P and have and have areas A;,
unit normals e;, and stress
vectors —t;. A fourth triangle
has area A, unit normal n, and
stress vector t
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g = cos (n,e) = h/hy (2.2.23)
The volume V of the tetrahedron may be expressed in four different ways as:
V=A -h/3=A-h/3=A; -hy/3=A3 h3/3
Using the result (2.2.23), we obtain the formulas:
V=A"- h/3, Ay =Any (2.2.24)

The results (2.2.24) are substituted into the equation of motion (2.2.22), and after
division by A, we get:

—tym+t+bph/3=aph/3

Now we let i approach zero. Then we are left with the following relation between
the four stress vectors t and —t; on planes through the particle P:

= tk ny (2225)

Using the relation (2.2.16) for the components of the vectors t;, we obtain from the
formula (2.2.25) the result:

t=re=Typenm = 6; =Typm

This completes the proof for the Cauchy’s stress theorem (2.2.20). The theorem
shows how the coordinate stresses Ty, or the stress matrix 7 = (Ty), related to a
Cartesian coordinate system Ox, completely determines the state of stress in a
particle.

The unit normal n and the corresponding stress vector t are coordinate invariant
properties. This implies that the relation (2.2.20) between the components of the
two vectors t and n has a coordinate invariant character. The stress matrix 7" works
as a vector operator, and we may state: The vector t is determined by the vector
n through an operator T, which in a Cartesian coordinate system Ox is represented
by the matrix T. If a new coordinate system OX with base vectors & = Qj e is
introduced, we shall find the following relation between the components #; of the
stress vector t, the components 77; of the vector n, and the coordinate stresses Ty in
the coordinate system Ox:

1= T,‘k net= Tn (2226)

Because the two relations (2.2.20) and (2.2.26) express the same connection
between the vectors n and t, it is appropriate to introduce a coordinate invariant
quantity, called the stress tensor T, that let us express the connection between the
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stress vector t and the surface normal n in an invariant form. We say that the
matrices T and T define the stress tensor T in the following sense:

The stress tensor T is a coordinate invariant intensive quantity that in any Cartesian
coordinate system Ox is represented by the stress matrix 7 in that coordinate system. The
coordinate stresses Ty are called the components of the stress tensor in the Ox-system.

The word tensor derives from the Latin word “tensio” meaning tension and was
originally the name of the stress matrix. Chapter 3 presents the general definition of
tensors and their algebra.

The relations (2.2.20) and (2.2.26) between the components in any two Cartesian
coordinate systems Ox and Ox of the stress vector t, the stress tensor T and the
surface normal n represent the Cauchy’s stress theorem:

Cauchy’s stress theorem: The stress vector t on a surface through a particle P is
uniquely determined by the stress tensor T in the particle and the unit normal n to
the surface through the relation:

t=Tn=T n&=Tuy <t=Tn (2.2.27)

The two coordinate invariant forms, Tn and T - n, in the relation (2.2.27) are
equivalent. In this book the latter form is preferred of reasons that will be given
later. The first form is sometimes chosen because it relates to the form of its matrix
representation.

The normal stress ¢ on a surface with unit normal vector n, Fig. 2.12, is given by
the scalar product of n and the stress vector t:

c=n-t=n-T-n=nTen,=n"Tn (2.2.28)
The shear stress 7 on the surface may be computed from:

T=nxt=vt-t—ag? (2.2.29)

The formula 7 = |n X t| is obtained as follows:

nxt|=1-]|t|-sin(n,t) =|t|- (¢/|t|) =<

Fig. 2.12 Stress vector t,

normal stress ¢ shear stresses
7 and 7 on a surface with unit
normal n through a particle P
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The projection 7 of the shear stress 7 in the direction given by a unit vector e in the
surface may be expressed as the scalar product of the vectors e and t:

i=et=e-T-n=¢Tym=¢ Tn (2.2.30)
It follows from Egs. (2.2.28) and (2.2.30), that:
Ti=1¢€-T-e (2.2.31)

The result (2.2.31) may be interpreted as a general relation between the stress tensor
T and its components Ty in a general Cartesian coordinate system Ox. The relation
will now be used to find the relation between the stress matrices T and T in two
coordinate systems Ox and Ox. The base vectors of the two systems are related
through Eq. (1.3.2): €; = Qy €, where Q = (Qy) is the transformation matrix for
the transformation from Ox to Ox. Using the general relation (2.2.31), we obtain:

Tj=¢e - T-¢=(Qwex) T-(Que;) =0QuQuex - T-e,=0i Qi Ty =
T = QuQiTu = QuTuQy < T = QTQ" (2.2.32)

The two stress matrices, T and T represent the same state of stress, i.e. the same
stress tensor T. Each matrix is the representation of the tensor T in the respective
coordinate system.

Example 2.3 Fluid at Rest. Isotropic State of Stress

In a fluid at rest all material surfaces through a fluid particle transmit the same
normal stress, which is the pressure p, and the shear stress on the surfaces is zero.
This is called an isotropic state of stress. The stress matrix related to any Cartesian
coordinate system Ox for a fluid at rest is therefore:

—-p 0 0
T = 0O —p O =-pl & Ty =—pdy, isotropic state of stress
0 0 —p

(2.2.33)

2.2.5 Cauchy’s Equations of Motion

From the two axioms of Euler, formulas 2.2.6 and 2.2.7, field equations will be
derived that represent the laws of balance of linear and angular momentum of
particles in a continuum. Figure 2.13 shows a differential element of mass with
volume dV = dx,;dx,dx; about the particle P.
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/ t,+t,,, -dx,

!
|
d‘xl N |

! Y dx,
|

: t,+t,,, dx,
- |
t, «—] /6_P_____¥ _______
e3 ///
/// // b
t +t, -dv, & - /
a
N e, av P —t, dxz

Fig. 2.13 Differential volume element dV = dx dx,dx; about the particle P subjected to body
force b, and surface forces t; . Density p and acceleration a. Base vectors e; in a Cartesian
coordinate system

The body in Fig. 2.13 is subjected to body forces and contact forces. The law of
balance of linear momentum for the element, i.e. Euler’s first axiom (2.2.6), yields:

(t1,1dx1) - (dxadxs) + (t2,0dx2) - (dxzdxy)
+ (t3,3dx3) - (dx1dx;) +bpdV = apdV =

tex+pb=pa (2.2.34)

The terms in this equation represents mean values over the respective surfaces and
in the volume, related to the particle P. When the expression (2.2.16) for the stress
vectors t; is substituted into Eq. (2.2.34), the following component form for the
balance of linear momentum is obtained.

Ty +pbi = pa; Cauchy'sequations of motion in Cartesian coordinates
(2.2.35)

If we now let the volume of the element shrink to zero, Eq. (2.2.35) become field
equations related to particle P. Equation (2.2.35) is called Cauchy’s equations of
motion, Cauchy’s first law of motion, or for short the Cauchy equations.

We now introduce the concept of the divergence of a tensor of second order.
The divergence of the stress tensor is a vector, div T, with components Ty, in the
Ox-system:

divT = Ty e (2.2.36)

The definition (2.2.36) of div T is coordinate invariant, a fact that will be demon-
strated in Sect. 3.4 on Tensor Fields. Indirectly the coordinate invariance follows
from the Cauchy equations (2.2.35): Since b; and a; are components of vectors, the
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terms Ty, must also be components of a vector, i.e. a coordinate invariant quantity.
The Cauchy equations may now be written in an index free form:

divT + pb = pa = pi  Cauchy’s equations of motion (2.2.37)

In a xyz-notation the Cauchy equations are:

Jo, . 0Ty OTy

b = x = i
o By + B +p pa Pty
Jo, 01y,  OTyp .
— b, = , = 2.2.38
By + 2 + o T POy = pay, = puy ( )
Jo, Oty 0Oty ..
bk A3 ' b, = =
B + P + By +pb, =pa; = pu,

The Cauchy equations of motion in cylindrical coordinates and in spherical coor-
dinates are presented in Sect. 7.7.

Under the assumption that the forces on a body of continuous material only are
contact forces and body forces, the law of balance of angular momentum, i.e.
Euler’s second axiom (2.2.7), implies that the stress matrix is symmetric:

T =T & T =Ti (2239)

This result may be proved as follows. Let the state of stress in the neighbourhood of
the particle P be given by a homogeneous state of stress given by the stress matrix
T in P plus an additional state of stress given by the stress matrix AT . Since the
matrix 7 now represents a homogeneous stress field and thus satisfies the Cauchy
equations: Tj,, = 0, the additional stress matrix A7 must satisfy the Cauchy
equations (2.2.35) and thus balance the body forces b and the acceleration
a. Figure 2.14 shows an element of volume dV = dx; dx; dx; that contains the
particle P. The element is subjected to the homogeneous stress field 7. The law of
balance of angular momentum applied to the element provides three component
equations. The x3-component equation is:

(T21 -d)C2 dX3) -dX1 — (T]z -dx1 dX3) -dX2 =0= T21 = T12

Similar results are obtained for the other component equations. The results prove the
statement (2.2.39). The symmetry of the stress matrix is a coordinate invariant
property, and we therefore say that the stress tensor is symmetric. The result (2.2.39)
may be interpreted as the law of balance of angular momentum for a particle and is
also called Cauchy’s second law of motion. Normally the symmetry of the stress
matrix is assumed a priori such that the matrix is considered to contain only six
independent elements rather then nine. Thus the laws of motion for a particle are the
three Cauchy equations of motion (2.2.35) or the vector Eq. (2.2.37).

From the symmetry (2.2.39) of the coordinate stresses we may extract the fol-
lowing statement, see Fig. 2.15:
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Fig. 2.14 Volume element T,
dV = dxdx,dxs about the 1,
particle P subjected to a

T,
homogeneous state of stress P Oy 2
T. The shear stresses 73 and T, dx, o7 o T,
T3, are not shown on the T, 3
1

element - dx,
P,
T,
Fig. 2.15 Equal shear 4
stresses T on two orthogonal
surfaces r
 ——

On two orthogonal surfaces through a particle the shear stress components normal to the
line intersecting the surfaces are equal.

The truth of the statement follows from the fact that according to the result (2.2.39),
the statement is true for the shear stress components normal to the line intersecting
any two coordinate planes through the particle.

Example 2.4 Pressure in a Fluid at Rest

Figure 2.16 shows a vessel containing a homogeneous liquid of constant density p.
The fluid is at rest and is subjected to the constant gravitational force g in the
negative x3-direction. The state of stress in the fluid is represented by the stress
matrix (2.2.33) in Example 2.3, i.e. Tjx = —poy. The pressure p is generally a
function of the position coordinates x;. For a fluid at rest the Cauchy equa-
tions (2.2.35) are reduced to:

(=pdiu)u+pbi=0=

Equation (2.2.40) is called the equilibrium equation for a fluid. In this example:
by=—g, bi=0b=0,
and Eq. (2.2.40) yield:
O _ 0 _ 0 _

—0 P _og P __
Ox; " Oxp " Ox3 P8
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Fig. 2.16 Fluid of density p —

p —
at rest in a vessel. Body force l ‘
= — ge;. Atmospheric ___Y ___________ A
pressure pa l
g
ol
X, h
v,
o X

Partial integrations of these equations and use of the boundary condition: p = p,,
the atmospheric pressure, for z = h on the free liquid surface, provide the following
expression for the pressure in the liquid:

p(x3) =pat+pg(h—x3)

2.3 Stress Analysis

2.3.1 Principal Stresses and Principal Stress Directions

Let us assume that the stress tensor is known in a particle, and let the unit vector
n be a normal vector to a plane through the particle. In Sect. 2.2.4 we have seen that
using the Cauchy stress theorem we may compute the stress vector, the normal
stress, and the shear stress on the plane. We shall now show that in general there are
three orthogonal planes through the particle that are free of shear stress. In
Sect. 2.3.3 we show that the normal stresses on these planes include the maximum
and the minimum normal stress on planes through the particle. The result of the
investigation may be formulated in the following theorem.

The principal stress theorem: For any state of stress there exists, through a
particle, three orthogonal planes free of shear stresses. The planes are called the
principal stress planes, the three unit normals n; to the planes are the principal
stress directions, and the normal stresses ¢; on the planes are the principal stresses
in the particle. The principal stresses include the maximum normal stress and
minimum normal stress on planes through the particle.

First we will show that planes without shear stress through the particle do exist.
We search for a plane, defined by its unit normal vector n, on which the stress
vector t is parallel to n. This unit normal vector has to satisfy the relation:

t=T-n=o0n (2.3.1)

The normal stress ¢ is the principal stress on the plane. Equation (2.3.1) may be
rewritten in the matrix format:
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(61-T)n=0% (6 —Ty)ni =0 (2.3.2)

This is a set of three linear, homogeneous equations for the three unknown com-
ponents 7.

The condition that the set of Eq. (2.3.2) has a solution for n; is that the deter-
minant of the coefficient matrix for n; is equal to zero.

co—Tn —Tnp —T3
det(al — T) =0= det —T5 o— T —T1»3 =0=
—Ts T o—1Ts3
o —Ic>+Ilc— I =0 (2.3.3)

The three coefficients 1, II, and III are called the principal stress invariants and are
expressed by:

I=Ty=tuT
1 1
II= 3 (T Tix — Tix Tix) = 3 [(tr T)*—(norm T)* (2.3.4)
Il =det T

The fact that the three coefficients I, I, and Il are coordinate invariant quantities,
will formally be shown later. But from a physical point of view we may conclude
that if the cubic Eq. (2.3.3) has a solution, this solution cannot depend upon the
coordinate system applied to find it. Thus, if the solution of Eq. (2.3.3) is coordinate
invariant, the coefficients in the equation from which the solution is found, must
also be coordinate invariant. It will be shown that the cubic Eq. (2.3.3), called the
characteristic equation of the stress tensor, has three real roots: o, g,, and 3.

The mathematical problem related to Equations (2.3.1-2.3.4) is known as an
eigenvalue problem: o; are the eigenvalues and the corresponding n; are the
eigenvectors of the tensor T.

Any cubic equation has at least one real root, which we shall denote by g3. The
corresponding principal direction is denoted by n3. If we now choose a coordinate
system Ox for which the base vector e; is equal to n3, the stress vector t; will be
equal to oes and the shear stress components 7,3 = 0. The stress matrix in this
coordinate system is then:

Ty T, O
T= Ty Tn 0 (2.3.5)
0 0 g3
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To find the two other principal stresses o; and o, and the corresponding principal
directions n; and n, the three Eq. (2.3.2) must be solved. These equations are now
reduced to:

(60up — Top) s =0, (0 —03)n3 =0 (2.3.6)

The principal stress o is either ¢; and o,. Let us first assume that ¢ # 3. Then it
follows from the last of Eq. (2.3.6) that n3 = 0. Thus the corresponding principal
stress direction n is parallel to the x; xp-plane and therefore normal to the principal
direction nj. Figure 2.17 shows a particle P and a material surface normal to the
principal direction n. Let ¢ be the angle between n and the x;-axis. Then:

n = [cos ¢, sin ¢, 0]
The first two of Eq. (2.3.6) become:

(6 —Ti1)cos¢p — Tipsingg =0

. (2.3.7)
—Tycos¢p+ (6 —Txn)sing =0

For this set of linear equations to have a solution for the angle ¢ the determinant of
the coefficient matrix has to be zero. Thus:

(O’ — Tll)(G — T22) — T12 T21 =0=
0 = (Tn+Tn)o+Tiu Ty —TinTu =0 (2.3.8)

The solution of this quadratic equation is, when the symmetry property of the
matrix 7T is utilized:

2
o1 Tu+Txn T —Txn 2
— + =) 4+ (T 239
o Tt ¢ (T3 + (239)
Fig. 2.17 Principal stress principal stress surface

surface with principal stress o
and principal direction n
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The radicand can never be negative, which means that the two roots ¢; and g, are
real. The angle ¢ which determines the principal stress directions are determined
from Eq. (2.3.7), from which we find the results:

op—T oy —T
L (for 6 = ay), tan ¢, = —— 1

tan ¢, =
! Ti> T

(for 6 = a7)
(2.3.10)

If any two principal stresses are unequal, for instance a; # o5, the corresponding
principal directions n; and n, are orthogonal. This result may be demonstrated
using Eqgs. (2.3.10) and (2.3.9). Another way of proving that the principal directions
n; =np, e, and np = ny, e, are orthogonal if o, # o, is as follows. From
Eq. (2.3.6) we obtain:

(Uléfx/i - Ta/})nl/} Npg = 0, (02 504/3 - T(x/i)”Z/}nlo: =0

The two sets of equations are subtracted and due to the symmetry of the stress
matrix 7, we get:

(61 —02)nignay = (61 —02)n; My =0

Since o # 0, it follows that n; - n, = 0. This result proves that the principal stress
directions n; and n, are orthogonal if | # o>.

We have now in fact proved that the three roots in the cubic Eq. (2.3.3) are real,
and that if the three roots are all different, the principal stress directions are
orthogonal. Of physical reasons it is clear that the principal stresses and the prin-
cipal stress directions are coordinate invariant properties of the stress tensor.

The stress vectors on the principal stress planes are given by:

t,=o;n; (2311)

Because the principal stress planes, by definition, are free of shear stress, the stress
matrix with respect to a Cartesian coordinate system Ox with base vectors e;
coinciding with the principal stress directions n;, is a diagonal matrix:

01 0 0
T=[0 o 0 (2.3.12)
0 0 03

The principal stress invariants (2.3.4) now take the simple forms:

I=0,+0,+03, Il =0,0,+0y03+030, Il =010,03 (2313)
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The result shows that I, 1, and III are coordinate invariant properties, i.e. they are
scalars. The principal directions of stress n; are also called the principal axes of
stress in the particle.

The two roots in Eq. (2.3.9) coincide only if 77, = 0 and T7; = T5,. In that case:

or=0=T1=Txn

From Eq. (2.3.7) it follows that the angle ¢ in that case becomes indeterminate.
This means that any direction in a plane parallel to the x;x,-plane is a principal
direction, and that the stress on any plane parallel to the x3-axis, is a principal stress
equal to g; = 05. The situation is called a plane-isotropic state of stress, see
Example 2.5 below.

We now return to Eq. (2.3.6) and consider the possibility that the principal stress
o, is equal to o3. We may still choose n3 = 0 and obtain the solution given by
Egs. (2.3.9-2.3.10), but if ¢ = ; = g3, we obviously shall find that any direction
n in the plane parallel to the x;x3-plane is a principal direction of stress with
principal stress ¢ = g1 = 03.

If all three roots are equal: g, = g, = a3, all directions are principal stress
directions. The stress matrix will be the same in all coordinate systems and equal to
the scalar ¢ multiplied by the unit matrix:

T :O'éik@T:01 (2314)

In this case the stress tensor T is called an isotropic tensor, and we have an
isotropic state of stress. Because the state of stress in a fluid at rest is isotropic, with
the pressure p as the principal stress, see Example 2.3 and the stress matrix (2.2.33),
and because water is the most typical fluid, and is called “hydro” in Latin (=hudor
in Greek), the state of stress (2.3.14) is also called a hydrostatic state of stress.

Equation (2.3.2), that determine the principal directions n;, do not determine the
direction of the arrow of the vectors n;. If n; is a principal direction so is the vector —n,;.

The general case when all the principal stresses are different from zero is called a
triaxial state of stress. If only two of the principal stresses in a particle are different
from zero, the particle is in a biaxial state of stress. This is also called plane state of
stress; see Example 2.5 below. A uniaxial state of stress has only one non-zero
principal stress, as in Example 2.1.

Example 2.5 Biaxial State of Stress

The container shown in Fig. 2.18 has a thin-walled circular cylindrical main
part. The mean radius of the cylinder is r and the wall thickness is & < r. The
container is subjected to an internal pressure p. We shall present expressions for the
stresses in the cylindrical wall.

With respect to the local Cartesian coordinate system shown on the small element
of the container wall in Fig. 2.17, the non-zero coordinate stresses are the normal
stresses 111, T, and T33. The normal stress T33 on the element surface representing
the outside of the container is zero, while the normal stress T33 on the element
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‘Tz}’zp %2
L— —_—
T, 5 T,

7, br.

\
' small element of the container wall

Fig. 2.18 Circular thin—walled cylindrical container with internal pressure p. Mean radius r and
wall—thickness &

surface representing the inside if the container is equal to 7533 = —p. The normal
stress T7; on cross-sections of the container and the normal stress 75, on planes
through the axis of the container may be found by equilibrium consideration to be:

r r
T =— Ty =-— 2.3.15
11 2hp’ 22 hl’ ( )
Because ¢t < r, the absolute value of the stress 733 is much smaller than
T11 and T, from the formula (2.3.15). The state of stress in the cylindrical wall
may therefore be represented by the stress matrix:

T, O 0 1 00 .
T={0 Tm 0 |~[020])p (2.3.16)
0 0 Ts3 0 0 O

The state of stress represented by the stress matrix (2.3.16), with T33 = 0, is an
example of a plane state of stress and a biaxial state of stress.

When a thin-walled spherical shell with middle radius r and wall thickness
h(< r) is subjected to an internal pressure p, the normal stress on any meridian
plane through the shell is:

r

- 2.3.17
0 =3P ( )

On a small element of the wall of the shell analogous to the element in Fig. 2.18 for
the cylindrical container, the state of stress may approximately be given by the
stress matrix:

Tii. 0 0 1 00 -
=0 7 o |~l0 1 0] p (2.3.18)
0 0 Ts 0 0 0

This special kind of plane state of stress is called plane-isotropic state of stress.
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Fig. 2.19 Principal stresses o, =1
o1 and g,, and principal 1, 0,=-T
directions in a thin—walled >
tube subjected to a torque M PN I, =1
s 8X, N
s N
X,
\\ 1 //
AN
N \
4—

¢ - 450

small plane elements of the tube wall

Example 2.6 Principal Stresses in a State of Pure Shear Stress
The state of stress in a thin-walled tube subjected to a torsion moment M has been
presented in Example 2.2. The shear stresses on a small, approximately plane,
element of the tube wall are again presented here in Fig. 2.19.

Based on the stress matrix presented in Example 2.2 and the formulas (2.3.9) and
(2.3.10) we obtain the results:

2
o T+ T T — T T
1 _TIn ; 22i\/( 11 22> +(T12)2:

(4] —7

— T
tan¢1=alT712”=$=1 = ¢1:450

Figure 2.19 illustrates the results by the principal stresses on a small plane element
of the tube wall. With respect to the local Cartesian coordinate system with the
Xz-axes parallel to the principal stress directions, stress matrix is:

1 0 O
T=10 -1 0|«
0 0 O

Both matrices 7 and T in this example represent the same state of stress: a state of
pure shear stress.

2.3.2 Stress Deviator and Stress Isotrop

The stress matrix T may uniquely be decomposed into a trace-free matrix 7’ and an
isotropic matrix 7°:

T=T+T°, T”:(%trT) I, T"=T-T°, uT =0 (2.3.19)
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The matrix T’ represents a stress tensor T' which we shall call the stress deviator,
while the matrix 7° represents a stress tensor T’ which we shall call the stress
isotrop:

1
T=T+T°, Tf}:(gtrT)l, T=T-T°, tT =0 (2.3.20)

Another name for the tensor T is the hydrostatic stress tensor. Related to the
principal axes of stress, all the matrices T, T, and T° have diagonal form. The stress
deviator is represented by the matrix:

g 0 0 1
T'=|0 d 0|, o, =0;—= (01 +02+403)
0 0 o 3

Because the tensors T and T’ have coinciding principle directions, we say that the
tensors T and T are coaxial tensors.

The principal deviator stresses are determined from the characteristic Eq. (2.3.3)
for the stress deviator T’. Since the first principal invariant of T’ by its definition in
the formulas (2.3.19) is equal to zero, i.e. I’ = tr T' = 0, the characteristic equation
is reduced to:

(¢ +1'd —1I' =0 (2.3.21)

II' and III' are the second and third principal invariants of the stress deviator T’:

1
II'= =T} T} = — (norm T’ <0, II' =detT (2.3.22)

L

N —

Decomposition of the Stress Deviator T’

The matrix T’ of the stress deviator T’ in a general Cartesian coordinate system Ox
may be decomposed into five matrices each representing a state of pure shear stress.
First we write:

uT =T, + T+ T3, =0= Ty =-T, — T}, (2.3.23)

The matrix 7’ may then be presented by the decomposition:
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T, T, T 1 0 0 0 0 0
T=\|Ty T T T{l(o -1 0| +T35|0 -1 0
Ty Th Th 0 0 0 0 0 1 (2324)
010 000 0 0 1
+T,| 1 0 0| +T5[0 0 1|+75,{0 0 0
000 010 1 00

When the five matrices on the right-hand side are compared with the stress matrices
presented in Example 2.2 and Example 2.6, we see that they all five represent states
of pure shear stress.

Applications of the decomposition (2.3.20) will be demonstrated in Sect. 5.2.1
for isotropic, linearly elastic materials and in Sect. 5.3.3 for linearly viscous fluids.

2.3.3 Extreme Values of Normal Stress

The three principal stresses in a particle represent the extreme values for normal
stress on planes through the particle. To show this we first choose a coordinate
system Ox-system with base vectors e; parallel to the principal stress directions n;.
The stress matrix in this coordinate system is the diagonal matrix (2.3.12) having
the elements:
Tik = 0; 5ik (2325)
For convenience the principal stresses ¢; are now ordered such that:
03<0,=0) (2.3.26)

The normal stress ¢ on a plane with unit normal n is given by formula (2.2.28):

azn-T~n:Zniaiéiknk:crln%—l—azn%—l—@n% (2.3.27)
ik

Due to the arrangement (2.3.26) and because n is a unit vector, i.e.
n-n=n}+n}+n3 =1, we find from the result (2.3.27) that:

o3 (i +m+m3) <o <oi(n+m+n3) =

03<0< 0] (2.3.28)



2.3 Stress Analysis 67

From this result it follows that when the principal stresses are arranged as in
(2.3.26), then:

Omax — 01, Omin = 03 (2329)

The largest principal stress is therefore the maximum normal stress in the particle
on planes through the particle, and the smallest principal stress is the minimum
normal stress in the particle on planes through the particle.

2.3.4 Maximum Shear Stress

The shear stress T on a material plane with unit normal n is given by formula
(2.2.29). The normal projection 7 of the stress vector t onto the direction e in the
plane is determined by formula (2.2.30): T=e -t=e-T -n = ¢; Ty ny. From
Fig. 2.20 it follows that T < 7. The equality sign applies when the unit vector e lies
in the plane through t and n.

We shall determine the unit vectors n and e such that T becomes a maximum.
Once again, we choose the representation (2.3.25) for the elements of the stress
matrix and the principal stresses are arranged according to (2.3.26). Then:

T=e-T-n= E €, Gi 0Ny = 01e N +0yexny+03e3n;
Iy

Now, since e and n are orthogonal vectors:
e-n=c¢en +eny+ens=0= en, = —en — ezns.
Hence we may write:
T= (0'1 —02>€1n1+(0'2—0'3)(—€3n3) (2330)

The terms (o; — 02) and(g, — g3) are both non-negative. In order to make 7 as
large as possible we must make the terms e; n; and — e3n3 as large as possible.

Fig. 2.20 Stress vector t, t
normal stress o, and shear W
stresses T and T on a material

plane through a particle P material plane

e

rO‘
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Fig. 2.21 Stress vector t,
normal stress ¢ and shear
stress T = 7 on a material
plane through a particle

P. The unit vectors e and

n are parallel to the principal
directions n; and n3

The vectors e and n are unit vectors, and the absolute values of e, e3,n;, and nj3
become largest if we set: e; = n, = 0. This means that we should choose e and n in
a plane parallel to the principal directions n; and ns, as shown in Fig. 2.21. Since
the figure plane is a principal stress plane, the stress vector t has no component in
the ny-direction. This implies that T = t, i.e. the shear stress on the plane according
to formula (2.2.29). From Fig. 2.21 we find that: ny = —e3 =cos ¢, n3 = e¢; =
sin ¢, and Eq. (2.3.29) gives:

T=1= (0, — 02)sin¢ cos ¢+ (g2 — 63)(cos ¢p) sin ¢ =
1

T= 5(01 — g3)sin2¢

From this result we conclude that the maximum shear stress is:

tmang for2¢:g = ¢ =45°.

Thus we have found that:

(Gmax - O-min) (2331)

Tmax =

| =

The maximum shear stress acts on planes that are inclined 45° with respect to the principal
directions of the largest and the smallest principal stresses.

There are four such planes. Figure 2.22 shows the orientation of one of these planes
and how the maximum shear stress T, acts on that plane.

Figure 2.22a shows a small volume element about a particle P, with sides
parallel to the initial coordinate surfaces, and with coordinate stresses Tj.
Figure 2.22b shows an element about P with sides parallel to the principal stress
planes of the stress tensor T. Figure 2.22c shows a triangular prism about P with
the maximum shear stress T, on a surface that is inclined 45° with respect to the
principal axes corresponding to Oyax and G-
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(@) (b) (©

Fig. 2.22 a Coordinate stresses Ty . b Principal stresses: 0maxs Omin» Tine- € Plane with maximum
shear stress Toax

2.3.5 State of Plane Stress

If a surface free of stress exists through a particle, the particle is in a state of plane
stress, or a state of biaxial stress. This is often the case in engineering problems and
especially where the stresses are at their extreme values. For instance, the surface of
machine parts and structural elements may be free of loads, but the stresses in the
surface may be very high.

Let the plane state of stress in a particle P be defined by the condition: T;3 = 0,
which implies that the plane normal to the x3-axis is stress free at the particle. The
state of stress in the particle P is illustrated in Fig. 2.23a and is determined by the
three coordinate stresses 7y, T2, and Ti,. The stress free plane through P normal
to the x3-direction is a principal stress plane with the principal stress 3 = 0. When
discussing plane stress we do not use the ordering o3 <o, <o for the three
principal stresses.

The two other principal stresses, ; and ¢, are given by formula (2.3.9),
repeated here:

T+ T T — T\’
o1 _ 11+ 2 11 22 +(T12)2 (23.32)
02 2 2

The principal directions are represented by the angles ¢, and ¢,, see Fig. 2.23b.
From Eq. (2.3.10) we obtain:

T -
AT g, =22 (2.3.33)
Ty

tan ¢, =
T2
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(a) ar (b) .
» principal stress planes
material ply

T

" material plane

Fig. 2.23 State of plane stress. a Coordinate stresses. b Principal stresses

17,
T,
—_— P
T,
material coordinate T, &

planes \

material plane

Fig. 2.24 State of plane stress. Normal stress ¢ and shear stress T on a materialplane through a
particle P and with unit normal n

Since g1 and ¢, may both be positive, both be negative, or have different signs, we
must remember that the third principal stress, g3 =0, may represent either
Omax O Onmin-

Formulas for stresses on planes perpendicular to the stress free plane, i.e. planes
parallel to the x3-direction, will now be developed. Figure 2.24 presents the situ-
ation. The unit normal n to the plane and the unit vector e in the plane are given by:

n = [cos @, sin¢,0], e = [sin ¢, — cos ¢, 0] (2.3.34)

¢ is the angle between the direction of the normal n and the x-direction.
The components of the stress vector t on the plane are obtained from Cauchy’s
stress theorem (2.2.20) with Ty = T)5.

_ n l1:T11008¢+T128in(f)
fa 7= th =T COS¢—|—T22 singb

The normal stress ¢ and the shear stress 7 on the plane are then:



2.3 Stress Analysis 71

c=n-t=ny,t, =Ty cos® ¢+ Trsin® ¢ + 2T\, sin ¢ cos ¢
t=e-t=-e,t, = (T — T)sin¢ cos¢—T12(cos2¢—sin2¢)

Using the trigonometric formulas:
sin2¢ = 2sin ¢ cos ¢, cos2¢ = cos® ¢ — sin® ¢ (2.3.35)

we may transform the expressions for ¢ and 7 to:

1
(T]] —|—T22)—|— E(T[] — Tzz) Cos 2¢+T12 sin 2¢ (2336)

N —

a(¢) =

‘E(¢) = (T11 — T22) sin 2(]5 — T12 Cos 2(]5 (2337)

N =

The extreme values of ¢ and t in the formulas (2.3.36) and (2.3.37) may be
determined as follows. First we develop an expression for [o — (T 4 T22)/2] from
formula (2.3.36). We then add the square of this expression and the square of 1
obtained from formula (2.3.37). The result is:

T +Tx)’ Ty —Tn]’
o) - 5T wop= | (23.38)
From this equation we see that the normal stress ¢ obtains its extreme values when
the shear stress T =0, and that the extreme values are given by the formulas
(2.3.32). The extreme values of the shear stress t occur when o = (Ty; + T2)/2
and are:

- Ty —Tn]’ 2 _
=+ — |t [T12]” = £(01 — 02) (2.3.39)
It is clear from the discussion above that the maximum shear stress in the particle
P is in general not given by this result, but only when the two principal stresses
g1 and o, have opposite signs.

2.3.6 Mohr-Diagram for State of Plane Stress

The stress analysis of plane stress may be illustrated graphically in a diagram. This
graphic method has many important applications and gives a concentrated pre-
sentation of all aspects of the state of plane stress. The graphic method is also
applicable in the analysis of any symmetric tensor of second order in two dimen-
sions, e.g. the strain tensor for small deformation in a surface in Sect. 4.3.7.
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Let us first assume that the principal stresses and principal stress directions are
known. In a coordinate system with axes parallel to the principal directions,
Egs. (2.3.36-2.3.38) become:

(o1 +02)+ %(01 —02)cos2¢p, t(p) = %(01 —02)sin2¢ (2.3.40)

N —

a(¢) =

(2.3.41)

o1+ 03 61—02]2

o(#) - 2] s elo)= [25

In a plane Cartesian coordinate system with ¢ and 7 as coordinates, see Fig. 2.25,
Eq. (2.3.41) describes a circle of radius (o) — 02)/2 and with center C on the
o-axis at a distance (¢ + 02)/2 from the origin O. This circle is called Mohr’s
stress circle after Otto Mohr [1835-1918]. Figure 2.25 will be called a
Mohr-diagram. The points on the circle will be called stress points.

The stress point S having coordinates (g,7) = (o(¢),t(¢p)) represents the
stresses on the physical plane that makes the angle ¢ with the principal direction for

0, —0, R:O'l—O'1
O, =0.
¥ 2 o 2 o 2 J
0 g "
0,10,
2
> o, =0,

Fig. 2.25 Mohr—diagram for state of plane stress. Pole P of normals. Principal stresses ¢; and
a,. Stresses a(¢) and 1(¢) on planes perpendicular to the stress free plane with unit normal
n = [cos ¢, sin ¢, 0]
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a1. The central angle between the g-axis and the radius CS is equal to 2 ¢. This may
be seen as follows. From the Mohr-diagram we derive the formulas:

27 , COSZ¢:26—(01+O’2)

sin2¢ =
01 — 02 g1 — 02

(2.3.42)

and these formulas are confirmed by the formulas (2.3.40).

The stresses, ¢’ and 7', on a plane with a normal making the angle ¢ + /2 with
the o;-direction, i.e. a plane perpendicular to the plane defined by the angle ¢, are
by formula (2.3.40) given as:

d :%(01 +02) + %(0’1 —02)003{2(45‘*‘ g)} Z%(Gl +02) —%(01 — 02) cos2¢
7 :%(al — 0) sin[Z(d)—i— g)} = —%(01 — 03)sin2¢ = —1

The point Y(0,,0) in the Mohr-diagram Fig. 2.25 also represents a pole of
normals to the planes parallel to the x3-direction. From the figure we see that the
line from the pole P = Y(02,0) to the stress point S makes an angle ¢ with the
x;-direction: The periphery angle XY is half of the central angle XCS. The line YS
is therefore parallel to the normal to the plane with the stresses 0 = a(¢) and 7 =
7(¢). Using this property of the pole we can include all information about the
stresses on planes parallel to the x3-direction in the Mohr-diagram. Figure 2.25
shows how this may be presented.

The Mohr-diagram may also be constructed in the more general case of plane
stress when the state of stress is given by the coordinate stresses 711, T2,, and Ti;.
In a plane Cartesian coordinate system with ¢ = o(¢) and 7 = 7(¢) as coordi-
nates, Eq. (2.3.38) describes a circle of radius » and center C:

Ty — T ]? Ty — T
r:\/[illz 22} + [To]%, c:(i“2 22,0) (2.3.43)

The coordinates for each point on the circle represent the normal stress and shear
stress on a plane through the particle and parallel to the x3-axis. Two points on the
circle are known from the coordinate stresses:

Y =Y(T,Tin), X=X(T\,—Tu)

Figure 2.26 shows this Mohr-diagram. The stress point X = (71, T12) represents
the stresses on the plane normal to the x;-direction, i.e. the plane for which ¢ = 0.
The stress point ¥ = (75, T12) represents the stresses on the plane normal to the
x;-direction, that is the plane for which ¢ = 7/2. The two points X and Y lie on the
a diameter of the stress circle that makes the angle 2¢ with the o-axis, measured in
the clockwise direction from the g-axis.



74 2 Dynamics. The Cauchy Stress Tensor
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Fig. 2.26 Mohr—diagram for state of plane stress. Coordinate stresses 7y, T2, T1». Pole P of
normals. Principal stresses ¢ and 0. Principal stress directions by the angles ¢, and ¢,. Stresses
o(¢) and 1(¢) on planes perpendicular to the stress free plane with unit normal
n = [cos ¢, sin ¢, 0]

From the Mohr-diagram in Fig. 2.26 we may derive the formula 2.3.33 and the
results:

1 2T12 Y
¢ = Earctanm, by =¢1+ 5 (2.3.44)

Problem 2.1-2.4 with solutions see Appendix.
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Chapter 3 )
Tensors ot

3.1 Definition of Tensors

In Sect. 2.2.4 the Cauchy stress tensor T was defined. The stress tensor is the
“original” tensor as the word fensor means stress. We shall use the definition of the
stress tensor as an introduction to the general concept of tensors.

We consider a body of continuous material and a material surface A in the body.
At a place r a positive side of the surface is defined by a unit vector n as a normal
pointing out from the surface. In a Cartesian coordinate system Ox with base
vectors e; the normal vector n has the components: ny,i.e.n = nie;. The contact
force on the positive side of the surface is represented by the stress vector t with
Cartesian components: #;,i.e.t = t;e;. The contact forces on positive coordinate
surfaces through the place r are the stress vectors t;, with Cartesian components
Ti,i.e.t, = Tye;. The components Ty are called the coordinate stresses. The
Cauchy stress theorem by Eq. (2.2.27) states that:

t=T-n (3.1.1)
ti=Tyng, t=Tn (312)

We may interpret the symbol T in the relation (3.1.1) as a function with the vector
n as an argument and the vector t as the value of the function: For any value of the
argument n the relations (3.1.1), or (3.1.2), produce a vector t. We may express this
fact by stating that the tensor T represents a vector-valued function of a vector. The
component version (3.1.2) of the relation (3.1.1) shows how the function
T operates.

It follows that if we substitute the argument vector n in the relation (3.1.1) by an
arbitrary vector a, we will again get a vector ¢ = T - a as the value of the function.
If we let the vector a be equal to the sum of two vectors d and h, i.e.a =d 4 g, we
find that:
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T-a=T-(d+g)=T-d+T- g < Typar = Ty(dr +gi) = Tadr + Tu&i
(3.1.3)

The symbol T therefore represents a linear function of the vector argument a. The
relationship ¢ = T - a is called a linear mapping of vectors or a linear transfor-
mation of vectors. Both names are used in the literature. The tensor T represents in
Eq. (3.1.1) a linear vector-valued function of a vector.

The normal stress ¢ on the positive side of the surface A and the shear stress 7 in
an arbitrary direction e on the positive side of the surface A are given by; see
Fig. 2.11 and Egs. (2.2.28) and (2.2.30):

c=n-t=n-T-n, T=e-t=e-T-n (3.1.4)
In the Ox-system Eq. (3.1.4) have the representations:
o =nTpng =n'Tn, %=eTyny =e'Tn (3.1.5)

In the relations (3.1.4) T represents a function of two vector arguments n and n, or
e and n, and with the scalars ¢ and 7 as function values. The function T is linear
with respect to both argument vectors. We may state that the tensor T represents a
bilinear scalar-valued function of two vectors. The relations (3.1.5) show how the
function operates. The coordinate stresses Ty are called the components of the
stress tensor T in the coordinate system Ox.

In Continuum Mechanics and in field theory in general, the properties we call
tensors appear primarily in relations between scalars and vectors, as shown in
Egs. (3.1.1) and (3.1.4), and secondarily, as we shall see, in relations between
already established tensors. Among the many possible definitions of the tensor
concept, this book chooses the following general and completely coordinate
invariant definition:

A tensor A of order n is a multilinear scalar-valued function of n argument vectors.

The word multilinear means that the function is linear in every argument vector.
The value of the function is a scalar. Based on this definition we see from
Eq. (3.1.4) that the stress tensor T is a bilinear scalar-valued function of two
argument vectors.

To see the implications of the general definition of tensors, we start to investigate
the properties of a ftensor of first order. Let o = a[b] be a linear scalar-valued
function of a vector b. Then a is a tensor of first order. In a Cartesian coordinate
system Ox with base vectors e; we may compute the function values:

a; = a[e,-} (316)

Due to the linear property of the tensor a, the scalar value « for an arbitrarily chosen
argument vector b = b;e; may be computed thus:
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o= a[b] = a[b,-e,»} = bia[ei] = biai (317)

We see that the three function values a; represent the tensor a in the Ox-system. For
this reason the function values a; are called the components of the tensor a in the
Ox-system. The matrix a = {a; a, a3} is the tensor matrix of the tensor a in the Ox-
system.

We shall now develop a relation between the components of the tensor a in two
different Cartesian coordinate systems Ox and Oz, for which the base vectors
ejand €; are connected through the transformation matrix:

Q = (Q,'j), QU = COS(E,’ . ej), é,‘ = Q,-jej, ej = Q,jé, (318)

In the two coordinate systems the tensor of first order a is represented by the
component sets:

aj=ale], a; =ale] (3.1.9)
We find that:
ale;] = a[Qye)] = Qjale)] =
G =Qea=Q0isa=0"a (3.1.10)

This is also the transformation formula for the components of a vector a. We may
therefore make the statement that vectors are tensors of first order. From the
expressions (3.1.7) it follows that the scalar-valued function a[b] is equal to the
scalar product of the two vectors a and b.

o = a[b] = a[be;] = b;ale]] = b;a; =b-a (3.1.11)

In accordance with the general definition of tensors given above, it is convenient
to consider scalars as tensors of zero order.

Let A[b, ¢] be a bilinear scalar-valued function of two vectors b and c. The value
of the function is a scalar «, and the function is linear in each vector argument
vector.

o= Al[b,c], A[fb,yc] = fyAlb,c] (3.1.12)

We say that A is a tensor of second order. The symbol for tensors will in this book
in general be denoted by capital bold face Latin letters. Exceptions are for tensors of
zero order, i.e. scalars, for which we prefer small Greek letters, and for tensors of
first order, for which we prefer lower case bold letters in accordance with what has
been decided previously for vectors.
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The components of the second order tensor A in a Cartesian coordinate system
Ox with base vectors e; are defined as the following values of the tensor A:

A,’j = A[e,-,ej] (3113)
The scalar value o for two arbitrarily chosen argument vectors:
b= bie,‘, C = Cj€; (3114)

may now be computed as follows. The second order tensor A is a bilinear function
of two vectors b and c. Thus, according to the formulas (3.1.12),:

A[b,C] = A[b,»e,»,cjej] = bich[e,»,ej] =
o= Alb,c] = bicA; = b'Ac (3.1.15)

The 3% =9 tensor components A
tensor A in the Ox-system.

The expressions (3.1.4) for the normal stress ¢ on a surface with unit normal
n and the shear stress 7 in a direction e on the surface may now be written as:

i or the tensor matrix A = (A;), represent the

o =Tn,n] =nnT; =n"Tn, 7=Tle,n] =enT;=e Tn (3.1.16)

The coordinate stresses T;; are components of the stress tensor T in the Ox-system.

The relation between the tensor components A;; andA; in two Cartesian coor-
dinate systems Ox and Ox with base vectors related through the formulas (1.3.2) by
the transformation matrix Q, are found as follows. By definition:

Aj = Ale, ¢, Au=Aleg, e (3.1.17)
Now:
Ale;, ] = A[Qjer, 0jie)] = 0iQjiAler, €] =
Ay = QuQuAu = A= QAQ" (3.1.18)
The inverse transformation is:
Ay = QuQuA;j = A=0Q"AQ (3.1.19)

In some presentations in the literature the relations (3.1.18) and (3.1.19) are used
to define a tensor of second order:

A tensor of second order is an invariant quantity which in every Cartesian coordinate
system Ox is represented by a two-dimensional matrix A = (4;), such that the tensor
matrices in any two coordinate systems Ox and Ox are related by the formulas (3.1.18) and
(3.1.19).
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This definition is the most practical one in n-dimensional spaces in which the
concept of vectors is abstract since it is not possible to use geometrical figures in the
same fashion as in the three-dimensional Euclidian space Ez. The definition chosen
in the present exposition, that a tensor is a multilinear scalar-valued function of
vectors, is preferred because the definition is obviously coordinate invariant, and
because it is the most convenient definition when we want to introduce tensor
components in general curvilinear coordinate systems E3, as we shall see in Chap. 6

For convenience we shall let all the symbols A, A, and A;; represent one and the
same tensor of second order. The bold face notation A is preferred when it is
important to emphasize the coordinate invariance of the property described by the
tensor. For a tensor of first a, i.e. a vector, we use alternatively the symbols a, a, and
a;.

An isotropic tensor is a tensor represented by the same matrix in all Cartesian
coordinate systems. Isotropic tensors of second, third, and fourth order will be
presented below.

The unit tensor of second order is denoted by the tensor symbol 1 and is defined
by the scalar product of the two argument vectors b and c:

a=1[b,¢J=b-c (3.1.20)

The components of the unit tensor 1 in a Cartesian coordinate system Ox are given
by a Kronecker delta:

5[.]. — l[ei’ej] =€ - e & 1 = (511) (3121)

It follows from this result, and also from the transformation formula (3.1.18) for
components of second order tensors, that I = Q1Q" = 1. The unit tensor is rep-
resented by the unit matrix in all Cartesian coordinate systems and is thus an
isotropic tensor of second order.

A tensor of third order C is in a Cartesian coordinate system Ox represented by
3 = 27 components:

Cijr = Cle;, e, €] (3.1.22)

which may be considered to be the elements in a three-dimensional matrix C. The
relation between the tensor components Cj; in the Ox-system and the tensor
components C,y in another Cartesian coordinate system Ox is:

Crst = Qri Qsj th Cijk (3123)
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The derivation of this result follows the development of the relation (3.1.18).
The scalar triple product of three vectors a, b, and ¢ defined by the formulas
(1.2.35) and (1.2.36):

o = [abe] = (a x b) - ¢ = ejaibjck (3.1.24)

may be represented by a third order isotropic tensor P called the permutation
tensor, such that:

o = [abe] = P[a, b, ] (3.1.25)

From the formulas (1.2.37) it follows that the components of P in a Cartesian
coordinate system Ox are the permutation symbols e

Ple; e, e] = [eiejer] = e (3.1.26)
Defining the permutation tensor P by its Cartesian components (3.1.25), we obtain:
o= P[a,b7 C} =a; bj P [e,-, €, ek] = q; bj Creijk = [abc]

Because the components of the tensor P will be the same in any Cartesian coor-
dinate system, the permutation tensor P is an isotropic tensor of third order.

A tensor A of order n is in a Cartesian coordinate system Ox represented by 3"
components:

A,] = A[e,-,ej,-'} (3127)

The Aj;;.. components may symbolically be presented by an n-dimensional matrix
A. The relations between the components A;. and the components A,. in an
Ox-system are:

Amu = QriQsj Alj <~ AU = Q”‘Qv "Am“ (3128)

These relations may be used in an alternative definition of a tensor of order n:

A tensor A of order n is a coordinate invariant quantity, which in every Cartesian coor-
dinate system is represented by an n-dimensional matrix, such that the components in two
Cartesian coordinate systems Oxand Ox are related by formula (3.1.28).

A tensor A of order n (>1) is symmetric/antisymmetric with respect to two
argument vectors, or two component indices, if:
A[.’ -, a, .,b’ } — :l:A[, ..’b7 -,a, ] =

(3.1.29)
A[‘, €1, 0, €, ] = :l:A[, €, 0, €, ] = Al] = :I:A],

The signs (£) imply symmetry/antisymmetry respectively.
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The tensor A is completely symmetric/antisymmetric if the symmetry/
antisymmetry property applies to any two argument vectors, or any two compo-
nent indices. The stress tensor T is an example of a symmetric tensor of second
order. With reference to Eq. (3.1.17):

Tle,n] = T[n,e] < Tle;, ] = Tlej,e], T;=T;<T=T"

The unit tensor 1 is a symmetric tensor of second order: §; = ;. A completely
symmetric tensor S of third order has components that satisfy the conditions:

Siik = Siy = Siti = Sjik = Sij = Skii (3.1.30)

The number of distinct components different from zero is reduced from 27 for a
general third order tensor S, to 10 for a completely symmetric third order tensor
S. A completely antisymmetric tensor of third order has only one distinct compo-
nent o different from zero, such that the tensor is a product of a scalar o and the
permutation tensor P. The proof of this statement is given as Problem 3.1.

3.2 Tensor Algebra

Tensors of the same order n may be added or subtracted, and the results are new
tensors of order n. The sum of two second order tensors A and B is defined by:

A+B=C < Ala,b] +Ba,b] = C[a, b] (3.2.1)

This means that the scalar value of C for some argument vectors a and b, is
obtained by adding the scalar values of A and B for the same argument vectors. It
follows that:

A—|—B:C<:>AU+B,:I'=C,“/'<:>A+B=C (322)

The difference A — B = D is defined similarly. Addition and subtraction of tensor
of other orders are defined analogously.

If the scalar value of tensor A is equal to the negative scalar value of a tensor
B of the same order for all sets of the same argument vectors, we write:

A=-B&A=-B (3.2.3)
The sum A + B is then a zero tensor O with all components equal to zero in any
Cartesian coordinate system.

Tensor Product
The tensor product of a tensor A of order m and a tensor B of order » is a tensor
C of order (m + n), and defined by:
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ARB=C<«& A[a, }B[b, ] = C[a, -, b, ] = A,B] = Ciujz (324)

The tensor product is a multilinear scalar-valued function of all the argument
vectors of the two factor tensors such that the scalar value of the tensor product is
the product of the scalar values of the factor tensors. In general A @ B # B ® A, i.e.
the tensor product is not commutative. However, tensor products are distributive.
For example, for a tensor A of order m and two tensors B and C of order n we find:

A2 (B+C)=A@B+A®C (3.2.5)

The tensor products ¢ ® d and d ® ¢ of two vectors ¢ and d are tensors of second
order and are called dyadic products, or for short dyads, of the two vectors:

c®d =E < c[aldb] = E[a,b] & cid; = Ej & E = (cid;) (326)
d®c=F < dlajelb] =Fla,b] & dic; = F; & F = (dic;) = E" o

We see that E = F'. Tensor products of many vectors are called polyads, for
example the triad:

cdef=(cxd)@f=cx (df)

In some presentations, see for instance Malvern [1], the multiplication symbol &
in the tensor product is omitted. The tensor product in (3.2.4) is then denoted:
AB = C. In the present book the product AB (#A ® B) is defined only for second
order tensors and is called the composition of the two second order tensors, and
defined by the relation (3.2.23) below.

The tensor product of a scalar «, i.e. tensor of order zero, and a tensor B of order
n is a tensor C of order n:

«B=C< aBla,]=Cla,] < aB. =Ci. & aB=C (3.2.7)

It may be shown that an isotropic tensor of second order, 1 = I,, always is the
product of a scalar « and the unit tensor 1.

I=L =al (3.2.8)

The proof of this is given as Problem 3.2. It may also be shown that the general
isotropic tensor of third order, denoted by I3, is a product of a scalar o and the
permutation tensor P.

I =aP (3.2.9)

Contraction
A contraction of a tensor of order n is an operation on the matrix of the tensor
leading to a new tensor of order (n — 2). As an example, let C be a tensor of order 3
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for which the components in two Cartesian coordinate systems Ox and OX are
related according to the formulas (3.1.23):

Crst = Qi Qsj O Cijk

Then the component sets: Cj.., Cyjr, and C,y represent three different tensors of
order (3 — 2 = 1), in this case three different vectors. These operations are called
contractions: two indices in the tensor matrix are set equal and a summation is
implied over the region for this index. That the result of a contraction represents
components of a new tensor of order two less then the original tensor will now be
shown for the contraction C,,; of the tensor C. In the component relation above we
set s = r and perform the summation with respect to the index r:

Crrt = (01 Q15) Ou Cijk = 04 Qi Cijp = Cpy = O Cix - Q.E.D
Let B be a tensor of second order with components B;; and By, in two Cartesian
coordinate systems. The contraction B; = tr B results in a new tensor of order (2—
2) =0, i.e. a scalar. This scalar is called the trace of B and is denoted tr B. The
value of the scalar is equal to the trace of the tensor matrix in any Cartesian
coordinate system.

trB=trB= B,‘l‘ = tI'B = Bii (3210)

As an example: The trace of the stress tensor T is equal to the sum of the normal
coordinate stresses on any set of three orthogonal planes:

trT=tuT=T;=Ti1+Tn+T3 =01+0,+03 (3211)

Thus: the sum of normal stresses on three orthogonal planes is independent of the
coordinate system. This fact is already shown in Sect. 2.3.1 by the formulas (2.3.4)
and (2.3.13).

Inner Products or Dot Products
The scalar product of two tensors A and B of second order is defined as the scalar:

x=A:B=A;B; (3.2.12)

The following reasoning proves that the expression A : B is coordinate invariant.
The tensor product of A and B is a tensor of order (2 + 2) = 4 with components
A;iBy. Two contractions leading to A;B; reduce the order of the tensor to
4-2-2)=0, ie. a tensor of order zero, or a scalar, and thus a coordinate
invariant quantity.

The following results are easily proved for tensors of second order:
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A:B=B:A, A:(B+C)=A:B+A:C (3.2.13)

In the literature, e.g. Malvern [1], two different scalar products are introduced for
tensors of second order:

The latter scalar product is given an alternative presentation by formula (3.3.2)
below.

Linear mappings of a vector a onto another vector, b or ¢, are given by a second
order tensor A:

A~a:b:>A,»jaj:bi<:>Aa:b (3215)
a-A=c=>aqAj=cedA=c" (3.2.16)

To see that the components b; and c; represent proper vectors, we argue as follows:

The tensor product A ® a is a tensor order 3 with components A; a;. The con-

traction: A;; a; leads to a tensor of order (3 — 2) = 1, i.e. to the vectors A; a; = b;.

Similar arguments prove that a;A; represents the components of a proper vector.
The linear mapping in (3.2.15) is alternatively written as:

Aa=b (3.2.17)

This notation is attractive because it is analogous to notation for the related matrix
product: Aa = b of the matrices representing the tensors. In the present exposition
the notation A - a is preferred because it fits in with the general definition of the dot
product given in the formulas (3.2.22) below, but also because of the symmetry it
provides in the following expression (3.2.18). Using the formulas (3.1.13-3.1.15)
we find that:

o= Alb,¢] = biciA; = biAjc; =b"Ac=b-A ¢ (3.2.18)

This notation has already been used to express the normal stress and the shear stress
on a surface by the stress tensor. See the formulas (3.1.4) and (3.1.5). A special
application of the notation expressed in (3.2.18) is:

AU = A[eiaej] =€; - A- ej (3219)

Let C be a fourth order tensor. This tensor provides linear mappings of a tensor
of second order A onto another tensor of second order, B or D, by:

C:A=B<« CijklAkl = B,‘j, A:C=D<« A,’j Cijkl = Dy (3220)
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The scalar product of B, or D, obtained from the formulas (3.2.20), and a second
order tensor E are the scalars:

o=B:E=E:B=E:C:A=FE;CjyAuy

3221
p=D:E=E:D=A:C:E=A4;CjyEy ( )

The scalar product of two vectors, the scalar product of two tensors of second
order, and the products in the linear mapping in the formulas (3.2.15), (3.2.16), and
(3.2.20) are all called inner products or dot products.

We now generalize the concept of dot products. Let A be a tensor of order ()
and B a tensor of order (m). We define the dot product C of A and B and the double
dot product D of A and B by the operations:

dot product: A - B = C & A;.4By...; = C,.....; tensor of order (n+m — 2)
double dot product: A : B =D & A;..uBy..; = Dj....; tensor of order (n+m — 4)

(3.2.22)

The dot product of two tensors A and B of second order is a tensor C of second
order and is called a composition of the two second order tensors.

A-B=C & AgBij=C; = AB=C (3.2.23)

Due to the matrix form of this type of product the composition is alternatively
presented as:

A-B=AB=C & AB=C composition of second order tensors  (3.2.24)
In general: AB # B A. It follows that:

(AB)C=A(BC), presented as ABC

(3.2.25)
AB+C)=AB+AC, (A+B)C=AC+BC

The following operations for the tensor product, the scalar product, and linear
mapping of vectors are easily verified by their component versions.

(a®b)-c=ab-¢c), c-(a®b)=(c-a)b
(a@b):(c®d) = (a-¢)(b-d) = a;bjcid; (3.2.26)
(b®C) d= ( (c-d):aibicja}

In Sect. 3.1 we have defined the stress tensor alternatively as a linear
vector-valued function of a vector, by Eq. (3.1.3), and as a bilinear scalar-valued
function of two vectors, by Egs. (3.1.4) and (3.1.5). In the present exposition the
general definition of a tensor of order n is as a multilinear scalar-valued functions
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of n vectors. The formulas (3.2.20) express the fourth order tensor C as two linear
tensor-valued functions of a second order tensor A:

B=C:A and D=A:C,

while the formulas (3.2.21) may be interpreted as expressing the fourth order
tensors C as a bilinear scalar-valued function of two second order tensors E and A.

The Quotient Theorem

In the presentation of the Cauchy stress theorem (2.2.27) we have derived a set of
linear equations between the components in a Cartesian coordinate system Ox of the
stress vector t on a material surface in a material particle and the unit normal vector
n on the surface:

ti = Ty ny (3.2.27)

The coefficients Ty in these equations are the coordinate stresses. The component
relation (3.2.27) is valid in any Cartesian coordinate system. By the formulas
(2.2.32) we found the relations between the coordinate stresses in two different
Cartesian coordinate systems:

T = QuQiTu < T = QTQ" (3.2.28)

According to the general definition (3.1.19) of tensors of second order the result
(3.2.28) shows that the matrices T and T represent a tensor of second order.

Let us generalize to the following situation. Suppose that we have developed
linear relations between the components of two tensors of first order a and b in two
Cartesian coordinate systems Ox and OX :

ai = Cybj & a=Cb, @ = Cyb, < a=Ch (3.2.29)

The two coordinate systems are related through the transformation matrix Q, such
that:

a, = Qrai, bj=Qyb; (3.2.30)

We assume that for any choice of tensor b the outcome of the relations (3.2.29) is
the components of a tensor of first order a. We can then prove that the “quotients”
C and C in the relations (3.2.29) represent the components of a second order tensor
C in the respective coordinate systems, such that:

Cr = 0 0y Cj (3.2.31)

Proof We start with the relations (3.2.29),, then apply the relations (3.2.30);,
(3.2.29)4, (3.2.30),, and finally the relations (3.2.29),:
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CrsBs =a, = 0na; = 0Oy (Clj bj) =0 Cij (Qsj Bv) = (Crs — O QSjClj) Bs =0
(3.2.32)
This result is to be valid for all choices of the argument tensor b, which means that
the components b, may be chosen freely. That implies that the term (C, —
Qi Qstij) must be zero, and the relations (3.2.31) are proved, i.e. the matrices
C and C represent a second order tensor C.

The example above is generalized to:

The quotient theorem: Given a linear tensor-valued function of a tensor B with the value
A such that in any Cartesian coordinate system Ox the component matrices B of B and A of
A are related through the coefficient matrix C, and such that A represents a tensor for any
choice of the tensor B, then the matrix C represents the components in Ox of a tensor C.

Another example of application of the quotient theorem may be as follows. Let
B be a tensor of second order and a a tensor of first order. Suppose that we have
developed the following linear relation between the matrices of the tensors B and a:

a; = Cy By (3.2.33)

The relation is to be valid in any Ox-system and for any argument tensor B. Then
the “quotient” elements Cjj in the relations (3.2.33) are the components of a tensor
of third order C. The component relation (3.2.33) may be generalized to the
coordinate invariant form:

a=C:B (3.2.34)

Tensor Equations

A tensor equation is a coordinate invariant equation of tensors. All terms in the
equation have to be tensors of the same order. In the component format all terms
must contain the same free indices. An example of a tensor equation is:

Aij—i-C,jkbk:Bij+a,-cj<:>A+C-b:B+a®c (3235)

It often is convenient to develop physical or geometrical equations in a special
Cartesian coordinate system. If such an equation can be identified as a tensor
equation, it automatically is valid in any other coordinate system. In Chap. 6 we
shall see how the components of tensors are defined in general curvilinear coor-
dinates, and how a tensor equation is written in any general coordinate system. We
should always try to formulate equations between physical or geometrical quantities
that are represented by scalars, vectors, and tensors in a coordinate invariant format,
which in fact means that the equations should be tensor equations.
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3.2.1 Isotropic Tensors of Fourth Order

In this section we present four special isotropic tensors of fourth order and a general
fourth order isotropic tensor. First, we see that because J; represents the compo-
nents of an isotropic second order tensor, i.e. the second order unit tensor 1 = 15,
the components J;; 6y, represent a fourth order isotrop tensor which is the tensor
product of 1 by itself: 1 ® 1. Two other isotropic tensors of fourth order are defined
by their components: (1) the fourth order unit tensor denoted 15 = 1®1 with
components in Cartesian coordinate systems:1;; = di Jj, and (2) a tensor denoted
1 = 1®1with components in Cartesian coordinate systems: 1 ik = 0i1 Oj%. The three
fourth order isotropic tensors are then:

11< 5,‘1' ou, 1y = 121 & lijkl = 0i 5]‘17 1= 1@1 = lijkl =0y 5jk
(3.2.36)

The fourth order unit tensor 1, has the symmetry properties:
Lijg = Ligit = Ling = Liaij (3.2.37)

The reason for the name unit tensor for the tensor 1, = 1®1 becomes apparent in
the dot product of the tensor 14 and any second order tensor B:

14:B =B lijkl B]d = 5ik (3]'1 Bkl = Bii

(3.2.38)
B:1,=B <& Bij lijkl = B,’jé,’kéjl = Bu

The fourth order unit tensor 14 may be decomposed into a symmetric part 1 and an
antisymmetric part 15:

L=181=1+1¢ (3.2.39)
s 1 ey N 1 N N s
1, = 3 (1@1 + 1@1) = 1ijkl = 3 (5ik 5jl + 0y 5jk) = ljikl = lijlk = lklij (3240)
a 1 ey a 1 S a a a
1 = 5(1@’1 —131) & 1, = 5 (0 0 — du O) = — Ly = =L = L

(3.2.41)

The tensor product 1 ® 1 has the following property in a dot product with a
second order tensor B:

(1 ® I)ZB = (tr B) 1< 5,']' O By = Bk 5,:,' (3242)

It may be shown that the general isotropic tensor of fourth order is given by:
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L=2u1,+201;+A(1®1) & (32.43)

Lyjja = (0 0 + Ot Ojx) + 0(dix O — S ) + 2 855 O -
The parameters u, 0, and 1 are three scalars. The dot product of the general isotropic
tensor of fourth order I, and a symmetric second order tensor E is a symmetric
second order tensor:

T = I4:E = Tij = 14,‘]‘]([ Ey (3244)

Because the tensor E is symmetric, the antisymmetric part 14 of the isotropic tensor
I, does not contribute in the dot product. Thus:

T=IL:E=I:E= 2u1;+21®1):E, I;=2ulj+.1®1  (3.2.45)

The tensor I is the symmetric part of the isotropic tensor I4 and has the symmetry
property:

Iiijkl = Iijikl = Iiijlk = Iiklij (3-2-46>
From Eqgs. (3.2.43) and (3.2.45) it follows that:
T=2uE+A(rE)1 < T; =2uE;+ 2Ey d; (3.2.47)

In Sect. 5.2 we identify T as the stress tensor, E as the strain tensor for small
deformations, defined in Sect. 4.3, and furthermore the formula (3.2.47) as the
generalized Hooke’s law for an isotropic, linearly elastic material, confer the
formula (5.2.17). The scalars pand A are then called the Lamé constants, after
Gabriel Lamé [1795-1870], and are related to the modulus of elasticity # and
Poisson’s ratio v for the material. The parameter p is the shear modulus, and the
parameter A is equal to k — 2u/3, where k is the bulk modulus of elasticity, confer
the formulas (5.2.9), (5.2.11), and (5.2.19).

In Sect. 5.3 the formula (3.2.47) represents the stress contribution T due to the
viscosity in a Newtonian fluid if E is replaced by the rate of deformation tensor D,
also called the rate of strain tensor, confer the formulas (5.3.11). The tensor D is
defined in Sect. 4.4. The parameter u is now the dynamic viscosity also called the
shear viscosity and A = k — 2u/3, where k is the bulk viscosity.

The tensor equation (3.2.47) has also other applications when we want to
describe the state of stress in isotropic viscoelastic materials.

3.2.2 Tensors as Polyadics

The polyads e; ® €; of the base vectors ¢; in a coordinate system Ox and the polyads
€ ® € of the base vectors € in a coordinate system OX may be interpreted as
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tensors of second order. The relations between the two sets of base vectors e; and €;
are:

Ori = cos(€,€;) < € = O e; < e = O &
Then the components of the tensors e; ® e; are:
O, 0yin Ox and  Qy Qyin OX
The components of the tensor €; ® €; are:
Ow Qjin Ox and  Jy; 6y in Ox
Let B be any tensor of second order with components:
Bjin Ox and Byin Ox < By = Qi Q; By, Bij = Q1 Qi Bu

Then the tensors Bje; ® e; and By € ® & are both identical to the tensor B. In order
to see this, we evaluate the components of the two tensors in the two coordinate
systems.

B,’j e Re = Bij Oki 51j = ByinOx and B,'j Ori Q[j = Bkl in Ox
Bkl e e = Bkl Ovi Qlj = Bij inOx and Bkl Oki 5lj = Bl] in Ox

Thus we may write:
B= Bij e e = B]d e Qe (3248)

A linear combination of dyads of vectors is called a dyadic. The formula (3.2.48)
shows how a second order tensor may be expressed as a dyadic.

It is easy to see how this tensor representation may be extended to tensors of
order n by using polyadics, i.e. linear combinations of polyads. For tensors of first,
second and third order the polyadic representations are:

a=aq;e, B EB,-je,-®ej, C= Cijk ei®ej®ek (3249)
A contraction in a tensor may now be performed by replacing a tensor multi-
plication by a dot multiplication, which is indicated by replacing the sign (®) by a

dot (-) in the polyadic representation of the tensor. For example:

Cire,®e Qe = Cijk(ei ® ej) ® e = C,jk(ei . ej) ® e = Ciix 517 e, = Cir e
(3.2.50)

We now have three alternative definitions of tensors: (1) as scalar-valued mul-
tilinear functions of vectors, (2) as coordinate invariant quantities defined in
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Cartesian coordinate systems by components that are related by the formulas
(3.1.28), and (3) as polyadics. In general curvilinear coordinate systems vectors and
tensors are represented by more than one set of components. This will be
demonstrated in Sect. 6.3 for vectors and in Sect. 6.4 for tensors.

3.3 Tensors of Second Order

Most of the important tensors relevant in continuum mechanics are of second order,
the prominent example being the stress tensor T. It is therefore natural to give
second order tensors special attention and to investigate their properties thoroughly.

Related to a tensor A of second order we define the transposed tensor AT by:

A" & ATb,c] = Ale,b] & (AT),; = A; (3.3.1)

The matrix of A” is the matrix A”. The second scalar product in (3.2.14) may now
be presented as:

A-B=A:B" =A;B; (3.3.2)

A tensor B of second order is symmetric/antisymmetric if it is symmetric/
antisymmetric with respect to the argument vectors:

Symmetric B: B[b,¢] = Ble,b] < B; = B; <> B=B" & B =B’
Antisymmetric B: B[b,¢] = —B[c,b] & B; = —B; & B= —B' & B = —-B’
(3.3.3)

Any second order tensor B may uniquely be linearly decomposed into a sym-
metric tensor S and an antisymmetric tensor A:

B-B") e (334)

N =

B=S+A, S=S"=_(B+B"), A=-AT=

(3.3.5)

The tensor B is specified when values for the 9 components B;; in an Ox-system are
given. The symmetric part S of B contains 6 distinct components S;;(=Sj;), while
the antisymmetric part A of B contains 3 distinct components A;;. Together the two
tensors S and A contain the same information as the original second order tensor B.

To any vector a there is an antisymmetric tensor A of second order that contains
the same information as the vector. The vector a and the tensor A are called dual
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quantities, and with the permutation tensor P, the dual tensor A to a vector a is
defined by:

0 —das ay
A:7P'a:7a'P<:>Aij:7€ijk(lk:7ak6k,:i<:>A: as 0 —da
—ay a 0
(3.3.6)
It follows that:
1 1
a:—EPA:—EAP@
| | (3.3.7)
a; = _EeijkAjk = _EAjkejki & a=—{ApAsAn}

In some presentations in the literature the vector a and the transposed tensor A” are
defined as dual quantities.

When the vector a and the antisymmetric second order tensor A are dual
quantities, we may express the vector product a with any other vector b by:

axb=A-bsbxa=b-A (3.3.8)

These relations are easily checked by writing out their component versions. These
alternative expressions for vector products are convenient in tensor equations and in
their matrix representations.

Three important scalar invariants related to a tensor A of second order are
defined by:

the trace of A 1 trA = trA = Ay (3.3.9)

the determinant of A : det A = det A (3.3.10)

thenormof A : normA = |A|| = VA : A = \/tr (AAT) = /tr (AAT) = \/A; Ay
(3.3.11)

It follows from their definitions that tr A and norm A are coordinate invariant
quantities. Now we shall demonstrate that the determinant of A, det A, also is an
invariant and thus a scalar. Let Q be the transformation matrix in a coordinate
transformation from a system Ox to a system Ox. Then since det Q = det Q" = 1,
we obtain from the multiplication theorem for determinants in formula (1.1.23):

detA = det(QAQ") = (det Q)(detA)(det Q") = detA

If det A # 0, we may determine the inverse tensor A~ of A from the tensor
equation:
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A'A=1=AA" A A=1=A4" (3.3.12)
A tensor A is called an orthogonal tensor of second order if:

AT=A" and detA=1=ATA=AA"T=1&

r r (3.3.13)
A"A=AA" =1 & A Ay =05, and detA=1
It follows from the definition (3.3.13) that the matrix A of an orthogonal tensor A is
an orthogonal matrix. This implies that the columns, or rows, of the matrix of an
orthogonal tensor represent the components of an orthogonal set of unit vectors,
which is called an orthonormal set of vectors. In the same order as they appear in
the matrix they form a right-handed system of three vectors in the same sense as the
base vectors in a Cartesian right-handed coordinate system form a right-handed
system. In the linear vector mapping a = A - b, where A is an orthogonal tensor, the
tensor A represents a rotation of the argument vector b, such that lal = [bl. This
property will be further discussed in Sect. 3.7 Q-Rotation of Vectors and Tensors of
Second Order.
The following rules may be directly transferred from matrix algebra. For any two
second order tensors A and B:

(AB)"'=B’A”, (AB) '=B'A"! (3.3.14)

The cofactor Co A of the matrix A of a second order tensor A represents a tensor

Co A, the cofactor tensor. From the formulas (1.1.29), noting that A~7 = (A™")7,
we obtain:

CoA = A TdetA (3.3.15)
The formulas (1.1.24) imply that:

O(detA)
0A

O(detA)

CoA =
© A,

& CoAy = (3.3.16)

3.3.1 Symmetric Tensors of Second Order

Let S be a symmetric tensor of second order and a and b two orthogonal unit
vectors. Referring to Fig. 3.1, we define the vector s of the tensor S for the direction
a, the projection o of this vector on the direction a, and the projection t of the
vector s on b:
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s=S-a& s =Spar < s=Sa (3.3.17)
c=a-s=a-S-a=qSya=a'Sa (3.3.18)
t=b-s=b-S-a=bSpa =b"Sa (3.3.19)

o and 1 are respectively called the normal component of the tensor S for the
direction a, and the orthogonal shear component of the tensor S for the orthogonal
directions a and b. The names “normal component” and “shear component” are
taken from the corresponding quantities related to the stress tensor T, confer the
formulas (2.2.27), (2.2.28), and (2.2.30). Note that the three vectors a, b and s do
not necessarily lie in one and the same plane.

We may also write:

3.3.20
7 = Sb,a] = S[b, a] ( )

If we choose a = e; andb = e;, we get:
a:S[el,el] :S”, r:S[ez,el] :Szl (3321)

Hence in the matrix S the elements on the diagonal represent normal components,
while the off-diagonal elements are shear components.

Any symmetric second order tensor has mathematically the same properties as
the stress tensor T. In two dimensions we may analyze the properties in a Mohr—
diagram and otherwise use the formulas developed in Sects. 2.3.5 and 2.3.6. In the
general three-dimensional case the three principal values ¢ = g; and the three
principal directions a = a; of the tensor S are determined from the condition:

s=S-a=oca (3.3.22)

This equation is organized into the algebraic equations:

Fig. 3.1 Vector s of the

tensor S for the direction

a. Normal component ¢ of the r
tensor S for the direction

a. Shear component 7 of the

tensor S for the directions

aand b
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(61—S)-a=0< (6l —S)a=0 (3.3.23)

A solution of these three equations requires that the determinant of the coefficient
matrix (61 — S) is zero:

det(cl —S)=0= 0> —Io°+ 1o — 1 =0 (3.3.24)

This equation is called the characteristic equation of the tensor second order S. The
coefficients I, 11, and I are the principal invariants of the tensor S:

I=tuS=0+0+03
1= (8P 18] = [(1r$)*~ (normS)*] = 6102 + 0203 +
= 3 r r =3 r normy = 0107 02 03 0301 (3325)

1
Il = detS = 3 {(tr S)’—3trStrS? 4 2tr Sﬂ = 010203

These formulas are obtained directly from the formulas (2.3.4), except for the
second variation in the formula for the invariant III, where an application of the
formula (3.3.36) has been utilized. The three principal values o; are determined
from Eq. (3.3.24), and the three principal directions a; are then determined from
Eq. (3.3.23). The following properties and results, also demonstrated for the stress
tensor T in Sect. 2.3.1, apply to all symmetric second order tensors S. The principal
values are real, and if they are all different, the principal directions are orthogonal. If
two principal values are equal, but different from the third principal value, then all
directions normal to the principal direction related to the third principal value, are
principal directions. If all three principal values are equal, the tensor is isotropic,
and any direction is a principal direction. The three principal directions a; are said
to represent the principal axes of the tensor S. The principal values o; are also
called the eigenvalues and the principal direction a; the eigenvectors to the sym-
metric tensor S. The mathematical problem related to Egs. (3.3.23-3.3.25) is an
eigenvalue problem.

In a Cartesian coordinate system Ox with base vectors e; = a; the symmetric
second order tensor S has the matrix representation:

g1 0 0
(S [ai, aj]) = 0 g7 0 = (Gi 5,]) (3326)
0 0 03

The principal values of the tensor represent extreme values for normal components.
If the principal values are ordered such that: o3 < g, < gy, then:

Omax — 01, Omin = 03 (3327)

The maximum value of the orthogonal shear component is:
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1
Tmax = §<Gmax — Omin) fora=+(a; +a3)/\/§, b=+ (a; — a3)/\/§

(3.3.28)

Let the elements a;; be the components in the Cartesian coordinate system Ox of
the principal directions ay:

Ay = qp€; <= ay; = ag - €; = €; = ap;ay (3329)

Then we may write:

S,’j = S[ei,ej] = S[aki a, aj al] = S ak,al agi ajp = E Ok 5](1 (2531 al]

Sij:ZGkakiakj@S:ZUkak(gak (3.3.30)
k k

This formula also follows directly from formula (3.2.48) when we choose a; as base
vectors.
Powers of a tensor A of second order is defined by:

A" =AA---A (ncompositions) (3.3.31)

It may be shown that for a symmetric tensor of second order S the result (3.3.30)
implies that, see Problem 3.3:

"= (o)'m@a, n=1273 (3.3.32)
k

The tensors S" and S have the same principal directions and are therefore called
coaxial tensors. Note that the exponent 7 is a natural number.A symmetric second
order tensor is called a positive definite tensor if:

c-S-c¢>0 forall vectorsc # 0 (3.3.33)

From the definition (3.3.33) it follows that the principal values and the principal
invariants of a positive definite symmetric tensor all are positive, see Problem 3.4. It
also follows that the trace, the determinant, and the norm of a positive definite
tensor S are positive.

For any real number o we define real powers of a positive definite tensor S by:

S* = Z ()" a; ® a;, ois a real number (3.3.34)
k
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The tensors S* are positive definite tensors, and S* and S are coaxial tensors.
The inverse tensor S~ is obtained from formula (3.3.34) when « = —1. For the
special case o = 1/2, we write:

S12 =S (3.3.35)

All powers with exponents n =1,2,3,... of a symmetric tensor S of second

order may be expressed by S, S?, and the principal invariants 7, II, and III of the
tensor. In order to see this, we first prove the following theorem.

Cayley—-Hamilton Theorem A symmetric tensor S of second order satisfies its
own characteristic equation (3.3.24), such that:

S —IS*+1IS— 11 =0 (3.3.36)

The theorem is named after Arthur Cayley [1821-1895] and William Rowan
Hamilton [1805-1865]. Proof of the theorem: The characteristic equation (3.3.24)
of the tensor S is satisfied by the principal values oy of the tensor. If we multiply
Eq. (3.3.24) by the tensor product a; ® a; and sum with respect to the index &, we
obtain:

> [(ak)3ak @a, — (o) 2 @ ag + llop ay ® ay — [l ag ® ak] =0
k

This result is directly transferred to Eq. (3.3.36) through application of formula
(3.3.32), and the Cayley—Hamilton theorem is proved. By Eq. (3.3.36) all powers
of § with natural number exponents may be expressed by the tensors S and S%, and
the principal invariants I, II, and III of S.

3.3.2 Alternative Invariants of Second Order Tensors

The following sets of alternative invariants of a symmetric tensor of second order
sometimes appear in the literature. The moment invariants:

- — 1 1 1
I=uS=1I, II:EtrSZZEIZ—II, III:§trS3 (3.3.37)

The trace invariants:

I=uS=1:8S=1,
N=uS*=S8:S=0r-2I (3.3.38)
T =trS*=S:(SS) =31+ -31-1I
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3.3.3 Deviator and Isotrop of Second Order Tensors

A symmetric second order tensor S may be decomposed uniquely in a trace free
deviator S' and an isotrop S°:

S=§+8° (3.3.39)

1 1 .
S? = 3 (rS)1 & 87 = gSkk 0; isotrop (3.3.40)
=S-S5 S =0 deviator (3.3.41)

S’ and S are coaxial tensors, i.e. the two tensors have the same principal directions.
The principal invariants and principal values of S’ are:

I' =0,
! 1 "2 1 2
Ir' = det §'
/ 1 / 1
0, =0; — §I &0y = 5(201 — 0, —03) etc. (3.3.43)

It has been shown in Sect. 2.3.2 that the stress deviator T may be decomposed into
five states of shear. This type of decomposition is possible for any deviator S’ of a
second order tensor S.

3.4 Tensor Fields

Tensors in continuum mechanics represent often intensive quantities or properties
related to particles or places in space at a given time #. This means that these tensors
really are fensor fields. A tensor A which is a tensor field is denoted by either
A(ro, 1) where ry represents a particle, or by A(r, ), where r represent a place in
space. At each place r and at the time 7 the symbol A(r, #) represents a tensor. The
tensor fields A(r)and A(ry) are called steady tensor fields, and the tensor fields
A(r)and A(ry) are called uniform tensor fields. Time and space derivatives of
tensor fields are defined below as new tensor fields. In this section we shall
introduce some of the most important of these derived tensors fields.

The local time derivative of a tensor field A(r,¢) is a tensor field J;A with
components J,A;.. in an Ox-system:



3.4 Tensor Fields 99

0A,;.

A A, =
OA & A, B

(3.4.1)

The definitions of the gradient, the divergence, and the rotation of a tensor field
may vary somewhat in the literature, and this may lead to confusion. In the present
exposition these quantities will first be defined in an analogous manner to how the
corresponding quantities were presented for scalars and vectors in Sect. 1.6. Then
the del-operator will be introduced, which together with the dyadic representation
will indicate two possible definitions of the gradient, the divergence, and the
rotation of a tensor field.

3.4.1 Gradient, Divergence, and Rotation of Tensor Fields

The gradient of a scalar field o(r,¢) has been defined by formula (1.6.6). The
divergence and rotation of a vector field a(r, ¢) are defined by the formulas (1.6.12)
and (1.6.15) respectively. The divergence of a second order tensor is defined by the
formula (2.2.36). These results will now be generalized.

Let A(r,f) be a tensor field of order n with components A;..; in a Cartesian
coordinate systems Ox with base vectors e;. The components of the tensor field in
another Cartesian coordinate system Ox with base vectors €, are denoted A, .., such
that:

ox P
s — Qri"ijAi"ja Qri = 6_)C, = 8)_Cr =€, € (342)

It follows that:

OA,- 0A;..; Ox, 0A;..;
ax = er QS] J a—xk = Qri"Q.Sj W] Qlk =
' ' k (3.4.3)
aAr ‘s

%, =0y QY]Qlk A .j <:>Ar st = Ot QY]QlkAl jok

We use this result to define the gradient of a tensor field A(r,t) of order n as a
tensor field of order (n+ 1) with the components:

0Aij
3xk

= A;j, in the Ox-system, A,y in the OX-system  (3.4.4)

ax,

This tensor is denoted alternatively by grad A and 0A/Or. If the tensor field A is
presented as a polyadic, the gradient of A may be presented as follows:
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0A
_r:Ai“jakei®"®ej®ek (3.4.5)

A=A ®--®e = grad A= 5

For a tensor field of order 0, i.e. a scalar field a(r, ¢), this formula agrees with the
formula (1.6.6): grad o = «,;e;. The gradient of a vector field a(r,t) = a;(x,t)e; is a
second order tensor with components a;,, in the Cartesian coordinate system Ox:

grada = a;,,€; X ey (346)

Let r(s) = x;(s) e; represent a space curve, where s is the arc length parameter
along the curve. The unit tangent vector to the curve is defined by the formula
(1.4.8):

7dr_@

t=_— =
ds ds

e = t;e; (347)
A tensor field A(r, ) of order n becomes a function of the arc length parameter
s along the curve r(s) = x;(s) ¢;, and we may compute the tensor field A /s of
order (n —1):

OA dxk OA
E = Ai..ﬁkzei R &® ej = a = (gradA) ‘te

8A,~..j

— Ajjulc (348)

The divergence of a tensor field A(r,t) of order n, with the components 4;..,;, is
defined as the tensor field “div A” of order (n — 1) with components A;.. .

A= A,-..,jei X--e X e = divA = Ai..,k,kei X Qe (349)

From this general definition it follows that the divergence of a vector field a(r, t)
is the scalar ay,;, in agreement with formula (1.6.12), and that the divergence of a
second order tensorA is a vector a = div A:

a=qe; =>diva=V - a=a,
) (3.4.10)
A= Aijei XK e = divA = A6, =a = a; = Ajiy

The del-operator V has been introduced by the formula (1.6.10), and the divergence

of a second order tensor has already been introduced in formula (2.2.36) in con-

nection with the development of the Cauchy equations of motion in Sect. 2.2.5.
The divergence of the gradient of a tensor field A = A;..;e; ® -- @ €; of order n,

i.e. div grad A, becomes:

div gradA = Ai"jakakei ®-® e = Ai..j,kke,« R Q@ € = (Ai~~jei R & ej):kk
=Va= (3.4.11)
div grad A = A;.jyei @ - @ ¢ = VA
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The symbol V? is the Laplace-operator defined by the formula (1.6.14).
The gradient of the divergence of a tensor field A of order n, i.e. grad div A, is:

grad divA = Ai.‘k,k,lei X--Re = Ai..k,klel‘ X R e (3412)

The rotation of a tensor field A(r,t) of order n with components A;..,; in a
Cartesian coordinate system Ox, is a tensor “rot A” of order n, also denoted “curl
A”. The tensor is defined by its components CijkAi -ty

A=A . 6,R  ®e Qe = rotA =curlA = E,"/‘kA,‘..rk,je,‘ X Re. (3413)

The rotation of a vector a = a;e; is the vector ejray,€;, in agreement with the
formula (1.6.15):

a=ae; = rota=curla =V x a = e, (3.4.14)

The gradient, the divergence, and the rotation of a tensor field A(ry, #) related to
the place r( in the reference configuration K of a continuum, are defined in similar
manners as above but are denoted respectively as Grad A, Div A, and Rot A.

3.4.2 Del-Operators

The definitions of gradient, divergence, and rotation of tensors fields are not uni-
versal. The literature defines for any tensor field the following tensors fields:
right-gradient, left-gradient, right-divergence, left-gradient, right-divergence,
left-divergence, right-rotation, and left-rotation. For instance, in the books by
Malvern [1] and Jaunzemis [2], the following vector operators are introduced:

V= ék e, right—operator, V =V = €:0; left—operator (3.4.15)

The first operator is called a right-operator because it operates from the right. Note
that the left-operator is identical to the del-operator defined by formula (1.6.10).
Applying the operators in (3.4.15) to a tensor field A of order n, we obtain:

ARV = (Ai.je; ® - ®e) ® ékek =Ai .8 ® Qe e right—gradient

VOA=€d®(An1e® - De) =Ajs& 0D Qe lefi—gradient
(3.4.16)

The two tensors defined by the expressions (3.4.16) are represented by the same
components, but the components are organized differently. The tensor defined in
Sect. 3.4.1 as grad A, i.e. the gradient of the tensor field A by the formula (3.4.5), is
now seen to be the right-gradient of the tensor field A:
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grad A=A ®V =Aj,eRe e (3.4.17)

The right- and left-gradient of a vector a are second order tensors where one tensor
is the transposed of the other:

right-gradient: grada=a® V= ai e Qe = (aV), = O = ajy - -
(3.4.18)

grad V®a= (grada) = aye; @ e, = (ﬁa)ik = Ojay = ay,; (3.4.19)

The right-divergence and left-divergence of a tensor field A are defined
respectively by:

AV=Aje2-0e)- e =Aij€ Q- (€ €) =
’ ( J j) (kk) ok (J k) (3.4.20)

AV =A; 6 Q- right—divergence

6 A= (ek5k) . (Aj..iej X R ei) = Aj..,»,k(ek . ej)" X e =

VA=A Qe left—divergence

(3.4.21)

We see that the definition (3.4.9) of the divergence of a second order tensor field
A is a right-divergence:

divA=A-V (3.4.22)

For a vector a the right-divergence and the left-divergence are identical, and we
may skip the arrow over the “del” symbol V.

diva=a-V=V-.a=V.a=a,, (3.4.23)

The divergence of the gradient of a tensor field A of second order may be given
by:
divgradA = (A ® 6) V= (Ajei @ e @ ey) - <5re,.) =Aj e Qe Qe e =
divgrad A = Aj,e; @ ¢ = (Aje; @ €)),4 = VA
(3.4.24)

The result agrees with the formula (3.4.11).
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3.4.3 Directional Derivative of Tensor Fields

Let the unit vector e define an axis originating from a place r. The distance from the
place r to a position on the axis is given by a local coordinate s. We consider the
tensor field A(r + se, ¢) and define the directional derivative of the components of
the tensor field A(r,t) at the place r and in the direction e by:

OA;..j(xx + sex, 1)
Os

A4 . (‘) X, —|— se 3 4 !5
6 iy ( k k) = Aj..j,kek ( ° )
s=0

O(xx + sex) Os =0

The directional derivative of the tensor field A(r,t) at the place r and in the
direction e is defined as the tensor:

OA(r + se, 1)

s = (gradA) -e & [(gradA) - e...; Ai..jex (3.4.26)

s=0

3.4.4 Material Derivative of Tensor Fields

A particle, i.e. material point, in a continuum is identified by the place vector ry in
the reference configuration Ky of the continuum. The motion of the continuum is
then given by the place vector r(ry, 7) for the particle ry in the present configuration
K of the continuum.

The material derivative of a tensor field of order n is a new tensor field of order
n. For the tensor field A(r, ) the material-derivative is:

. . A;. .
A = 8,A = 6[A(l'0,t) =4 Alj = % = G,A,j (3427)

For the tensor field A(r,7) we introduce the motion r = r(rp,#), such that
A = A(r(ro,17),t). Then:

OA Or

A=0A+— —
K

0 .
— 9,A + (zradA) - 5‘; & Apvj = Oiv+Arjyve (3:4.28)
Alternatively we may write:

A=0A+A®V v (3.4.29)
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We introduce the operator:

0 0 0 3}
(v V)= (ver)- (eia—xi) = Vka_xiek'ei = Vka_xiéki = Vkﬁ_xk:

P (3.4.30)
(v-V)=w o
The formula (3.4.29) may now be expressed by:
A=9A+(v-V)A (3.4.31)

3.5 Rigid-Body Dynamics. Kinematics

All material bodies are deformable and will in general be deformed when subjected
to forces. However, when the deformations are small enough we may treat the body
as rigid. Then subsequently, when the dynamics has been determined, the defor-
mations of the body are taken into consideration. In the present section and the one
to follow we shall include some fundamental aspects of rigid-body dynamics.

Rigid-body kinematics plays an important part in deformation analysis in
Chap. 4, especially when large deformations are considered in Sect. 4.5.
Rigid-body kinetics in the next section provides us with an example of an important
symmetric second order tensor, the inertia tensor.

3.5.1 Pure Rotation About a Fixed Axis

Figure 3.2 shows a rigid body in two configurations: a reference configuration K at
time fpand the present configuration K at time ¢ > fy. The Cartesian coordinate
system Ox is fixed in a reference Rf. The x3-axis is perpendicular the plane of the
figure. The rigid body rotates about the x3-axis. The Cartesian coordinate system OXx
with base vectors €; and with the x3-axis coinciding with the x3-axis is fixed in the
body and coincides with the Ox-system at time #.

The rotation of the body and of the body fixed coordinate system Ox with respect
to the reference Rf is given by an angle of rotation 0(t). A particle ry in the body
has the place Py at the reference time #; and the place P at the present time ¢. These
places are also given by the place vectors ry and r:

ro = X = Xiéi, r = Xx;€; (351)

The coordinates in the Ox-system are also representing reference coordinates for
particles in the body, i.e. X; = X;.
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Rf

Fig. 3.2 Rigid body rotation about a fixed x3-axis perpendicular to the plane of the figure. Present
configuration of K of the rigid body. Reference configuration K, of the body. The Cartesian
coordinate system Ox with base vectors e; is attached to the reference RF. The Cartesian coordinate
system Ox with base vectors € is fixed in the body. Displacement vector
u(rp,t) =r—ro(R—1)-rg

The coordinate systems Ox and Ox are related through the transformation
matrix Q:

x=0"x=0"X & x; = QuXx (3.5.2)
cosf) sinf O

Qi (0) = cos(e;, ) = 0(0) = | —sin@ cosf 0|, 6=0() (3.53)
0 0 1

The motion of the body is a rigid-body rotation about a fixed axis, i.e. the x3-axis,
and will be described by the place vector function r(ry, ?):

r(ro,t) = R(7) - 1o = x(X,1) = R(1)X (3.5.4)

R(z) is a second order tensor called the rotation tensor of rigid-body rotation about
a fixed axis. By comparing the component relation (3.5.4), with Eq. (3.5.2), we see
that:

R(t) = Q" (1) & Ru(t) = Qui(t) (3.5.5)

Because the transformation matrix Q is an orthogonal matrix it follows that the
rotation tensor is an orthogonal tensor:

RR" =1, detR=1 (3.5.6)



106 3 Tensors

The displacement of the particle ry is given by the displacement vector:

u=u(ry,?)=r—ro=R()—1) - ro=ulX,t) =xX,1) — X = (R(r) — DX
(3.5.7)

3.5.2 Pure Rotation About a Fixed Point

Figure 3.3 shall illustrate a general rotation of a rigid body about a point O fixed in
areference Rf. The coordinate system Ox is fixed in the reference Rf. The rigid body
is shown in its configuration K at the present time ¢ and in a reference configuration
Ky at a reference time #y. The coordinate system OX is fixed in the body and moves
with it, and at the reference time 7, the two coordinate systems Ox and Ox coincide.
A particle ry in the body moves from its position Py at the reference time 7, to
the present position P, given by the place vector r, at the present time 7. Let x; be the
coordinates of the position P in the Ox-system, and let x; be the coordinates of the
position Py in the Ox-system. The coordinates of the particle ry are then:

x; = x;(¢) at the present time 7in the Ox-system (3.5.8)
X; = ¥; at the reference time 7, in the OX-system o

instantaneous axis of rotation

K,t
e(?)

a— axis of rotation

u(r,t)=(R-1)-r,

Fig. 3.3 Rigid body rotation about a fixed point O. Present configuration of K of the rigid body.
Reference configuration K of the rigid body. The Cartesian coordinate system Ox is attached to
the reference Rf. The Cartesian coordinate system Ox is fixed in the body. Displacement vector
ll(l’(),l) = (R— 1) S )
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The two coordinate systems Ox and Ox are related through the relations:
x=0"x=0"x (3.5.9)
Q(?) is the transformation matrix relating the base vectors of the two systems:
O(t) = (e - e;) = (cos(e;, e)) (3.5.10)

The motion of the body is a rigid-body rotation about a fixed point O, and is
described by the place function r(ry, ), where:

r(ro,7) = R(?) - 1o = x(X,1) = R(1)X (3.5.11)

The function R(7) is a second order tensor called the roration tensor of the
rigid-body rotation about the fixed point O. By comparing Egs. (3.5.9) and (3.5.11),
we see that:

R(t) = Q" (1) & Ru(t) = Qui(t) (3.5.12)

As was the case for rigid body rotation about a fixed axis, we understand that the
rotation tensor R(?) is an orthogonal tensor. It also follows that:

R() =1 and x(X,1) =X (3.5.13)

The motion (3.5.11) may also be described by the displacement vector u(r,t) as
shown in Fig. 3.3:

u(rg,t)=r—ro=(R-1) -1y & u(X,t) =x(X,t) - X (3.5.14)

Let A and B be two particles in the rigid body given respectively by the place
vectors r4 =ra(f) and rg = rp(f) at the present time ¢, and the place vectors
rao = rao(fo) and rpy = rpo(tp) at the reference time fyp. For a vector ¢ = c(r)
moving with the body and connecting the two particles A and B we write:

c=c(t) =ra(t) —rp(t), co=c(to) =ra(to) —rs(to) (3.5.15)
It now follows from Eq. (3.5.11) that:

c= C([) = R([) ‘TA0 — R(I) Iy = R(l) . (rAO — I'B()) = (3 5 16)

c=c(t)=R() ¢y, co=c(ty) o

We shall use the expression: the vector ¢ is the R—roration of the vector ¢. It
follows that the place vector r is the R—rotation of the place vector ry.

It will now be demonstrated that at any time ¢ there exists a material straight line

in the body through the fixed point O which has the same position referred to Rf at

the time ¢ as it has at the reference time #y. The line is called the axis of rotation
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related to the rotation R(#). Material particles on the line may have moved during
the time interval from the time 7, to the time ¢ but with no resulting displacement.
A unit vector e(f)on the axis of rotation must satisfy Eq. (3.5.14) for zero
displacement:

R-e=e=s(R-1)-e=0 (3.5.17)
The condition for this equation to have a solution for e(¢) is:
detR—1)=0 (3.5.18)

To prove that this condition is satisfied we use the fact that the rotation tensor R(¢)
is orthogonal: detR=1andR’R=1. We writ: R—1=R-R'R=
(1-R")R=—(R" —1)R. Now we use the multiplication theorem (1.1.23) for
determinants and obtain:

det(R—1) = —det(R" —1)detR = —det(R—1) = det(R—1) = 0 &
(3.5.18)

Thus we have shown that the unit vector e(f), which may be determined from
Eq. (3.5.17), defines the axis of rotation related to the rotation R(t) of the body
about the point O.

Note that the motion r(ro, ) = R(7) - ro of the rigid body when it moves from
the reference configuration Ky to the present configuration K, is not in general a
rotation about a reference fixed axis of rotation defined at the present time ¢ by the
vector e(f). However, what has been demonstrated is that it is possible to get the
body from K to K by a pure rotation about this axis as defined by the vector e(r).
The axis of rotation will in general change its position both relative to the rigid
body and to the reference Rf.

The angle of rotation 0(t) that the body must rotate about the axis of rotation
may be determined as follows. We choose an Ox-system such that the base vector
e; is parallel to the axis of rotation, i.e. €3 = e(¢). This means that the transfor-
mation matrix Q(z) is given by the formula (3.5.3) and the rotation matrix R(0) =
Q7(0) is given by:

cosf —sinf O
R(B)= | sin@ cosf@ 0], 6=060() (3.5.19)
0 0 1

From this result we obtain: tr R = 2 cos 0 + 1. Because R is a tensor the trace is an
invariant and we have arrived at the coordinate invariant formula:
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cosO(t) == (trR(6) — 1), 6=10(r) (3.5.20)

D =

This formula gives the angle of rotation in any chosen coordinate system.
We now continue to discuss the rotation of a rigid body about a fixed point O. The
velocity v of the particle ry when the particle is in the place r(r, ), is found to be:

v:i':R-rozR-(RT-r):(RRT)-r:>

. o (3.5.21)
V=r= (RR ) ‘r=W-r
Here we have introduced the rate of rotation tensor W(t) defined by:
T
W =RR (3.5.22)

The rate of rotation tensor is an antisymmetric tensor, as may be seen from the
following development, applying the formula (1.1.12):

RR’ =1=RR +RR' =0=RR' = —RR” = —(RR")" = W = —W’.
From the formula (3.5.21) we obtain:

Vi = Wijxj = Vi = Wijxj,k = VV,‘jéjk =Wy =

(3.5.23)
Wik = visi
The dual vector w of the antisymmetric tensor W is by formula (3.3.7):
1 1 1 1 1
W:_§P3WZ_EW3P:>Wi:§€ijkaj:§€ijka7j, WZEI'OtV
(3.5.24)

P is the permutation tensor. The vector w represents physically the same as the
tensor W and is called the angular velocity vector or the rotational velocity vector.
The first name is most common, although it is only when the body rotates about a
fixed axis that is possible to associate the rotation of the body with a real angle of
rotation. The inverse of the relation (3.5.24) is:

0 —W3 wo
W=-P-w& Wij = —‘/Vj,' = —€jxWk <= W= w3 0 —Wq (3525)
—wy; W 0

The formula (3.3.7), relating the dual vector and tensor quantities, can be used to
develop the following alternative velocity distribution formulas from the result
(3.5.21):
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V=r=W-r&v,=x=Wgxiy, V=T=WXTI & V=X =ejwx
(3.5.26)

The acceleration a of a particle ry at the place r becomes:

a=v=r=W-r+W .- r=wxr+wxr=
a=(W+W?) r=wxr+wx (WXI) & & = ewxi + ejjrersWiWsX;
(3.5.27)

The tensor W(r) is called the angular acceleration tensor and the vector w(z) is
called the angular acceleration vector. In general the angular velocity and the
angular acceleration are non-parallel vectors.

The velocity distribution formula (3.5.26) shows that particles on a straight line
through the point of rotation O and parallel to the angular velocity vector w are at
the present time ¢ instantaneously at rest. The straight line is called the instanta-
neous axis of rotation and is shown in Fig. 3.3. In the general case the instanta-
neous axis of rotation and the axis of rotation, defined by Eq. (3.5.17), do not
coincide. The instantaneous axis of rotation will in general change its position both
relative to the rigid body and to the reference Rf. Only when the rigid body is
constrained to rotate about an axis fixed with respect to the reference Rf, as dis-
cussed in Sect. 3.5.1, will the instantaneous axis of rotation and the axis of rotation
be one and the same axis at any time .

We shall now introduce alternative expressions for the velocity and acceleration
of a particle in body in rigid-body rotation about a fixed point. First we define the
dual antisymmetric tensor Z to the position vector r = [x;,x,,x3]

0 —X3 X2
Z=-Prs Zij = —Zji = —€jjkXx = Z = X3 0 —X1 (3528)
—X2 X1 0
We use the formula (3.3.8); to write:
WXr=-rxw=-7Z-w (3.5.29)

From the formulas (3.5.25) and (3.5.28) we obtain:

wx (wxr)=W-(wxr)=W- (-Z -w)=—(WZ) -w=

x(wxr)=—(WZ) -w (3.5.30)

The particle velocity v from the formula (3.5.26) and the particle acceleration
a from the formulas (3.5.27) may now be expressed by the alternative formulas:



3.5 Rigid-Body Dynamics. Kinematics 111

V=r=—Z -W&v=X=—Z;w = eWwx (3.5.31)
a=v=r=—-2Z -w— (WZ) W& a; = ejpWjXi + ejjxersWjWsX; (3.5.32)

The formulas (3.5.31) and (3.5.32) are convenient when rigid-body kinematics is
presented or analyzed in a matrix format.

3.5.3 Kinematics of General Rigid-Body Motion

Figure 3.4 illustrates a rigid body in a general motion from a reference configu-
ration Kj at the time #; to the present configuration K at the present time ¢. A particle
in the body moves from its position Py at the time 7, to the present position P at the
present time ¢. The coordinate system Ox is fixed in the reference Rf, while the
coordinate system Ox moves rigidly with the body and coincides with the
Ox-system at the reference time #y. The particle is denoted by the place vector ry or
by the reference coordinates X in the coordinate system Ox. Let u(ry,?) be the
displacement of the particle ry. The motion of the particle is given by:

r(ro,t) =ro+u(ro, ) = x(X,t) = X; +ui(X, 1) (3.5.33)

The origin O of the body—fixed coordinate system OX moves according to the
displacement vector uy(#). Figure 3.4 illustrates that the motion (3.5.33) may be
considered to be a combination of translation wy(t) by which all particle of
the body are given the same motion, and a pure rotation rp = R(¢) - r, about the
point O.

I'(l'(), [) = ll()(l‘) +R(l) - T (3534)
The displacement u(ro, ¢) of the particle ryp may now be expressed by:
ll(l’(), l‘) = ll()(l) + (R(l) — 1) ‘T (3535)

To the general rigid-body motion (3.5.34) the translation ug(#) contributes with a
velocity and acceleration, representing the motion of the reference point O:

Vo = ﬁ@(l‘), ap =vp = fl@(l‘) (3.5.36)

To find velocity and acceleration contribution from the pure rotation ¥y = R(¢) - r,
about the point O we follow the developments from the formulas (3.5.21) to the
resulting formulas (3.5.26) and (3.5.27). With the rate of rotation tensor W from
formula (3.5.22) and the angular velocity vector (3.5.24) we obtain:
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v=r=u(t) =vp+W- -Tp=v5+WXTI (3.5.37)
a=a,+ (W-+W?) To=ap+WXxTo+Wx (WxFp) (3.5.38)

The tensor W(z) is called the angular acceleration tensor and W(t)and the
vector w(t) is called the angular acceleration vector of the general rigid-body
motion.

Let P and Q be two points fixed in a rigid body, and let ry/p be the position
vector from point P to point Q. Then the formulas (3.5.37) and (3.5.38) may be
used to relate the velocities and accelerations of the two points. The results are:

Vo =Vp+W Tgp=Vp+WXxrgp (3.5.39)

ag =ap+ (W+W?) rgp=ap+Wwxrgp+wx (Wx ro/p) (3.5.40)

These formulas are respectively called the velocity distribution formula and the
acceleration distribution formula for the motion of a rigid body.

The material derivative of a vector ¢(¢) that rigidly follows the motion of the
body is:

c=W.c=wxec (3.5.41)

In order to see this let ¢ = ry/p = rg —r,. Then:

X, Rf

Fig. 3.4 Rigid-body motion from the reference configuration K, at the time f, to the present
configuration K at the time t. The Cartesian coordinate system Ox is attached to the reference Rf.
The Cartesian coordinate system OXx moves with the body. The motion consists of a sum of a
translation uo(#) and a pure rotation ro = R(¢) - o about the point O
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C=Tgp=Tg—T,=V9—V,=W-rg—W-1p =W (rg —r1,)
:W'I'Q/pZWXI'Q/p=>
c=W.c=wxce

Example 3.1 Rotating Circular Plate on a Rotating Arm

Figure 3.5 illustrates a system consisting of a thin circular plate with radius », mass
m, and mass center C that rotates about its horizontal axis with a constant angular
velocity w3 with respect to an arm OC. The arm rotates with constant angular
velocity w, about a vertical axis. We shall determine the angular velocity vector
w and the angular acceleration vector w for the plate, and the velocities and
accelerations of the two points A and B on the plate.

To describe the motion of the ensemble we select the coordinate system Cx fixed
to the rotating arm and shown in Fig. 3.5. The x3-axis coincides with the symmetry
axis of the plate, and the x,-axis is vertical. The angular velocities of the arm and
the plate are now:

w, = wye, for the arm, w = w,e; + wse; for the plate
The angular acceleration for the arm w, and for the plate w becomes:

Wa = w2é2 = W)W, X € = Wrrer X € = 0
W = 02€ + 0363 = WrW, X € + W3W, X €3

= W€y X €+ W38 X €3 = W = W3(72€]

The mass center of the plate C moves with the corresponding point on the arm and
the velocity of C is:

rotating plate

| ¢ \ i w,e,
< >

[

Fig. 3.5 Thin plate with radius r, mass m, and mass center C rotates about its horizontal axis, i.e.
the x3-axis, with constant angular velocity w3 with respect to an arm OC. The arm rotates with
constant angular velocity w, about a vertical axis
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Ve = W, X rC/O = (a)zez) X (cel) = —mnces

For the velocities of the points A and B on the plate we find, using formula (3.5.37):

VA = Ve +W X Ty = —myces + (e + wze3) x (rey)
VB = Ve + W X Ig/c = —waces3 + (e + wsze3) X (rey)
Vi = —wa(c+r)es+wsrey, Vg = —wsce; — wsre

The acceleration of the point C as a point on the arm is, using formula (3.5.38):

ac = Wy X Iejo+ Wa X (Wa X Tejg) = 04 (02€2) X (262 X cey) = ac

= —w%cel
For the acceleration of the point A on the plate we use formula (3.5.38):
as=ac+Wwxryc+wx (Wxryc)
For the last two acceleration terms we obtain:

W X y/c = (0)360201) X (rel) =0
W X Ty/c = (60262 +CO363) X (rel) = —yres + w3re; =

WX (WX Tyc) = (028 + m3€3) X (—wpres + wsrey) = —(wf + w3 ) rey
Thus the acceleration of the point A on the plate is:
ay = —[w3(c+r)+wire
For the acceleration of the point B on the plate we use formula (3.5.38):
ap=ac+WXrgc+wx (Wxrgc)
For the last two acceleration terms we obtain:

W X Ig/c = (w3mae;) X (rey) = wszmares
W X Ig/c = (wr€; +w3e3) X (rey) = —wsre; =

WX (WX ryc) = (e + w3e3) X (—wsre;) = wywsrez — wire;
Thus the acceleration of the point B on the plate is:
ag = —w%cel — w%rez + 2wom3r e3
Note that the expressions for the velocities and accelerations for the points A and B on

the plate are only valid when the two points are in the positions shown in Fig. 3.5.
The kinetics of the ensemble in Fig. 3.1 will be discussed in Example 3.2 below.
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3.6 Rigid-Body Dynamics. Kinetics

3.6.1 Rotation About a Fixed Point. The Inertia Tensor

The center of mass C of a body of mass m is defined by formula (2.2.8). For a rigid
body the mass center is a point fixed with respect to the body, but does not
necessarily coincide with a material point or particle in the body. The motion of the
center of mass is governed by the equation of motion (2.2.12):

f = mac (3.6.1)

The vector f represents the resultant force on the body and ac is the acceleration
of the center of mass. The vector equation (3.6.1) represents three component
equations.

A rigid body in free motion has six degrees of freedom. The motion of the center
of mass is governed by the three coordinate functions of time. The rotation of the
body may be described by three angles of rotations as three time functions. In
Fig. 3.6 the coordinate system Cx;x,x3 is fixed relative to a reference that translates
with the center of mass C. The coordinate system CX;X,X; is fixed in the rigid
body. The rotation of the body may be described t by the following procedures. The
body is in the position with OX;X>X3 = Ox;x,x3. Then the body is rotated by an
angle ¢(f), the precession angle, about the x3-axis. The body fixed coordinate
system is now in the position OX;X,X3 = OXX2x3. Next the body is rotated by an
angle 6(¢), the nutation angle, about the X;-axis. The body fixed coordinate system
is now in the position OXX,X3 = OXx,X3. Finally the body is rotated by an angle

Rigid body

Fig. 3.6 Rotation of a rigid body about the center of mass C. Four coordinate systems: Cx;x,x3 is
fixed relative to a reference that translates with the mass center C, CX;X,X3 is fixed in the rigid
body, Cx Xx3 is obtained from Cx x,x3 by a rotation angle ¢(z), the precession angle, about the
x3-axis, CX;X,x3 is obtained from CX;X,X3 by a rotation angle 6(f) from CX;X,X3 by a rotation
angle 6(), the nutation angle, about the X;-axis, CX;X,X3 is obtained from CXX,X3 by a rotation
angle /(t), the spin angle, about the X3-axis
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(1), the spin angle, about the X3-axis. The body fixed coordinate system is now in
its final position. The three angles ¢(¢), 0(¢), () are called the Eulerian angles.

The additional three equations of motion are provided by the law of balance of
angular momentum, i.e. Euler’s second axiom (2.2.7). These additional equations
of motion suitable for a body in rigid-body motion will now be developed.

We shall start by considering a rigid body that rotates about a fixed point O as
shown in Fig. 3.7. First we compute the angular momentum ly of the body about
the point O from the definition formula (2.2.5),:

lp = /r x vpdV (3.6.2)
4

We use the formula (3.5.28) to represent the particle velocity by: v = —Z - w, and
the formula (3.3.8), for the dual quantities r and Z to write: r X v = Z - v. Then we
obtain:

rxv=2Z-v=27-(-Z-w)=-2"w (3.6.3)
By inspection we find that:

2 =r@r—(r-r)l & (27); = xx — xx0; (3.6.4)

The angular momentum of the body about O, Eq. (3.6.2), then becomes:

loz/rxvpdV:/rx(wxr)pdV: /(—Zz)pdV W=

v 4 4 (3.6.5)
lO:/rx (wxr)pdV =1-w=ILwje
4

The quantity I is a symmetric tensor of second order defined by the formula:

Fig. 3.7 Rotation of a rigid
body about a fixed point

O. Volume V. Mass m. Center
of mass C. Volume element
dV. Element of mass pdV.
Particle velocity v. Angular
velocity w. The Cartesian
coordinate system Ox is
attached to the reference Rf
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(~22)pav = / Cr@r+(rrlpdV <

(3.6.6)

L= [ [—xix;+xx85] pdV

Se— S —

The tensor I is called the inertia tensor of the body with respect to the point O. The
inertia tensor is symmetric and the six distinct components of the tensor in the Ox-
system are three moments of inertia with respect to the three coordinate axes:

I :/[x2x2—|—x3x3]pdV, 1222/[)63)63 +x1x1]pdV,
v

v (3.6.7)
I33 = / [X1XI+XZX2]pdV
v
and three products of inertia with respect to the axes x;- and x;:
Lj =1L = —/ xxipdV, Q] (3.6.8)

Vv

Because the inertia tensor is a symmetric tensor of second order, there exist three
orthogonal axes through the point O with respect to which the products of inertia
are zero. These axes are the principal axes of inertia of the body with respect to
the point O. The corresponding moments of inertia are the principal moments of
inertia I;.

The following rules apply:

1. An axis of symmetry through the point O is a principal axis of inertia.

2. An axis normal to a plane of symmetry through O is a principal axis of inertia.

3. If two orthogonal axes through the point O are principal axes of inertia then the
axis through O normal to the plane defined by the two orthogonal axes is a third
principal axis of inertia.

Table 3.1 presents the moments of inertia of some characteristic homogeneous
bodies of mass m with respect to principal axes of inertia. In general, an axis of
symmetry and an axis normal to a plane of symmetry are principal axes of inertia.

If the coordinate axes coincide with the principal axes of inertia, the angular
momentum vector (3.6.5) takes the form:

lo=1-w=ILwie +Lwye, +Lw;e;3 (369)
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Table 3.1 Moment of inertia of some homogeneous bodies

Homogeneous slender bar of mass m and length /

z z 1
I =—ml*
C 12
—— >y L=1ml2
/ 3
X
4 / »

4z

b
A L =L+
C 7
j /4 >y IX:imbz , lvzima2
y 12 "1

o

Thin circular plate of mass m and radius r

X

]Z=lmr2
r 2
L,
1. =1 =—mr
z =Ty

Y,

Homogeneous circular cylinder of mass m, length /, and radius r

x
T I7=lmrz
o2
1

=$m(3r2+12)

r ]X

y

ry
~
vy

The Euler’s second axiom, (2.2.7), equates the resultant moment m, about the
point O of the forces on the body and the material derivative of the angular
momentum of the body about the point O:
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The material derivative of the angular momentum 1y about O, from Eq. (3.6.5),
becomes:

lo=1-w+1-w (3.6.11)

The inertia tensor is constant when referred to the rigid body, i.e. all the elements ;;
in the formulas (3.6.7) and (3.6.8) are time-independent when referred to a coor-
dinate system that follows the motion of the body. However, in a coordinate system
fixed to the reference Rf to which the motion of the rigid body is referred, the
components [;; of the inertia tensor I are time—dependent. That means that the
inertia tensor I is a time—dependent tensor when referred to the reference Rf. In
order to find a suitable expression for the material derivative I of the inertia tensor I,
we may argue as follows. Let a and b be two vectors that move rigidly with the rigid
body. By the formula (3.5.41):

a=W-.a, b=W-b (3.6.12)

Because I is a second order tensor, the product a - I - b is a time-independent scalar.
We now compute:

s=a-I-b=>4¢=a-I-b+a-I-b+a-I-b=0=

. 3.6.13
(Wa)-I-b+a-I-b+a-1-(Wb)=0 ( )

W is an antisymmetric tensor, i.e. Wi=_-W= Wj; = —W;;, and therefore it
follows that for the first and the last terms on the left—hand side of Eq. (3.6.13) we
may write:

(Wa) -I-b= (VV,'jaj)Iikbk = ij,»ainkbk = 7ajVVjiIikbk = —a- (WI) -b
a-1- (Wb) = ail,'k(Wk,'bj) = da; (Iikaj)bj =a- (IW) -b

Equation (3.6.13) may now be rewritten to:
—a-(WI)-b+a-I-b+a-(IW)-b=a- (-WI+I+IW) -b=0

Because this result is valid for any choice of the vectors aand b, we conclude that

the term in the parenthesis is a zero tensor of second order, i.e. —WI + I+IW = 0.
Thus we have found the material derivative of the inertia tensor to be:

I=WI-IW & I = Wyl — i Wy (3.6.14)
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Note that the result (3.6.14) is valid for the material derivative of any tensor of
second order that is constant in the body, not necessarily symmetric, i.e. for any
body—-invariant tensor of second order.

We now return to Euler’s second axiom, (3.6.10), which by Egs. (3.6.11) and
(3.6.14), yields the balance of angular momentum equation:

mo=lp=1-wH+I-w=I-w+WIL-w—IW.w

We shall now show that the vector IW - w is zero. The formulas (3.5.25) and the
antisymmetric property of the permutation symbol ey, i.e. ex; = —ejj, is used to
write:

(IW) W = I,-J-ijwke,- = I,-j(ekﬂwl)wke,- = I,-j(ekﬂwlwk)e,- =0

The Euler’s second axiom, i.e. the balance of angular momentum equation,
therefore takes the form:

my = I W+WI W <= Mo = Il]WJ + ‘/V,‘klklwl = Iijo +€i]‘ijI]dW] (3615)

The three component equations are called Euler’s equations of motion for a rigid
body.

If the coordinate axes x; are chosen to be parallel to the principal axes of inertia
of the body with respect to the point O, the Euler equations become:

mor = Ly + (I3 — L)wsw,
mor = Lw, + ([1 — I3)W1W3 (3616)
mo3 = Bws + (L, — I})waw;

I, I, and I5 are the principal moments of inertia.

3.6.2 General Rigid-Body Motion

For a general motion of a rigid body the expression of the angular momentum about
a fixed point O is developed as follows. Figure 3.8 shows a rigid body of mass
m and with the center of mass C. The position vector from the fixed point O to a
particle P in the body is expressed by the vector sum r¢ +r, where rc¢ is the place
vector from O to the mass center C, and r is the place vector from C to the particle.
The velocity of the particle is given by the formula (3.5.37), with reference to
Fig. 3.8, and by use of the alternative form (3.5.29) for w X r:
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V=vVct+wXr=ve—7Z-w (3.6.17)

The angular momentum of the rigid body about the fixed point O is according to
Fig. 3.8, the formula (3.6.2), and the formula (3.6.17) for the velocity field:

loz/rxvpdV=/(rc+r)xvpdV:rcx/vpdV+ /rpdV X V¢
v v v v

+ /rx(wxr)pdVé
v

lozrcx/vpdV+ /rpdV ><VC+/r><(W><r)pdV
v v v
(3.6.18)

The three integrals on the right-hand side of Eq. (3.6.18) are as follows: The first
integral is equal to the linear momentum mv of the rigid body, confer the formulas
(2.2.9) and (2.2.10). The second integral vanishes due to the definition (2.2.8) of the
center of mass C. The third integral is denoted ¢ and is called the central angular
momentum. The angular momentum of the rigid body about the fixed point O is then:

lop =rc xmve+1c (3.6.19)

Note that the central angular momentum also represents the angular momentum of
the body about a fixed point that at time ¢ coincides with the center of mass, i.e.
O =C at time t.

The central angular momentum may be developed similarly to the derivation of
the momentum in formula (3.6.5). Thus we may write:

Fig. 3.8 General rigid body
motion. Volume V and mass
m. Center of mass C. Volume
element dV. Element of mass
pdV. Particle velocity

v. Velocity v¢ and
acceleration ac of the mass
center of mass. Angular
velocity w and angular
acceleration w of the body
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Ic = /r X (wxr)pdV=I¢c-w (3.6.20)
v

The quantity I¢ is the inertia tensor of the body with respect to the mass center
C. With reference to the formulas (3.6.5) and (3.6.6), and a Cartesian coordinate
system Cx fixed in the body and with origin in C, not shown in Fig. 3.7, we write:

Ic = / [—I‘ Xr—+ (I‘ . r)l]pdV & Iszj = / [—X,'Xj —&—xkxké,;;] pdV (3621)
|4 \%

The law of balance of angular momentum (3.6.10) now takes the form:

mg — §0 — ¥ X mve +re myc +lc = (3.6.22)
mp =lp =rc x mac+1¢

The last term on the right-hand side may be transformed using the result (3.6.15).

ic =1-w+WIl-w&s ic = (I,:]'Wj + V%klkzwz)ei = ([ijo + eijijIleI)ei (3623)

Example 3.2 Rotating Circular Plate on a Rotating Arm
For the ensemble presented in Example 3.1 we shall find the force f, and the torque
m,, see Fig. 3.9, which must be supplied to the plate in order to obtain the
prescribed motion. When the ensemble is at rest the plate is only subjected to its
weight mg.

The acceleration of the mass center C of the plate is found in Example 3.1:
ac = —wj3ce;. From symmetry it follows that the coordinate axes are principal axes
of inertia and from the table of moments of inertia we get:

Fig. 3.9 Free-body diagram 1
of the rotating plate

O
) = [
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==y =b=m? Iy=I—im?
= = = = —mr s 3 = = —mr
11 1=h=hb=7 B=6=5
The central angular momentum of the plate becomes:
L, [
lc = Lw,e; + awse; = Zmr woe) + Emr w3e3

This vector is constant relative to rotating arm, and the angular velocity or the arm
is W, = m,e,.The fundamental laws of motion applied to the plate are now:

f =mac >
f, —mge, = m(—wice;)
= m(g € — w%cel)

mC:iC:Wachi

m, = (wzez) X (120)202 +I3w3e3) =

m; = 1360360261 = Emr2w3w2e1

The Euler equations (3.6.16) in this case yield:

mey = L1 + (13 — 12) = Lwsw, + (13 — ]2)W3W2 = Lwsw,
mey = Lhwy + (I} — )w 1W270+0 0 =
mez = Lws + (L, — I;))wow; =0+0=0

=m; = hwime; = %mrzwgwgel

3.7 Q-Rotation of Vectors and Tensors of Second Order

Let Q be an orthogonal tensor of second order and a a vector. It follows from
Eq. (3.5.16) that the vector b = Q - a represents a rotation of the vector a, such that
the two vectors aand b have the same magnitude:

b=Q-a< |b| =a| (3.7.1)

We call the vector b the Q-rotation of the vector a. It follows from the discussion in
Sect. 3.5.2 that there exists a direction given by the unit vector e such that:

Q-e=e (3.7.2)

The unit vector e represents the axis of rotation related to the tensor Q. The vector
mapping (3.7.1) represents a rotation of all vectors a, as if they were fixed in a rigid
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body rotating an angle 6 about an axis of rotation parallel to the unit vector e. We
use the formula (3.5.20) to express the rotation angle 0:

cos ) =

(trQ — 1) (3.7.3)

N =

Let A be a tensor of second order. The second order tensor B = Q A Q7 is called
the Q-rotation of the tensor A:

B=QAQ" the Q-rotation of the tensor A (3.7.4)

We shall investigate the properties of the tensor B if the tensor A is either an
orthogonal tensor or a symmetric tensor.

Theorem 3.1 If A is an orthogonal tensor that represents a rotation ¢ with an axis
of rotation parallel to a unit vector a, then the Q-rotation of A is a new orthogonal
tensor B = QAQ” with the same rotation ¢ as A, and with an axis of rotation

parallel to the unit vector b = Q - a. The proof of the theorem is given as Problem
3.5.

Theorem 3.2 If A is a symmetric tensor with principal values oy and principal
directions ai. Then the Q-rotation of A is a new symmetric tensor B = QAQ” with
the same principal values o as A and with principal directions given by
b, = Q - a;. The proof of the theorem is given as Problem 3.6.

3.8 Polar Decomposition

A second order tensor F is called non-singular if the determinant of F is non-zero,
ie.det F # 0.
The polar decomposition theorem states that:
A non-singular second order tensor F having a positive determinant, i.e. det F > 0, can
always be expressed as a composition of an orthogonal tensor R and a positive definite

symmetric tensor U, or as a composition of a positive definite symmetric tensor V and the
same orthogonal tensor R:

F=RU=VR (3.8.1)
The tensors R, U, and V are uniquely determined by F through the relations:
U=VF'F, V=+VFF', R=FU"! (3.8.2)

An algebraic proof of the theorem will now be provided. In Sect. 4.5 on large
deformations a geometrical proof of the polar decomposition theorem is presented.
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The composition F'F is symmetric since: (FTF)T = F'F, and positive definite.
The latter property is demonstrated as follows. For any vector c:

c- (FTF) - ¢ = ¢i(FiiFiyy)cj = (Frici)(Fijcj) = sum of squares > 0

Then according to the definition (3.3.33) F'F is a positive definite tensor. Now
since F'F is a symmetric, positive definite tensor, we can through the relation
(3.3.34) determine the symmetric and positive definite tensors:

U=VFTF=@F¥F" uv'=@Fr" (3.8.3)

Next we will show that the composition R = FU™" is an orthogonal tensor. First we
find that, since (U™")" = U":

RR” = (FU ") (U'F") = F(U?) '¥" = F(F'F) 'F" = (FF ') (F"F")
=11=1

Hence:
det(RR”) = det(R) det(R") = (detR)’= 1 = detR = %1

Now, since det F by assumption is positive and the determinant of the positive
definite tensor U™ is positive, we get the result:

detR = (detF)(detU™") >0

Thus we have shown that det R = + 1, and R is called a proper orthogonal tensor.
If det F < 0, it follows that detR = —1, and R is called an improper orthogonal
tensor. This completes the proof of the decomposition F = RU.

We shall then prove that the decomposition F = RU is unique. Let us assume
that two decompositions are possible:

F=RU=RU,
Then:
U? = UIU = U(R'R)U = (UR")(RU) = (RU)"(RU) = F'F

= R U)'(RU)) =12
= U =0U

The implication follows from the fact that the square roots of the positive definite
tensors U? and U? are unique tensors. Next we find that R; = FU;! = FU! = R.
Hence, the decomposition F = RU is unique.
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The decomposition F = VR and its uniqueness may be shown similarly. The
relation between U and V is found as follows.

FR" = (RUR" = (VR)R" =V(RR") =V =

V=RUR" & U =R'VR (3:84)
We see that V is the R-rotation of U. The symmetric tensors U and V have the same
principal values, and the principal directions of V are R-rotations of the principal
directions of U. An application of the polar decomposition theorem and a geo-
metrical interpretation of the properties of R, U, and V are presented in Sect. 4.5 on
large deformations.

3.9 Isotropic Functions of Tensors

Let y[A] be scalar-valued function of a second order tensor A. The function y[A] is
called an isotropic scalar-valued function of A if:

7[QA Q'] =y[A] for all orthogonal tensors Q (3.9.1)

If S is a second order symmetric tensor with principal values ¢} and principal
invariants I, 11, and 11, the isotropic scalar-valued function y[S] has the alternative
representations:

'))[S] = '))(6170'2, 63)3 '))[S] = V(11712313) (392)

These results are found as follows. Let the orthogonal tensor Q be chosen such that
the matrix of the tensor QSQ” is (6;0;7) (no summation). Equation (3.9.1) then
implies the representation (3.9.2);. The representation (3.9.2), then follows from
the fact that the principal values oy according to Eq. (3.3.25) are unique functions
of the principal invariants 1, II, III.

Let B[A] be a second order tensor-valued function of a second order tensor A. If:

B[QA Q'] = QB[A]Q" for all orthogonal tensors Q (3.9.3)

then B[A] is called an isotropic second order tensor-valued function of A.

We now assume that both the argument tensor A and the tensor value B of the
function B [A] are symmetric tensors with principal values and principal direction
given by oy, a; for A and f3;, by for B. The property of isotropy (3.9.3) results in a
special representation of the second tensor-valued function B[A]. First we shall
prove the theorem.

Theorem 3.3 (a) An isotropic, symmetric second tensor-valued function B[A] of a
symmetric second order tensor A is coaxial to the argument tensor A. (b) If A is a
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symmetric tensor of second order, and B[A] is a symmetric second tensor-valued
function of A, then B[A] is an isotropic, symmetric second tensor-valued function
of A.

Proof of Part (a) of Theorem 3.3 We need to show that any principal direction of
A, here denoted as, also is a principal direction of B. We choose a particular Q-
rotation that has an axis of rotation parallel to az and the angle of rotation = 180°.
The Q-rotation of A, i.e. A = QA Q' has the same principal values as A, o = o,
and has the principal directions:

=Q-a3=a3, a,=Q-a,=-a,

The general representation (3.3.30) of a symmetric tensor of second order now
shows that A = A :

A= Z&kﬁk@)ﬁk = Zockak@ak =A
K X
Then the property (3.9.3) implies that:

B =B[A] =B[A] =QB[A]Q" = BQ=QB =BQ a; =QB a; =
B-a; =Q(B-a;3)

This result shows that the vector B - a; is not influenced by the special Q-rotation
we have chosen. Thus the two vector B - a; and a3 are parallel. Any principal
direction of the argument tensor A, here represented by az, is therefore also a
principal direction of the tensor-valued function B[A]. This implies that B and A are
coaxial tensors, and part (a) of Theorem 3.3 is thus proved.

Proof of Part (b) of Theorem 3.3 Since the two tensors A and B[A] are coaxial,
they have the same principal directions a, and the principal values of B must be
scalar-valued functions of the principal values of A. Hence the tensor B may be
expressed by:

Z.Bk ) ag @ a,  Pr(e) = filo, m,3)

Let Q be an orthogonal tensor. Then since the tensor QAQ” has the same principal
values as the tensor A but principal directions that are Q-rotations of the principal
directions of A, we obtain:

B[QAQ'] Zﬁk (Q-a) ® (Q-a) = (Zﬁk ak®ak> Q"
=QB[AJQ"
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The result proves that B[A] is an isotropic, symmetric second order tensor-valued
function of A. This completes the proof of Theorem 3.3.

Next we shall prove an important theorem giving the most general representation
of a symmetric tensor-valued function of a second order symmetric tensor.

Theorem 3.4 Let B[A] be a second order symmetric tensor-valued function of a
second symmetric tensor A. The function B[A] is then isotropic if and only if the
function has the representation:

B[A] =y,14+ 7, A+7,A% (3.9.4)

where y,, 7, and ), are isotropic scalar-valued function of A.
Proof that: (3.9.4) = (3.9.3). The functions 7y, y;, and y, are isotropic
scalar-valued functions of A. Thus according to the definition (3.9.3):

V; [QAQT] =y;/A] fori=0, 1, 2 and for all orthogonal tensors Q
Then from Eq. (3.9.4):

B[QA Q'] = y[A]1+7,[A]JQAQ" +1,[A](QAQ") (QAQ") =
= Q(7[A]1+7,[AJA +7,[A]A*)Q" = B[QA Q'] = QB[AJQ" = (3.9.3)

Proof that: (3.9.3) = (3.9.4). Theorem 3.1 and Eq. (3.9.3) imply that the principal
values 5, of B by the function B [A] are functions of the principal values oy of the
argument tensor A.

ﬁk = ﬁk(a) = ﬂk(ala 02, 0{3) (395)

Let us first assume that the principal values oy are all unequal. The following three
equations for the three unknown scalars y,, 7;, and y, will then have a unique
solution.

Yo+ V1 % +V2(°‘k)2: B k=123 (3.9.6)

where f3, are given by Eq. (3.9.5). A unique solution of Eq. (3.9.6) is secured
because the determinant of the coefficients is different from zero:

1 o1 (061)
det| 1 %) (O(2)2 = (O(l - 062)(062 - O(3>(OC3 — OCl) #£0 (397)
w (%)

The scalars y; are according to Eq. (3.9.6) functions of the principal values oy,
alternatively of the principal invariants /, 11, and III of A. From the general rep-
resentation of a tensor of second order (3.3.30) we now obtain:
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B:Zﬁkak®ak:y023k®ak+y1Zakak®ak+y22(ock)zak®ak
k k k k

which may be organized to:
B[A] = yol +7,A +7,A% (3.9.8)

If any two principal values are equal, say o, = a3, then any direction a normal to
the principal direction a; is a principal direction of A, confer Sect. 2.3.1, and
according to Theorem 3.1 also a principal direction of B. This means that 5, = f;.
The following two equations for the two unknown scalar-valued functions
¢y and ¢, of oy have a unique solution:

o+, =B, p=12 (3.9.9)
The representation (3.9.5) now yields:
BA] = ¢l +¢)A (3.9.10)

If all three principal values o are equal: o = o = a3 = o, the argument tensor
A and thus the function tensor B are both isotropic tensors, and we shall find:

B[A] =1 forA =al (3.9.11)

where , is a function of a. Equations (3.9.8, 3.9.10, 3.9.11) show that Eq. (3.9.3)
implies Eq. (3.9.4). This completes the proof of Theorem 3.4.
It may be shown that:

o =70 —mou2yy, ¢y =7y +(m+ow)y foray=o3 (3.9.12)

Yo =70+ 0+ 0% foroy =op =03 =0 (3.9.13)

The proof of Theorem 3.4 is due to Serrin [3], who also shows that if the

function B[A] is three times differentiable with respect to A, then the scalars y; are
continuous functions of the principal invariants of A.

An alternative form of the function (3.9.4) may be derived using the Cayley—

Hamilton theorem (3.3.36), which gives:

AP=TA-1I1+1TA™!

When this expression for A? is substituted into the function (3.9.4), we obtain:

BA] = g1+ A+ 1A} (3.9.14)
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where /; are isotropic scalar-valued functions of A.
o =79 =My, A=y +1y, A=y, (3.9.15)

If B[A] is a linear function of A, it follows from the general expression (3.9.4)
that the function takes the form:

B[A] = (y+AtrA) 1+ 2uA (3.9.16)

where 7y, A, and u are constant scalars. An alternative form of the expression
(3.9.16) is:

BA] =71+I:A (3.9.17)

where I is the symmetric fourth order isotropic tensor presented in formula
(3.2.45).

IZ =2u 12 +11R1< Iiijkl = ,u(é,-kéﬂ + 51‘15]'1() + A 5,:,'5](1 (3918)

If each of the two symmetric tensors A and B are decomposed into trace—free
deviators: A’ and B’, and isotrops: A’and B?, as shown by Egs. (3.3.39-3.3.41), the
linear function (3.9.16) may be decomposed into:

B =2uA, B’ =3kA’+71 (3.9.19)

where u,k, andy are scalars. The derivation of the result (3.9.19) is given as
Problem 3.5. From the expressions (3.9.19) we obtain an alternative form of the
function (3.9.16):

BA] =2uA+ (K - %,u) (trA)1+91 (3.9.20)

The linear functions (3.9.16), (3.9.19), and (3.9.20) are very important in consti-
tutive modelling of linear, isotropic materials. An example will be the generalized
Hooke’s law for isotropic linearly elastic materials, presented in Sect. 5.2.

Problems 3.1-3.5 with solutions see Appendix
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Chapter 4 M)
Deformation Analysis e

4.1 Strain Measures

The word strain is used about local deformation in a material, i.e. deformation in the
neighbourhood of a particle. Strain represents changes of the lengths of material
line elements, the angles between material line elements, and the volumes of
material volume elements. Below we define three primary concepts of strain:
longitudinal strain ¢, shear strain 7y, and volumetric strain ¢,. Strains are primarily
due to mechanical stresses and temperature changes in the material. But strain may
also have contributions from other effects. For instance, changes in the water
content in wood and in some plastics lead to swelling or shrinking, which may
introduce both strains and stresses in the material.

Figure 4.1 shows a body in the reference configuration Kj at time fy, and in the
present configuration K at time ¢. The motion of the body is given by the place vector
r(ro,f), where ry (or X) represents an arbitrarily chosen particle. Alternatively
modelling the motion may be given by the displacement vector u(ro, ?):

u(rg,7) =r(ro,t) —ro (4.1.1)

At the particle ry we select a material line element, which in K is a straight line of
length so = Py Qop, and with a direction given by the unit vector e. In K the line
element will in general have changed its length, which is denoted by s = PQ, and
also have got a curved form. The longitudinal strain ¢ in the direction e in a particle
ro is defined by:

. s—58y ds—dsy ds
&= lim = =—
s0—0  So dSO dSQ

-1 (4.1.2)
The strain ¢ represents change of length per unit length of undeformed line element
in the direction of e in particle ry. The longitudinal strain is also called the normal
strain.
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Fig. 4.1 General deformation of a body. Reference Rf. Reference configuration K, particle ry (or
X) at the position Py, and underformed material lines PoQ, and PyR, at the time 7. Volume V,
volume element dV. Surface area A. Present configuration K and particle ry (or X) at the position
P (or place r), and deformed material lines PQ and PR at the time ¢. Volume V), volume element
dVy. Surface area A

The shear strain y in a particle ro with respect to two material elements, which
in K are orthogonal, is defined as the change in the right angle between the line
elements, and measured in radians. The shear strain is defined to be positive when
the angle is reduced. Figure 4.1 illustrates the shear strain y in the particle ry
between material line elements that in K, have the directions e and e.

A small body surrounding the particle ry has the volume AV, and is deformed
and obtains the volume AV in the configuration K. See Fig. 4.1. The volumetric
strain ¢, in a particle r( is defined by:

AV — AV,
g = lim —— 4.1.3
v AV,—0 AVO ( )
Volumetric strain ¢, represents change in volume per unit undeformed volume
element surrounding the particle rg.

4.2 Green’s Strain Tensor

In this section the primary measures of strain, introduced above, will be expressed
in terms of the displacement vector u(ry, ). We look at the situation illustrated in
Fig. 4.1 and again presented in Fig. 4.2. The length s¢ of the line element PyQ is
now chosen to be a curve parameter for the straight material line PoQy and also for
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Fig. 4.2 General deformation of a body. Reference Rf. Orthogonal line elements dr, and dr,
from the particle ry (or X) at the position Py in underformed material at the time 7). Line elements
dr and dr from position P at the place r (or x) in the deformed material at the time ¢

the deformed material line PQ in K. The length s of the deformed line PQ then
becomes a function of sy. The unit vector e in the direction of PyQy has the
components e; in the Cartesian coordinate system Ox. The coordinates of the points
Qo and Q are X; + s¢ ¢; and x;(X + s¢ e, ¢) respectively. With sy as curve parameter,
the arc length formula (1.4.5) gives for the length s of the line PQ:

[ [ox o
s(ro,so)z/ 8:08:0ds0 4.2.1)
0

Let dsy be the length of the line element dr( in Py and along PyQy, and let dX; be
the components of dry:

dax,
dryg = edso = dX; e, = |dl’0| = dS()7 dX; = erdsy & e, = —d k (422)
S0
It follows that:
ds ax,' 8x,~ 2 axi axi 2
dso Oso Osg ( Y) (830 3S0) ( TO) ( )

Note that e¢; are components of the vector e, while e, are the base vector of the
coordinate system, i.e. e = ¢ €;.The vector differential dr, with components dx;
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represents a line element in P, which is a tangent vector to the curve PQ and defined
by:

or 8x,-
dr = —dsg = dx; = —d. 4.2.4
r D50 S0 X, D56 S0 ( )

From Egs. (4.2.2) and (4.2.4) it follows that ds is the length of the differential line
element dr:

\dr| = ds (4.2.5)

The differential line elements dry and dr do not in general represent the same
material line. That is only possible if the curve PQ is a straight line in the neigh-
bourhood of point P.

The relation between the line elements drj in Ky and dr in K is determined as
follows.

or ox;
=—.d dx; = — dX, 42.6
dr 81’0 Iy < dax, an k ( )

The coordinate invariant form Or/0rg is a symbol for a tensor: Grad r, with
components Jx;/0Xy. This tensor is called the deformation gradient tensor and
denoted by F.

or 8x,~
F= dr=— Fy = — 4.2.7
Gradr or, & Fy X, ( )
The relation (4.2.6) is now written as:
dr =F -dr, & dx; = Fy, dX; = Fi e dsy (428)

From the coordinate expressions x;(X + spe, ¢) and the definitions (4.2.7) we obtain:

Ox; (X + spe,1)
s,

. 8xi(X, l) d(Xk + soek)
o 8Xk dSO

N Ox;  Ox; ﬁ
-0 asa B an dso

= Fi e

$o=0 So

Thus we have from Eq. (4.2.2) the result:

Js, Os,
=ds=/e- (FTF) -eds,

(ds)* = (ax" 8"") (dso)*= (Fu e)(Fie)(dso)’= (e - (FTF) - ) (dso)’
(4.2.9)
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We now define two symmetric tensors of second order: Green'’s deformation tensor
C and Green’s strain tensor E, named after George Green [1793-1841]:

C=F'F < Cy = FyFy (4.2.10)

E=-(C-1)&C=1+2E (4.2.11)

N —

The result (4.2.9) may alternatively be expressed by:

ds=\/e- (F'F) -eds, =Ve-C-eds,=+1+2e-E-eds, (4.2.12)

We are now ready to express the primary strain measures ¢, y, and ¢,, presented
in the previous section, by Green’s strain tensor. According to Egs. (4.1.2) and
(4.2.12) the longitudinal strain ¢ in direction e is given by:

gzﬁ—l:\/1+2e~E-e—1:x/1—|—2e,-E,<kek—1 (4.2.13)

ds,

In particular the longitudinal strain ¢; (no summation) of a material line element
that in K is parallel to the x; — direction, is found from the formula (4.2.13) if e is
chosen to be the base vector e;.

&i =/ 1+2E; — 1 (no summation w.r. to i) (4.2.14)

In order to determine the shear strain y with respect to two material line ele-
ments, which in K, are orthogonal and have directions € and e, see Fig. 4.2, we
compute the scalar product of the tangent vectors dr of PR and dr of PQ:

dr - dr = |dr||dr|siny
dr - dr (4.2.15)

= my—
ST e Jar|

Using Egs. (4.2.9) and (4.2.12) we obtain:

|dr| = ds = \/1+2e-E-eds,, |d¥|=ds=+1+2e-E- eds,
dr - dr = (Fy &) (Fye)dsods, = €- (F'F) -edsods, = € (1+2E) - edso ds,
=2¢-E- ediods(,

When these results are substituted into the formula (4.2.15), we obtain an expres-
sion for the shear strain y:
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2% -E- % -E-
siny = et - e =e (4.2.16)
V(1 +2e-E-€)(l+2-E-e) (1+e)(1+¢)

¢ is the longitudinal strain in the direction of €. The shear strain y; for any two
material line elements that in Ko have directions € = ¢; and e = ¢;, is:
2E,” ZEl . .
siny,; = = i #] (4.2.17)
\/(1 +2E) (1+2E;) (e (L)

The longitudinal strains &;, i = 1,2, or 3, from Eq. (4.2.14) and the shear strains y;;
from Eq. (4.2.17) will be called coordinate strains.

The volumetric strain ¢, may be expressed as follows. Figure 4.3 shows a
material element surrounding a particle ry in the position Py in the undeformed
body and in position P in the deformed body. The volume dVj of the undeformed
element is: dVy = dX; dX, dX3. The volume dV of the deformed element is given by
the box product of the three vectors dr; in Fig. 4.3: dV = [dr; dr, dr3]. Using
formula (4.2.4), we obtain:

or ox; or 0x;
dr) = —dX| = —e¢;dX|, dr,=—dX, =—Le;dX>,
1 6X1 1 8X1 i 1y 2 8X2 2 X, ‘j 2
or 8xk
dr; = —dX; = —e¢; dX
} 0X;3 3 0X3 kA
dX,
k‘ Koyto
- dV
L —] 0 or
- dr, = X
POSX dX2 r2 6X2 2
dX K.t
! u(r,,z)
dv
x, T
or
r(r,.t 011‘2:§a’X2
0 P P,x ?
r
x2 d 1 :67)(1Xm
X, Rf

Fig. 4.3 Deformation of a material element of volume dV\, = dX;dX,dX3 surrounding a particle
ro. The volume dV of deformed element is given by the box product of the line element
dl',‘ = (ar/BX,)dX,
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Therefore:

o, ) )
dV = [dr, dry drs] = ey (ax Xm) (a;; dX2> (8;2 d 3) = detFdV,

det(1+42E)dV,
Here we have used the formulas (4.2.10) and (4.2.11) for the development:

det(FFT) = detFdetF” = (detF)”> = detC = det (1+2E) =
detF = +/det (1+2E)

The volumetric strain ¢, is then determined from the definition (4.1.3):

dv —dv,
b= = detF — 1 = \/det (1 + 2E) — 1 (4.2.18)

It has now been demonstrated that the three primary strain measures ¢, y, and ¢,
are all determined by the strain tensor E, which again is determined by the
deformation gradient F. Most material models in Continuum Mechanics are defined
by constitutive equations relating the stress tensor T, through some functions or
functionals, to the strain tensor E and other measures of deformation, which are
derived from the deformation gradient F.

It is sometimes convenient to express the strain measures in terms of the dis-
placement gradients Hy, of the displacement vector u(ry, t) of the particle ro. From
Fig. 4.2:

r—= I'(l'(), l) =Ty +ll(l'0, l) <~ xi(X, l) =X+ I/ti(X, [) (4219)

The displacement gradients Hj, represent a tensor H called the displacement gra-
dient tensor. The tensor and its components are defined by:

ou (9u,~
H=om o Hi= o0 (4.2.20)

It follows from the formulas (4.2.11-4.2.12) that:

8x,~ . 6Xi 8ui o
0X, 0Xy  O0Xk

Fiy =0y +Hyx < F=1+H (4.2.21)

From the formulas (4.2.10), (4.2.11), and (4.2.21) we obtain the results:

C=FF=(1+H")1+H) =1+H+H +H'H (4.2.22)

1 Ou,  Ou Ou; Ou;
E=-(H+H' +H'H E, — L 4.2.23

y (H+H+HH) & By = (axl X, ' X, ax,) ( )
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A quantity related to the longitudinal strain ¢ is the stretch A of a material line
element and is defined as the ratio between the length ds of a deformed material line
element to the length dsy of the undeformed element.

= =14 4.2.24
@ e ( )

It follows by the definition that a stretch is always a positive quantity.

The stretch of a material line element that in Kj is parallel to the x; — direction
will be called a coordinate stretch and is according to the definition (4.2.24) and
Eq. (4.2.14):

2 = /14 2E; (4.2.25)

All deformation effects and mechanical response related to the displacement
gradient tensor H, are most clearly exposed when we consider homogeneous defor-
mation, which implies that the deformation gradient F and thus also the displacement
gradient H are the same for all particles in the body, i.e. F = F(z) and H = H(z).
Homogeneous deformations are given by the special motion: r(r, ¢) or u(ro,?):

l'(l'(), t) = ll()(t) +F(l) ‘T < xi(X, [) = M()i(f) +Fik(t) X (4226)

u(ro, 1) = r(ry, 1) —ro = up(r) + H(t) - ro (4227)

<~ Mi(X, l) = )Ci(X, l) - X = um(t) +Hik(f) X
The displacement vector ug(#) is the displacement of the particle ry = 0, if that
particle belongs to the body under consideration, but uy(¢) also represents a
translation of the body. It may be shown, see Problem 4.1, that in a homogeneous
deformation material planes and straight lines in Ky deform into planes and straight
lines in K.

4.3 Small Strains and Small Deformations

In most applications of structural materials like steel, aluminium, concrete, and
wood the strains are small. For instance, elastic strains in mild steel under uniaxial
stress are less than 0.001. We will characterize a deformation state in which the
absolute values of all longitudinal strains are less than 0.01, as a state of small
strains. According to Eq. (4.2.13) this implies that all components Ej of the strain
tensor E satisfy the inequality E; < 1. The formulas (4.2.16) and (4.2.18) imply
that the absolute value of all shear strains is less than 0.02, and that the absolute
value of the volumetric strain is less than 0.03.

Small strains do not imply that the displacements are small or that rotations of
line element will be small. The following example will illustrate this.



4.3 Small Strains and Small Deformations 139

Fig. 4.4 Ilustration of a case straight undeformed beam
with small strains and large
deformations

bent deformed beam B

X,

Figure 4.4 shows a thin horizontal steel bar AB fixed at the end A and loaded on
the free B by a vertical force F. The bar is straight in the undeformed configuration
ABy. Due to the bending the bar experiences large elastic deformations and obtain
the bent configuration AB.

However, as long as the bar remains elastic, and the strains in the bar do not
exceed 0.001, the displacements |u;| and u, of the end B of the bar may be of the
same magnitude as the length L of the bar. The angle of rotation ¢ of the tangent of
the bar axis at B can be near 90°. Thus, this is a case of small strains and large
deformations.

In ordinary engineering structures the displacements of particles and the rota-
tions of line elements will be small quantities. Measured in radians we may assume
the angle of rotation to be much less than 1. The displacement will be considerably
less than a characteristic length of the structure, for instance the length L of the
beam in Fig. 4.4. This means that the change of the geometry of the structure, due
to the deformation, need not to be taken into account when the action of the forces
is considered. If both the strains and rotations are small, we use the expression state
of small deformations.

4.3.1 Small Strains

From formula (4.2.13) for the longitudinal strain ¢ in the direction e we obtain for
small strains:

(e+1) == (\/1+2e~E-e)2: e 4+2+1=1+2e-E-e

(4.3.1)
=c¢=e-E-e=¢Ejej=e Ee

The term ¢ has been neglected when compared with the term ¢. In formula (4.2.16)
for the shear strain y with respect to the two orthogonal directions € and e we set
siny ~ v and replace the denominator by 1. Then we obtain for small strains:

y=2¢e-E-e=2¢E;e;=e Ee (4.3.2)
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For longitudinal strains and shear strains with respect to material line elements that
in K are parallel to the coordinate axes, we find:

&; = E; (no summation), y; =2E; i#] (4.3.3)
Because all the coordinate strains E;; are small quantities, we get from Eq. (4.2.18):

(6, +1)°=det(142E) = &2+ 26, + 1 =1+ 2(E;; +Ex +Ey3) + - -

(4.3.4)
=& =En+En+En=E; =tuE

It follows that the case of small strains is characterized by the inequalities:

normE < 1.

4.3.2 Small Deformations

In order to make a basis for definition of what we shall mean by small deformations,
we shall consider the deformation of the thin steel beam in Fig. 4.4. Let the ref-
erence coordinates of the end of the beam be X = {X; = L X, = 0 X3 = 0}. For the
displacement of the beam end we write: u; = u; (X1, X>) and uy = uz(X1,X>). The
angle of rotation ¢ of the tangent of the bar axis at B is now expressed by:
tan ¢ = Ouy /0X| = Ha;. For the deformation of the beam to be small it is natural to
require the deformation gradient H»; to be small, i.e. H>; < 1. In a general case we
define small deformations by the condition that all displacement gradients H;; in
absolute values must be small compared to 1:

Ou;

X, < 1enormH < 1 (4.3.5)

small deformations < |H;| = ‘

Under the assumption of small deformations we get the following result for an
arbitrary field f(r,¢) = f(r(ro,),1), or f(x,¢) = f(x(X,1),1), using Eq. (4.2.21):

oF _of O _Of (s . Ou\ Of _
oX; O 0X;, o \ VT ox;) " ox

fi (4.3.6)

Usually small deformations imply small displacements, and we may replace the
particle reference ry by the place vector r and the particle coordinates X; by the
place coordinates x; as particle coordinates. For the same reason we will set:

Ft) = Fen) = af e =2 gt» )

(4.3.7)
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For small deformations the displacement gradients are denoted by:
Hjj = u;;;< H = gradu (4.3.8)

In the expressions for strains we take into account that the displacement gradients
are small quantities. Products of Hy — components are neglected compared to the
components Hy, and the components Hy; are neglected when compared with 1. The
Green strain tensor (4.2.23) is thus reduced to:

N =

(i + Hyi) =

N —
Y

This strain tensor is sometimes called the small strain tensor. We shall call the
tensor E defined by the formulas (4.3.9) for the strain tensor for small
deformations.

As we have seen small deformations imply small strains. In the literature the
term infinitesimal deformations is sometime used about what is here called small
deformations. As illustrated by the example in Fig. 4.4, small deformations also
imply small strains.

The expression for the volumetric strain for small deformations is obtained from
the formulas (4.3.4) and (4.3.9):

g, =trE = Ey = up, = divu (4.3.10)

The divergence of the displacement field is thus an expression for the change in
volume per unit volume when the material has been deformed from the reference
configuration K to the present configuration K. For the coordinate strains we get:

en =En=u,1, ynp=2En=u,p+tu, et (4.3.11)

The results (4.3.11) may be illustrated directly as shown in Fig. 4.5, which for
clarity illustrates only the two—dimensional case. Before deformation a particle is in
the position Py, and after deformation in the position P. Two orthogonal material
line elements dx; and dx, are displaced and deformed to approximate new lengths
dx) +uy,1 dx; and dx; +uy,» dx,. The longitudinal strains of the elements are then
e11 = uy,1 = Eq; and € = uy,» = Eyy respectively. The right angle between the
material line elements dx; and dx, is diminished by the shear strain
Y12 = Ur,p +uz,1 = 2Ep.

In the standard xyz—notation the formulas (4.3.11) are written as follows:

_ Ouy _Bux_’_%
ox’ V"y_ay Ox

&y etc. (4.3.12)
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u, +uy,, dx,

4

U, +,,, dx,

Fig. 4.5 Two—dimensional construction of the coordinate strains &;1, &2, and 9, in the case of
small deformations

4.3.3 Principal Strains and Principal Directions for Small
Deformations

The condition of small deformations implies that all components of the strain tensor
for small deformations E are small in absolute values. The condition may be stated
thus:

Small deformations < |E,]| < 1< nomE « 1 (4.3.13)

Because the strain tensor E is symmetric, we may determine three orthogonal
principal directions of strain and corresponding principal values. We shall interpret
these quantities geometrically and follow the corresponding analysis for the stress
tensor T in Sect. 2.3.1 and for a general symmetric tensor of second order in
Sect. 3.3.1. For any direction in the reference configuration Ky given by a unit
vector e, we define the vector E - e. The longitudinal strain ¢ in the direction e is the
normal component of the strain tensor for the direction e and given by the formula
(4.3.1). The shear strain y with respect to two orthogonal directions e and € is equal
to twice the orthogonal shear component of the strain tensor for the directions
e and € and given by the formula (4.3.2). The principal strains ¢; and the principal
directions of strain a; are determined from the condition:

E-a=¢as (e1-E)-a=0<% (ed; — Ej)a; =0 (4.3.14)

The characteristic equation and the principal invariants of the strain tensor E are:
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& —I+le—1IT=0

1 4.3.15
I=uE, II= 3 (rE)* — (normE)z}, Il = detE ( )

The three principal strains ¢; are all real and the principal directions of strains are
orthogonal. Through every material particle there exist three orthogonal material
line elements before deformation that remain orthogonal after deformation. Material
planes normal to the principal directions of strains are free of shear strains. The
principal strains in a particle represent extreme values of longitudinal strain in the
particle.

£3<8& <& = €max = &1, Emin = &3 (4.3.16)
The maximum shear strain in a particle is given by:

Ymax = €max — €min

4.3.17
for the directions : e = +(a; +a3)/V2, €= =+(a; Fa3)/V2 ( )

4.3.4 Strain Deviator and Strain Isotrop for Small
Deformations

In constitutive modelling of isotropic materials, it is convenient to decompose the
state of small deformations into a form invariant part and a volume invariant part.
This is done by decomposing the strain tensor for small deformations E into a strain
isotrop E°, which is form invariant, and strain deviator E', which is volume
invariant:

E=E +E
1 1
E’ = 3 (rE)1 = 38 1 < form invariant strain (4.3.18)

E =E—-E°=¢ =tE =trE =0 < volume invariant strain

Because the strains are assumed to be small, the strain tensors E° and E’' may be
added commutatively.

The strain isotrop E° represents a state of form invariant strain or an isotropic
state of strain, because the angle between any two material lines does not change
due to this deformation. All shear strains are zero.

The strain deviator E’' is trace free, ie. trE =tuE —trE° =tuE—
(1/3)(trE)(tr 1) = 0, and represents therefore a state of strain without change of
volume. Therefore the strain deviator represents a state of volume invariant strain



144 4 Deformation Analysis

or an isochoric state of strain. The strain deviator E’ and the strain tensor E are
coaxial tensors. The principal strains of the two tensors are related through:

1
g =& — 36 (4.3.19)

4.3.5 Rotation Tensor for Small Deformations

For small deformations it is convenient to decompose the displacement gradient
tensor H into to distinct contributions: the strain tensor E defined by the formula

(4.3.9) and the rotation tensor for small deformations R:
H=E+R < Hy=u,j=E;j +R; (4.3.20)
It follows that R is defined by:
R=-(H-H')sR;=

(szi - H]z) = (Mi,j —Mj,i) (4.3.21)

N =
N =
| =

The two tensors E and R represent the symmetric part and the antisymmetric part

of the displacement gradient tensor H. The dual vector to the rotation tensor R is
the rotation vector z for small deformations and given by:

1 ~ 1 1 ~ 1
EPZ R :ETOtU@Zi: _Eeiijjk zieijkuky- (4322)
Separately the strain tensor E represents pure strain in the following sense: Material
line elements in the principal directions of the tensor E do not rotate. The rotation
tensor R and the rotation vector z represent the rotation of three orthogonal material
line elements in the principal directions of the strain tensor E.

The decomposition (4.3.20) will be illustrated as follows. We use the formulas
(4.2.26), (4.2.27), (4.2.21), (4.3.20), and obtain:

I‘(I‘(), t) = ll()(t) +F(l) ‘rg = U()(l) + (1 +H(l)) ‘rg = U()(l) + (1 + E(l) + ﬁ(l)) - To

:>u:r—r0:uo(t)+E-r0+lN{-r0:>du:dr—dr0:E~dro+I~{-dr0

Let ¢; be the principal strains and a; be the principal directions of the strain tensor E,
and let Ox be a Cartesian coordinate system with base vectors e; = a;. We set:
dr = dx;e; and dry = dX;e;. Figure 4.6a shows the displacement contribution from
the term E - dry. Figure 4.6b illustrates in two—dimensions the displacement con-
tribution from the term dr=~ R - dry for two material line elements
dl‘01 =€ Xm and dl‘oz =€ dXz.
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A
dx, = gdX,
x = R =
dx, = £,dX, “2 dx, ‘Rlz dX, = zdX,
h
dx, | dr, :fdeZ'
A dx, =R, dX, = z,dX,
o > x,
)
o t P> > X,
dx, = &,dX, dry, =edX,
(a) Pure strain: dr =E - dr, (b) Pure rotation: dr =R - dr,

Fig. 4.6 Decomposition of the displacement gradient H into a pure strain contribution and a pure
rotation contribution. (a) Pure strain contribution: dr = E - dry = dx; = E; dX; = ¢; 6; dX;.
Material line elements in the principal directions a; of the strain tensor E do not rotate. (b) Pure
rotation contribution: dr = R - drg = dx; = INQU dX;. Material line elements in the principal
directions a; of the strain tensor E rotate according to the rotation vector z = —P : R = rotu /2

A necessary and sufficient condition for a pure strain under small deformations,

ie. R =0, is that the displacement vector may be expressed by the gradient of a
scalar field:

u= V¢ < R =0 < pure strain (4.3.23)

The scalar field ¢(r,7) is called the strain potential. The proof of the bi—implication
(4.3.23) is given by Theorem 9.13 in Chapter 9.

4.3.6 Small Deformations in a Material Surface

Indirect measurements of stresses in the surface of an elastic body are performed by
measuring the longitudinal strains in the surface. The strain measurements may be
done by using electrical strain gages or strain rosettes.

We shall now analyze the state of strain in a surface through a particle P and
introduce a coordinate system Ox with the x3-axis normal to the tangent plane of the
surface. The other two axes are then in the tangent plane, Fig. 4.7. In Fig. 4.7 we
have introduced two orthogonal unit directional vectors e and € in the surface:

e = [cos ¢, sin ¢, 0], € = [sin ¢, — cos ¢, 0] (4.3.24)
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Fig. 4.7 Orthogonal unit
vectors e and € in a material
surface

The longitudinal strain ¢ in the direction e in the material surface, and the shear
strain y with respect to the two orthogonal directions e and e in the surface are given
by:

e=¢(p)=e-E-e=e,Epep = Ey1 cos’ ¢+ Eny sin® ¢ + 2E}; cos ¢ sin ¢
y=7(¢)=2e-E-e=2¢,E,pep
= 2(E1; — Ex)sin ¢ cos ¢ — 2E;;(cos” ¢ — sin® ¢)
(4.3.25)

Using the formulas (2.3.35) for sin 2¢) and cos 2¢), we may transform the formulas
(4.3.25) to:

En+E EnW—-FE .
&(P) = “2 2 4 112 220052¢+E125m2¢

9(¢) = (E1y — Ep) sin2¢ — 2E; cos 2¢

(4.3.26)

These formulas are analogous to those developed in Sect. 2.3.5 for the state of
plane stress. The formulas for the principal strains ¢, and ¢, in the surface, and the
angle ¢, that the principal strain to ¢ makes with the x; — axis, follow directly
from the corresponding formulas for plane stress:

En+E En — En\®
& _ 11+ 2 4 11 22 +(E12)2 (43.27)
& 2 2

& — Eqp

¢, = arctan (4.3.28)

12

Note that the formulas (4.3.29) do not necessarily represent the principal strains of
the general state of strain. It is not assumed that the x3 — direction, normal to the
surface, is a principal direction of strain. However, very often this will be the case,
especially when the surface is a free surface and with electrical strain gages for
measuring strains attached to the surface.

From the analogous analysis of plane stress we may also conclude that the
maximum shear strain in the surface is given by:
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En — En\’
Ymax = |31 - 82| = 2\/<HT22) + (E12)2 (4329)

4.3.7 Mohr-Diagram for Small Deformations in a Surface

We assume that the state of strain in a surface is given by the strain matrix:
Ey Ep

E= 4.3.30
(El2 Ey ( )
The Mohr—diagram for strains in the surface is drawn in a Cartesian coordinate
system with longitudinal strain ¢ and one half of shear strain y as coordinates. The
Mohr strain circle is constructed by the same principles as the Mohr stress circle.
First the points (E;, —Ej2) and (Ex, E12) are marked in the diagram. These two

points are on a diameter of the circle and thus determine the circle. Figure 4.8
shows the complete Mohr—diagram.

4 y/2
£(9)

E\ -y

11 22

A
A 4
A

\4
&S

Fig. 4.8 Mohr—diagram for small deformations in a surface
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4.4 Rates of Deformation, Strain, and Rotation

In order to describe the motion and deformation of fluids, and sometimes solids
with fluid-like behaviour we choose to work with Eulerian coordinates and the
present configuration K as reference configuration. The particles are now denoted
by the place vector r, or the place coordinates x. A particle P at the place r at the
time ¢ has the velocity v(r,7) and is during a short time increment df given the
displacement du = v dt. This displacement field leads to small deformations with a
displacement gradient tensor dH:

8\/,-
dHl' =—dt= is dt 44.1
¢ = g = Vi (4.4.1)

and a strain tensor dE and a rotation tensor for small deformations dR:

dE = % (dH+dH"), dR = % (aH — aH") (4.4.2)

We now define three new tensors: the velocity gradient tensor L at the time ¢, the
symmetric rate of deformation tensor D at the time 7, and the antisymmetric rate of
rotation tensor W at time ¢:

ov
L= dv=— L,‘ =V, 4.4.3
graav or < Ljx = Visk ( )
1 , 1
D= 3 (L+L") & Dy = 3 (Vi +Visi) (4.4.4)
1 , 1
W= 5 (L —L ) & Wy = 5 (V,',k —V/m') (445)

W is also called the spin tensor and the vorticity tensor. It follows that:
dH=Ld:, dE=Dd:, dR=Wd;, E=D, R=W (4.4.6)

Note that E is here the strain tensor (4.3.9) for small deformations. As will be
demonstrated in Sect. 4.5 the relation between the general Green’s strain tensor
E defined by formula (4.2.11) and the rate of deformation tensor D is more complex.

The change length of a material line element per unit length and per unit time is
called the rate of longitudinal strain or for short the rate of strain. From the analysis
of small deformations in Sect. 4.3 it follows the rate of strain in the direction e is,
according to Eq. (4.3.1):

t=e-D-e= e,'D,‘kek = eTDe (447)
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In the coordinate direction e; we get the coordinate rates of longitudinal strain:
& = Dy =v;,; (no summation) (4.4.8)

The change per unit time of the angle between two material line elements that in
K are orthogonal, is called the rate of shear strain or for short the shear rate. The
rate of shear strain with respect to orthogonal line elements in the directions e and €
is, in analogy to Eq. (4.3.2):

7=2¢-D-e=eDye; =e' De (4.4.9)
For the coordinate directions e; and e, we get the coordinate rate of shear strain:
)./21 =2Ds =vy,1 + o, (4410)

Figure 4.5 illustrates the coordinate rates of strain and shear rate when the dis-
placement u is replaced by the increment in displacement du = vdt.

The change in volume per unit of volume and per unit of time is called the rate
of volumetric strain. By referring to the expression (4.3.4) for the volumetric strain,
we may immediately write down the expression for the rate of volumetric strain.

& =Dy =trD=divv = vi (4411)

The result (4.4.11) shows that the divergence of the velocity field v(r, t) represents
the rate of change of volume per unit volume about the particle under consideration.

The dual vector to the antisymmetric rate of rotation tensor W is the angular
velocity vector:

1 1 1
=—P:W=—-rotv&e ,':—,"W':—i' sj
v 1OV T T G ik T = i Vi (4.4.12)
< W= —P~w<i>W,j:—eijkwk
The matrix of W may now be written as:
0 —W3 14%)
W= w3 0 —Wq (4413)
—Wwy w1 0

Note that angular velocity vector w is related to the rotation vector z for small
deformation defined by Eq. (4.3.28):

w=1z (4.4.14)

In Fluid Mechanics it is customary to introduce the concept of vorticity c:
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c=2w=rotv=curlv=V x v (4.4.15)

Due to the relationship between the rate of deformation tensor and the rate of
strain tensor for small deformation, and the corresponding relationship between the
angular velocity vector and the rotation vector for small deformation, we may
conclude based on the discussion in Sect. 4.3.5 that material line elements parallel
to the principal directions of the rate of deformation tensor D rotate instantaneously
with the angular velocity w. In other words:

The rate of rotation tensor W represents the instantaneous angular velocity of the three
orthogonal material line elements that are oriented in the principal directions of the rate of
deformation tensor D.

This fact is demonstrated in Fig. 4.9, in which the coordinate system is chosen to
have base vectors e; parallel to the principal directions a; of D. The matrix of D in
this coordinate system has the elements:

Dy = & 0ix (4.4.16)

This implies that Dj, = vi,» +v2,; = 0, and therefore v{,, = —v,,;. Thus: w; =
Ws1 = va,1. In Fig. 4.9 we now see that w3 dt represents, during the time interval df,
the angle of rotation about an axis parallel to the x3-axis of material line elements in the
principal directions a;(= ;) of the rate of deformation tensor D. The quantity ws
represents the angular velocity of those line elements about the axis of rotation.

To further illustrate the physical interpretation of the rate of rotation tensor, we
consider the special motion of rigid—body rotation with angular velocity w = w(r)
about the x3-axis through the origin O of the coordinate system Ox. The velocity
field in this case is, see Eq. (3.5.26) and Fig. 4.10:

v,,, dx,dt

(v2 +v,,, dx, )dt

Vo, dx,dt

[
Il
[
i A
h 4 v

(v + vy, dx,)dt

Fig. 4.9 Rotation about an axis parallel to the xs-direction of material line elements in the
principal directions a; = e; of the rate of deformation tensor D
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Fig. 4.10 Rigid—body
rotation of a small material
element about the x3-axis
through the origin O. Angular
velocity w

v=W-:r=wxr, v=wR=v,=—vsinf=—-wxp, v, =vcosl=wx;, v;=0

In Fig. 4.10 a small material volume element is shown to rotate as a rigid body
about the x3-axis.

We easily find that the rate of deformation tensor D = 0, and that matrix of the
rate of rotation tensor is:

-w 0
0 O
0 O

If the rate of rotation tensor is zero during the motion, i.e. W = 0, the motion is

called irrotational motion or irrotational flow. According to Theorem 9.13 the
velocity field in the case of irrotational flow may be derived from a scalar field:

v=V¢ (4.4.17)

The scalar field ¢(r, ) is called the velocity potential. Trrotational flow is for this
reason also called potential flow. An important part of Fluid Mechanics is devoted
to potential flow because we can in many practical flow cases show that the flow is
in fact irrotational, or very close to be irrotational, and because potential flow
introduces mathematical simplifications in Fluid Mechanics.

Example 4.1 Rectilinear Rotational Flow. Simple Shear Flow

A fluid flows between two parallel planes. One of the planes is at rest, while the
other is moving with a constant velocity v parallel to the planes, as indicated in
Fig. 4.11. We assume that the fluid particles move in straight parallel lines, and that
the velocity field is:

:Z)Cz, V2=V3:0
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This velocity field implies that the fluid sticks to the rigid boundary planes, a
common assumption in Fluid Mechanics. The matrices of the velocity gradient
tensor L, the rate of deformation tensor D, and the rate of rotation tensor W for this
flow are:

010 y 010 0 1 0 y
L=(0 0 0 W D=1 0 0 R W=1[-1 0 0]

00 O 0 00 0 0 0
Only one rate of deformation component is different from zero, which gives the
shear rate 7,, and only rate of rotation component Wy, is different from zero:

D=2ty ==Y Wa=2
12—2h V12 = 12_ha 12—2h
The angular velocity vector w and the vorticity vector ¢ are according to the
formulas (4.4.12) and (4.4.15):

1%

W=w3e; = w3 = — c:ZW:—Ee3

2h’
Figure 4.11 illustrates the flow of two fluid elements during a short increment of
time dr. Fluid element 1 has a shear rate },,. The deformation of the fluid element 2
shows that the element sides remain orthogonal during the short time interval dr.
The element shows no shear rate. This fact implies that the element is oriented
according to the principal directions of the rate of deformation tensor D. The
deformation also demonstrates that that the element 2 has an angular velocity
component w3 = —v/2h about the x; — axis. Note that the rate of volumetric strain:
&, = divv = 0 for this flow. We say that this is an isochoric flow, i.e. a volume
preserving flow.

Because the fluid particles move in straight lines, the flow is called rectilinear,
and because the flow give rise to rates of rotation, and thereby vorticity, it is called

moving surface vdt vdt
v
! | —>
4 N 1
I — AN I
| . S N |
I » . I
| AN 1 |
BK element @ ) Eth:
I &
| X 1 w3‘dt > :
| - ‘W_.Ad[ |
| 2 (-
. ] 1
' ! '

fixed surface

Fig. 4.11 Simple shear flow. Rectilinear flow with vorticity. Fluid element 1 has a shear rate y,,.
Fluid element 2 rotates with angular velocity ws
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Fig. 4.12 Circular
irrotational flow created by a
rotating cylinder of radius a in
a linear viscous fluid. Angular
velocity w. Fluid particles
move in concentric circles

solid circular cylinder
path lines and stream lines

rotational flow. This particular kind of rectilinear, rotational flow is called simple
shear flow.

Example 4.2 Circular Irrotational Flow. Potential vortex A solid circular
cylinder with radius a that rotates about its axis with constant angular velocity ® in
a linearly viscous fluid, creates an irrotational vortex, i.e. a vortex without vorticity,
Fig. 4.12.

The fluid particles move in concentric circles and the velocity field is:

% 2
w;—l—e, vg=v, =0, a=wa
. [62%) ox1
:>V1=—v0sm0=—ﬁ, vz:\}()cosozﬁ, V3:0
xi+x; X7 +x3
For the non-zero velocity gradients we find:
200 X2X; 200x1 X2 o 2033 o (x3 —x?)
Vl>1:727 V272:_727 Vig = — 2 2 2: 2
2 2 2 2 2 2 2
(xf +23) (i +x3) ER - (x +x3) (o +23)
o 20 o(g—x)

T3 (@4g) (B+2)]

The volumetric rate of strain rate &, = divv = vy, + v5,, + v3,3 = 0. Thus the flow
is isochoric.

Since this is a planar flow only one non-trivial rate of rotation component has to
be evaluated, i.e. Wi,, for which we find:
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1 1

Wi = —w3 = 56 ZE(Vm —v2,1) =0

Hence we have the results:
W=0, c=2w=rotv=V xv=0
The velocity field may be derived from a velocity potential ¢ = o0 as follows:

10 o b
V:V¢:>V(): ¢_E VRza—?:: sza—(f:

Ro0 R’ 0, 0

The flow has now three names: circular irrotational flow, a potensial vortex flow,
and a vorticity—free vortex.

4.5 Large Deformations

In this section we shall analyze the deformation in the neighbourhood of a particle
r, that moves with a body from the reference configuration Ky at time #y to the
present configuration K at time ¢. The motion is given by, see Fig. 4.13:

r=r(ro,f) =ro+u(ry,7) & x = (X,1) =X; +u;(X,1) (4.5.1)

u(ry, t) is the displacement vector. From the development in Sect. 4.2 we have seen
that the three fundamental measures of strain ¢, 7y, and ¢, may be determined from
the relation (4.2.8) between the material line element dr( in the reference config-
uration K, and the corresponding material line element dr in the present configu-
ration K:

dr =F -dry < dx; = Fy dX; (452)
The tensor F is the deformation gradient tensor and defined by:

or on(X.1)
F*—@Flk(xvt) 78—)(]{

o, (45.3)

In order to simplify the following presentation we shall assume homogeneous
deformation according to the formulas (4.2.26) and (4.2.27), in which the defor-
mation is the same for all particles:

_dr

r=uy+F-rp, ll():ll()(l‘)7 F:F(l)—dT
0

(4.5.4)
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Fig. 4.13 General motion and deformation of a body. Reference Rf. Reference configuration K,
particle ry (or X) at the position Py at the time fy. Present Configuration K and particle r( (or X) at
the position P (or place r (or x)) at the time ¢

The displacement vector uy(#) represents a translation of the body. The deformation
gradient F represents a linear transformation of a material line element dry in K to
the corresponding line element dr in K. The differentials dry and dr are the same
material line element in K, and K respectively. Material planes and straight lines in
Ky are deformed into planes and straight lines in K, see Problem 4.1.

From Sect. 4.2 we import the general results expressing the longitudinal strain ¢
in the direction e in Ky, the shear strain y with respect to two orthogonal directions
€ and e in Kj, and the volumetric strain ¢, :

e=+vV1+2e-E-e—1=ve-C-e—1

. 2¢-E-e . e-C-e
y = arcsin = arcsin
V/(1+2e-E-€)(1+2e-E-e) V(- C-€e)(e-C-e)
g, =detF—1=det(1+H)—1=+/det(1+2E)— 1= vdetC—1
(4.5.5)
H is the displacement gradient tensor:
Ou Ou;  Ox;
H= :F—1<:>Hi:—l:—l—5i 4.5.6
81’0 k 8Xk an k ( )
E is Green’s strain tensor:
1 1
E =2 (H+H +HH) & Ey = 5 (Hi + Hy + Hji He) (4.5.7)
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C is the Green’s deformation tensor:
C=FF=1+2E (4.5.8)

When dealing with large deformations, it is more convenient to use the defor-
mation gradient tensor F and the deformation tensor C rather than the displacement
gradient tensor H and the strain tensor E. For practical reasons we shall continue
the discussion under the assumption of homogeneous deformations, as expressed by
Eq. (4.5.4). Before we consider the general case, we will study two special cases,
which the general case may be decomposed into.First we consider a rigid—body
motion, as given by Eq. (3.5.33) and Fig. 3.4:

r=u+R-r5, u=uy(t)) R=R(#), RT=R"' F=R, detF=1
(4.5.9)

The displacement vector uy(#) represents the displacement of a point O that moves
with the body and a translation of the body, and the displacement gradient F = R is
an orthogonal tensor that represents a rigid-body rotation R - ry about the point O.

Next we consider a motion resulting in what is called homogeneous pure strain,
in which the deformation gradient F is a positive definite symmetric tensor U:

r=u+F-r,, F=U(), U'=U, detU>0=C=FTF=0U"
(4.5.10)

The symmetric tensors C and U are coaxial, i.e. both tensors have the same prin-
cipal directions represented by the unit vectors a;(z). If the principal values of the
tensor U are (1), the tensor C has the principal values /7 (t).

A material line element dry in K parallel to one of the principal directions a;,
such that dry = dsp a;, will in configuration in K be represented by the line element
dr = U -dry. By the property (3.3.22) for symmetric second order tensors, we
obtain:

dr=U-dryg=U- (dSO a,-) = Aidsopa; = ds = |dl’| = A;dsy

The result shows that and the vectors dr and dry are parallel to the principal
directions a; of the tensor U, and that /; are stretches, appropriately called the
principal stretches of the deformation. By definition a stretch has to be positive.
Therefore the tensor U, which is now called a stretch tensor, has to be a positive
definite tensor.

The property of the motion (4.5.10) that line elements parallel to the principal
directions of the stretch tensor U do not rotate, is the reason for calling this a motion
of pure strain. The property will now be further demonstrated in the following
example illustrated in Fig. 4.14. For simplicity the translation uy(#) is neglected in
the example. We choose a coordinate system Ox with base vectors e; that are
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parallel to the principal directions a;. The deformation gradient F = U, the defor-
mation tensor C, and the motion have now these representations:

Fy = Uy = 20, Ca=704, r=U-r,&x5="7uX (4.5.11)

In Fig. 4.14 the principal stretches have been chosen to be:
A1 =3, 4, =2, and 43 = 1. The same material volume element is shown in the
two configurations Ky and K. In K the element is chosen to have orthogonal edges
parallel to the principal directions a;. The figure shows that the edges of the same
material element in K are orthogonal, and have been stretched but not rotated. Note
that the material element may have rotated on its motion from Kj to K.

The general homogeneous deformation, represented by the motion (4.5.4), may
be decomposed into a deformation of pure strain and a rigid—body motion. We are
going to demonstrate the decomposition in the following way, using the
two-dimensional case in Fig. 4.15 as illustration. For simplicity the translation ug(z)
is neglected in the demonstration.

The deformation from the reference configuration K at the time #, to the present
configuration K at the time ¢ is assumed to be given by the deformation gradient
F. Then we can determine the deformation tensor C = F’F and its principal
directions a;. As indicated in Fig. 4.15 a material volume element with orthogonal
edges parallel to a; in Ky will also in K have orthogonal edges. This result follows
from the fact that according to the formula (4.5.5) the shear strain is zero for any
two line elements parallel to the principal directions of the deformation tensor C.

Without regard to the actual motion and deformation history of the material
element between the configurations Ky and K in Fig. 4.15, we may imagine two
different alternatives to obtain the deformation represented by the deformation
gradient F, each alternative performed in two steps. The alternatives are shown in
Fig. 4.16.

AA

V= A AN

Fig. 4.14 Homogeneous pure strain, F = U. The cubic material element in the reference
configuration K are given principal stretches /; in the coordinate directions. The volume of the
element is V, = A® in Ko and V = 2, A, A3 A’ in the present configuration K
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AA

o

Fig. 4.15 General homogeneous deformation. Two-dimensional presentation of the result of the
deformation tensor C from a reference configuration K to the present configuration K. A cubic
material element in K has edges of length A that are oriented in the directions of the principal

directions a; of C. The volume of the cubic element in K is Vy = A3, The particle ry, position Py,
moves to the place r, in position P. The deformed material element has orthogonal edges with
length 2; A, and the volume V = A, A, /3 A®. Figure 4.16 presents a polar decomposition of the
deformation in two alternatives

Alternative I: The material is first deformed from K to K by pure strain, F = U:
r=U-r,, U'=U
Then the material is given a rigid-body rotation from K to K:
r=R-F, R'=R", detR=1

The motion from the reference configuration K, to the present configuration K is
then:

r=F-r,=F=RU, R'!'=R" detR=1, U'=U (4.5.12)

R is called the rotation tensor and U is called the right stretch tensor.
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2 4

o

Fig. 4.16 Polar decomposition of a general homogeneous deformation in two alternatives.
Alternative I: Deformation by pure strain, F = U, from Kj to K, followed by rigid—body motion,
F =R, from K to K. Alternative II: Rigid—body motion, F = R, from K| to I~(, followed by pure
strain, F = V, from K to K

Alternative II: The material is first brought from Kj to K by a rigid—body rotation:
F=R-ry, R'=R" detR=1
Next, the material is deformed from K to K by pure strain:
r=V.-F, VIi=V

The motion from the reference configuration K to the present configuration K is
then:

r=F.-r,=F=VR (4.5.13)

R is again the rotation tensor and V is called the left stretch tensor.

Note that the real motion and deformation between K, and K will in general be
quite different from any of the two special motions presented above.

The important results of the demonstration related to Fig. 4.16 and the
Egs. (4.5.12) and (4.5.13) are that the general homogeneous deformation (4.5.4)
may be considered to consist of a pure strain and a rigid—body motion, and fur-
thermore, that the deformation gradient F may be decomposed into a composition
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of an orthogonal tensor R, which represents a rigid-body rotation, and positive
definite symmetric tensors U or V, which represent pure strain. The decomposition
of the deformation gradient F may be done in one of two alternatives ways:

F=RU=VR (4.5.14)

It also follows from how the decompositions (4.5.14) were developed above, that
these decompositions are unique. The result (4.5.14) represents the polar decom-
position theorem presented in Sect. 3.8, where an analytical proof is given.

A mathematical condition for the tensor F in the analytical proof is that F has to
be a non—singular tensor with a positive determinant, det F > O. This condition
also follows from the physical condition that the volume dV of a material element
must be positive, which again according to the formula (4.2.18) leads to:

dv —dv, dv

dV>0=¢, =
¢ Ve dv

—1=detF—1> —1=detF >0 (4.5.15)

The two tensors U and V represent the same state of strain. From Fig. 4.16 it is
seen, and from Eq. (4.5.14) it follows, that the tensor V is the R—rotation of tensor
U:

V = RUR” (4.5.16)

The principal directions of V are R — rotations of the principal directions a; of
U. The two tensors V and U have the same principal values 4; > 0, i.e. the principal
stretches. The principal stretch A; represents the ratio between the lengths in K and
Ky of a material line element that in K is parallel to the principal direction a; of U,
see Fig. 4.15. In reference to their positions relative to the rotation tensor R in
Eq. (4.5.14), U is the right stretch tensor and V is the left stretch tensor.

The right stretch tensor U is closely related to the Green deformation tensor C.

C=FF="0" (4.5.17)

The two tensors C and U are coaxial. The principal values
{; of Cand 4; of Uand V are related by:

G=7 (4.5.18)
The principal strains are:

The principal strains ¢; are different from the principal values E; of Green’s strain
tensor E. Formula (4.2.18) gives:
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&= /14+2E —1 (4.5.20)

For the volumetric strain we get from Eq. (4.2.18):
gg=detF—1=detU—1=detV—-1=2,/4,/43—1 (4.5.21)

Green’s deformation tensor C is also called the right deformation tensor due to
its relation to the right stretch tensor U. A left deformation tensor B related to the
left stretch tensor V plays an important role in the modelling of isotropic materials,
and is defined by:

B = V> = FF” = RCR’ (4.5.22)

We see that B is the R-rotation of C.
In a general, non-homogeneous deformation r = r(rg, ?) the deformation gra-
dient F = F(ro, ) is a tensor field defined by Eq. (4.2.7):

F = Gradr = ﬁRU =VR
ory (4.5.23)

F:F(r07t)a R:R(r07t)a U:U(I‘(),l), V:V(rO»[)

The deformation of the material in the neighbourhood of the particle ry is deter-
mined by a pure rotation R and a pure strain U or V. These tensors fields may be
determined as follows. First we compute the deformation gradient F from its def-
inition in Eq. (4.2.7). Then the Green deformation tensor C, the right stretch tensor
U, and the rotation tensor R may be determined from the formulas:

C=FF=0"=>U=VC, F=RU=R=FU"! (4.5.24)
A deformation in a particle is called an isotropic deformation, also called a form

invariant deformation, if any direction through the particle is a principal direction,
and there is only one unique principal stretch A.

U=V=l12F=/R&C=B=U=/’1 (4.5.25)

All the tensors U, V, C, and B are now isotropic tensors. The volumetric strain is:

g =detF—1=7>—1 (4.5.26)

If the deformation also is homogeneous the shape of any material volume element is
unchanged by the deformation.

A deformation in which the volume is preserved is called an isochoric defor-
mation or a volume invariant deformation. In this case:
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&y =0 detF = detU =detV =1 (4.5.27)

From the definitions of F in Eq. (4.2.7) and the velocity gradient tensor L in
Eq. (4.4.3) we obtain the relationships:

F=LF<L=FF"' (4.5.28)

The development of this result and the following relations (4.5.29-4.5.31) is given
as Problem 4.2.

1 . .
D= R(UU+UU)R (4.5.29)
. 1 . .
W =RR"+ SR(U U’ -UTO)R" (4.5.30)
.1
E = EFT (L+L")F =F'DF (4.5.31)

Note that the motion corresponding to pure strain for large deformation, i.e. F =
F(ro,7) = U(rp,t) and R(rp, ) = 1, the motion is not irrotational in the sense that
W = 0. Furthermore, we see that “irrotational motion”, in the sense that R= 0,
does not imply that W = 0. For large deformations E # D, i.e. the rate of strain
tensor is not equal to the rate of deformation tensor. For rigid—body motion U = 0,

and formula (4.5.30) gives W = RRT, which agrees with formula (3.5.22).
For later application we introduce the determinant J of the deformation gradient F:

]

J = detF = det(Fy) = det(g;' ) = detF (4.5.32)

J is called the Jacobi determinant, or for short the Jacobian, of the mapping from
ro to r(ro, ), or from X to x(X, ¢). The name Jacobian is attributed to Carl Gustav
Jacob Jacobi [1804-1851]. It may be shown that the material derivative of the
Jacobian is given by, see Problem 4.3:

J =Jdivv (4.5.33)

Problems 4.1-4.3 with solutions see Appendix.
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Constitutive Equations e

5.1 Introduction

In this chapter two major theories in continuum mechanics are briefly presented.
The purpose of presenting these theories in the present book is to show two
important applications of Tensor Analysis. Firstly, the theory of linearly elastic
materials shows how the stress tensor T and the strain tensor E for small defor-
mations are connected through constitutive equations, to provide a complete theory
of wide applications. Secondly, the theory of linearly viscous fluids illustrates how
the stress tensor T and the velocity field through the rate of deformation tensor
D are combined through constitutive equations, to provide some important solu-
tions to fluid mechanics problems. The constitutive equations of both theories are
tensor equations and will be presented as such, with the component forms in
Cartesian coordinates.

In Chap. 7 the basic equations of continuum mechanics are presented in general
curvilinear coordinates, and in particular cylindrical coordinates and spherical
coordinates. The exposition includes equations of motion, deformation analysis, the
constitutive equations for isotropic, linearly elastic materials and the constitutive
equations for linearly viscous fluids.

The author’s book Continuum Mechanics [1] provides a more extensive pre-
sentation of theories of elastic materials, visco-elastic material and advanced fluid
models.

5.2 Linearly Elastic Materials

The classical theory of elasticity is primarily a theory of isotropic, linearly elastic
materials subjected to small deformations. All governing equations of this theory
are linear partial differential equations. This implies that the principle of
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superposition may be applied: The sum of individual solutions to the set of
equations also is a solution to the equations. The classical theory of elasticity has a
theorem of uniqueness of solution and a theorem of existence of solution. The
theorem of uniqueness insures that if a solution of the pertinent equations and the
proper boundary conditions for a particular problem is found, then this solution is
the only solution to the problem. The basic equations of the theory are presented.
As an illustration of application of the theory some aspects of the propagation of
stress waves in elastic materials are presented.

5.2.1 Generalized Hooke’s Law

We assume small deformations and small displacements and replace the particle
reference ry by the place vector r. In a Cartesian coordinate system Ox the particle
coordinates X are replaced by the place coordinates x. The displacement vector field
u(x,#) has the components u;(x,¢) and the displacement gradient Hy = u;,x. The
strains in the elastic material are given by the strain tensor for small deformations
E with the components, i.e. coordinate strains:

1
Ey = 3 (Uisk =+ Uyi) (5.2.1)
A material is called elastic, also called a Cauchy-elastic material, if the stresses
in a particle r = x;e; are functions only of the strains in the particle.

Ty = Tik(E,X) & T= T[E,I‘] (522)

Equation (5.2.2) are the basic constitutive equations for Cauchy-elastic materials.

If the elastic properties are the same in every particle in a material, the material is
elastically homogeneous. If the elastic properties are the same in all directions
through one and the same particle, the material is elastically isotropic. Metals,
rocks, and concrete are in general considered to be both homogeneous and isotropic
materials. The crystals in polycrystalline materials are assumed to be small and their
orientations so random that the crystalline structure may be neglected when the
material is considered to be a continuum. Each individual crystal is normally ani-
sotropic. By milling or other forms of macro-mechanical forming of polycrystalline
metals, an originally isotropic material may be anisotropic. Materials with fiber
structure and well defined fiber directions have anisotropic elastic response. Wood
and fiber reinforced plastic are typical examples. The elastic properties of wood are
very different in the directions of the fibers and in the cross-fiber direction.

Isotropic elasticity implies that the principal directions of stress and strain
coincide: The stress tensor and the strain tensor are coaxial.
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Homogeneous elasticity implies that the stress tensor is independent of the
particle coordinates. Therefore the constitutive equation of an elastic material
should be of the form:

If the relation (5.2.2) is linear in E, the material is said to be linearly elastic. The
six coordinate stresses Tj; with respect to a coordinate system Ox are now linear
functions of the six coordinate strains Ej;. For a generally anisotropic material these
linear relations contain 6 X 6 = 36 coefficients or material parameters, which are
called elasticities or stiffnesses. For a homogeneously elastic material the stiffnesses
are constant material parameters.

Figure 5.1 illustrates a bar of isotropic, linearly elastic material with
cross-sectional area A and subjected to an axial force N. The state of stress in the bar
will be uniaxial with the normal stress ¢ = N/A in the direction of the axis of the
bar on a cross-sectional. The bar experiences a small longitudinal strain ¢ in the
direction of the stress and due to isotropy small negative longitudial strains ¢, in
any direction normal to the stress. With respect to the Cartesian coordinate system
Ox the stress matrix 7 and a strain matrix E are:

g 0 O e 0 O
T=10 0 0), E=10 ¢ O
0 0 O 0 0 g

For an isotropic, linearly elastic material the following constitutive relations may be
stated:

E=—, & =-—Ve= 2 (5.2.4)
n

o
n
n is the modulus of elasticity and v is the Poisson’s ratio, after Siméon Denis
Poisson [1781 — 1840].The symbol # for the modulus of elasticity is used rather
then the more common symbol E to prevent confusion between the modulus of
elasticity and the strain matrix E. The first of Eq. (5.2.4) is known as Hooke’s law,
named after Robert Hooke [1635-1703].

The constitutive relations (5.2.4) may be restated for a general situation of a state
of uniaxial stress: g1 # 0,0, = g3 = 0, in an isotropic, linearly elastic material:

Fig. 5.1 Isotropic, linearly axis

elastic rod subjected to an N
axial force N. Normal stress o <_| ”””””””” Ij_' N

on a cross-section
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01 01
& = — s 82:83:7\);

For a general state of triaxial stress with principal stresses o, 0,, and g3, the
principal strains ¢; are given by:
o,V 1+v

gg=———(02+03) =
nn

v
1 —— (014 02+ 03) etc. for &; and &3
n

The result follows from the fact that the relations between stresses and strains are
linear such that the principal of superposition applies. The result may be rewritten to:

1
& = +vg,~—ztrT,trT= o1 +0y+03 =uT
n n

The expression may also be presented in the matrix representation:
1+v v
81‘5,'1( = —0; 5ik - - (U‘T)(S,'k
n n

This is the matrix representation of the following tensor equation between the
tensors E and T in a coordinate system with base vectors parallel to the principal
directions of stress:

_I+v
n

E

T, (rT)1 (5.2.5)

In any Cartesian coordinate system Ox Eq. (5.2.5) has the representation:

1
Ey = ;VT,-k —%Tjj S (5.2.6)

From Egs. (5.2.5) or equation (5.2.6) the inverse relations between the stress tensor
and the strain tensor is obtained:

T : E + ! (tI‘E)l} < Ty = 1 Ey + ! Ej; 5,’](} (5.2.7)

I 1—2v 1+v 1—2v
The inversion procedure is given as Problem 5.1. The relations (5.2.5-5.2.7) rep-
resent the generalized Hooke’s law and are the constitutive equations of the
Hookean material or Hookean solid, which are names for an isotropic, linearly
elastic material. Note that normal stresses 7j; only result in longitudinal strains Ej;,
and visa versa, and that shear stresses Tj; only result in shear strains y;, = 2Ej, and
visa versa. This property is in general not the case for anisotropic materials.

For a state of pure shear stress, as in Example 2.2, the stress matrix Ty related to
the local coordinate system in Fig. 2.9 has only one non-zero element, i.e. the shear
stress T1p = t. The generalized Hooke’s Law (5.2.6) results in only one non-zero
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strain element: Ejp = (14 v)T,/# for the strain matrix Ej. According to formula
(4.3.3) this element corresponds to a shear strain y = 7, = 2E,. Hence we have
found from Hooke’s law (5.2.6):

2(1
yz%r@ T=puy (5.2.8)

The material parameter u is called the shear modulus and is given by:

n

T (5.2.9)

'u:

Table 5.1 presents the elasticities #, u, andv for some characteristic materials.
The values given in the table are at the temperature of 20 °C. The values vary some
with the quality of the material and with temperature. We shall find that the rela-
tionship for the shear modulus in formula (5.2.9) is not exactly satisfied by the data
given in Table 5.1. This is due to the fact that the values given in the table are
standard values found from different sources.

The relationship between the elastic volumetric strain ¢, and the stresses is found
by computing the trace of the strain matrix from Eq. (5.2.6).

1 1-2
SV:tI'E:Eﬁ:iTﬁ—XTjj 5,’i:—vni (5210)
n n n

The mean normal stress ¢° and the bulk modulus of elasticity, also called the
compression modulus of elasticity, k are introduced:

1 1
0’ = 3 T;=-trT the mean normal stress
n (5.2.11)
K =————— the bulk modulus
3(1—2v)

Table 5.1 Properties of some elastic materials
Material p [10° kg/m?] 1 [GPa] u [GPa] v a [1076 °C™!
Steel 7.83 210 80 0.3 12
Aluminium 2.68 70 26 0.25 23
Concrete 2.35 20-40 0.15 10
Copper 8.86 118 41 0.33 17
Glass 2.5 80 24 0.23 3-9
Cast iron 7.75 103 41 0.25 11

Density p, modulus of elasticity #, shear modulus y, Poisson’s ratio v, and thermal expansion
coefficient o
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The result (5.2.10) may be presented as:

1
L, =—0° 5.2.12
€ 0 ( )

For an isotropic state of stress T = o1 the mean normal stress is equal to the normal
stress: 6° = 0.

Fluids are considered as linearly elastic materials when sound waves are ana-
lyzed. The only elasticity relevant for fluids is the bulk modulus x. For water
Kk = 2.1 GPa, for mercury 27 GPa, and for alcohol 0.91 GPa.

It follows from Eq. (5.2.11) that a Poisson ratio v > 0.5 would have given x < 0,
which according to Eq. (5.2.12) would lead to the physically unacceptable result
that the material increases its volume when subjected to isotropic pressure p =
¢” = —p. Furthermore we may expect to find that v > 0 because a Poisson ratio
v < 0 would give an expansion in the transverse direction when the material is
subjected to uniaxial stress. Thus we may expect that:

0<v<05 (5.2.13)

The upper limit for the Poisson ratio, v = 0.5, which according to Eq. (5.2.11) gives
K = 00, characterizes an incompressible elastic material. Among the real materials
rubber, having v = 0.49, is considered to be (nearly) incompressible, while the
other extreme, v = 0, is represented by cork, and is an advantageous property when
corking bottles.

An interesting and sometimes convenient decomposition of Hooke’s law (5.2.5-
5.2.7) will now be demonstrated. First we decompose the stress tensor T and the
strain tensor E into isotrops and deviators:

T=T+T,E=E+FE (5.2.14)

1

1 1
T =3 ()1 = 01, B’ = 2 (tE)1 = 26,1 (5.2.15)

W

From Eq. (5.2.7) we find that:
T = 3kE°, T' = 2uE/ (5.2.16)

The development of these results is given as Problem 5.2.
Alternative forms for Hooke’s law, Eq. (5.2.8) and Eq. (5.2.6), are:

T = 2u [E - (trE)l} —2uE + (K - %;;) (rE)1 (5.2.17)

1-—2v

1 1. 3k-2
E T-— (@M1 =-—T1- 2% K
I+v 2u 18ux

(rT)1 (5.2.18)
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The parameters:

2
,uand)hzrc—g,u (5.2.19)

are called the Lamé constants after Gabriel Lamé [1795-1870]. The parameter A
does not have any independent physical interpretation.

For an incompressible elastic material, i.e. ¢, = tr E = 0, the mean normal stress
¢’ cannot be determined from Hooke’s law. For these materials it is customary to
replace Eq. (5.2.17) by:

T=—pl+2uE (5.2.20)

p = p(r,t) is an unknown pressure, which is an unknown tension if p is negative.
The pressure p can only be determined from the equations of motion and the
corresponding boundary conditions.

5.2.2 Some Basic Equations in Linear Elasticity. Navier’s
Equations

The primary objective of the theory of elasticity is to provide methods for calcu-
lating stresses, strains, and displacements in elastic bodies subjected to body forces
and prescribed boundary conditions for contact forces and/or displacements on the
surface of the bodies. The basic equations of the theory are:

The Cauchy equations of motion (2.2.37):

divT+pb = pii & Tyx + pb; = piis (5.2.21)

Hooke’s law for isotropic, linearly elastic materials, e.g. (5.2.17):

v v
T =24 [E+ — (trE)l} & Ty = 2u [Eik + 5 E; 5ik] (5.2.22)
The strain—displacement relations:
1 p 1
E = E (H +H ) = E,'k = E (I,ti,k + Ltk,,') (5223)

The component form of these equations applies only to Cartesian coordinate sys-
tems. Component versions in general coordinate systems of the basic equations are
presented in Sect. 7.8.

Equations (5.2.21-5.2.23) represent 15 equations for the 15 unknown functions
T, Ei, and u;. The boundary conditions are expressed by the contact forces t and
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the displacements u on the surface A of the body. The part of the surface A on
which t is prescribed is denoted A,. On the rest of the surface, denoted A,, we
assume that the displacement u is prescribed. For static problems (ii = 0) the
boundary conditions are:

t=T -n=tond,, u=u‘on4, (5.2.24)

t*andu® are the prescribed functions, and n is the unit normal vector on A,. We
may have cases where the boundary conditions on parts of A are given as combi-
nations of prescribed components of the contact force t and displacement u. For
dynamic problems conditions with respect to time must be added, for instance as
the initial conditions on the displacement field u(r,?) :

u=u?(r,0) andu=ua”(r,0)inV (5.2.25)

V Denotes the volume of the body. u#(r,0) and w” (r, 0)are prescribed functions

We will now let the displacement vector u(r,?) be the primary unknown vari-
able. The strain—displacement relation (5.2.23) is introduced in Hooke’s law
(5.2.22), and the result is:

Tix = pfuik +ug,i + Ujsj Oik (5.2.26)

2v
1-—2v

When these expressions for the stresses are substituted into the Cauchy equations of
motion (5.2.21), we obtain the equations of motion in terms of displacements.

1
V(V~u)+§(b—ﬁ) =0 uin T oy ek +§(b,~—ii,<)=0

vZ
u+ 1—>

1—2v
(5.2.27)

These three equations are Navier’s equations named after Claude L. M. H. Navier
[1785-1836] When the three displacement functions u; — functions are found from
Navier’s equations, the strains and the stresses may be computed from Eqs. (5.2.23)
and (5.2.26) respectively. The boundary conditions (5.2.24) and (5.2.25) will
complete the solution of finding displacements, strains and stresses.

Navier’s equations in cylindrical coordinates (R, 0,z) and in spherical coor-
dianates (r, 6, ¢) are presented in Sect. 7.8.
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5.2.3 Stress Waves in Elastic Materials

In this section we discuss some relatively simple but fundamental aspects of
propagation of stress pulses or stress waves in isotropic, linearly elastic materials.
We may also consider these pulses or waves as displacement, deformation, or strain
pulses or waves, according to which of these quantities we are interested in. In the
general presentation we do not distinguish between pulses and waves, and since the
materials are assumed to be elastic, we use the common name elastic waves.

In a large body of isotropic elastic material a relatively small region is subjected

to a mechanical disturbance eminating from a point source. The disturbance may be
considered to be a displacement field propagating into the undisturbed material as
displacement waves. Sufficiently far away from the source the displacement
propagates as approximately plane waves.
Figure 5.2 illustrates the situation. The point source is placed at the origin of a
Cartesian coordinate system Ox. In the neighbourhood of the x3 — axis and at a long
distance from the source we may consider the displacement propagates as
approximately plane waves. assume the displacement field:

u=u(xs,1) < u; = u;(x3,1) (5.2.28)

We shall see that the displacement field u = u(x3, r) really represents three different
motions.

The motions are governed by the Navier Eq. (5.2.27). If we neglect the body
forces, the equations are reduced to:

p .
Ujskk + ——— Uk,ki = —U; (5229)
1—2v u
wave front at time £, wave front at time #,>1,
1 u(r, )
u=0 u(x;, 1)
Uy (X3,t) V
re(t
() > > X,
) ) us (X3, 1)
disturbance region at r <, (t,)
undisturbance region at time ¢ <¢,
. . ~ plane wave
point source of disturbance

Fig. 5.2 Displacement disturbance u(r,t) from a point source at the origin O. Wave frontu = 0 on
a sphere of radius r=r, and at time t=rt,. Approximately plane wave u(x3,?) =
Uy (x3,1)ey + uz(x3,1)e; far away from the source at O. The displacement u3(x3,7) represents a
motion in the x3-direction and is called a longitudinal wave propagating with the velocity ¢, from
formula (5.2.30). The displacements u3(x3, ) represent motions in the x,-directions and are called
transverse waves propagating with the velocity ¢, from formula (5.2.31)



172 5 Constitutive Equations

The displacement field (5.2.28) is substituted into Eq. (5.2.29), and the result is
three one-dimensional wave equations: one equation for the displacement u3(x3, 1)
and two equations for the displacements u,(x3,) for o = 1 or2.

Puz  FPus 2(L—v)u L—v n K+4u/3
—_— = h = — . = - 0= -
“ ox3 o wherea 1-2vp (I+v) 1 —=2v)p p

(5.2.30)

Pu, Fu, u 1 n
_Ous _ R n 5231
¢ a2 ar where ¢ \/; 204 p ( )

The displacement u3(x3,t) represents a motion in the direction of the propaga-
tion, i.e. the x3 — direction, and is called a longitudinal wave. The displacements
u,(x3,t) represent motions in the directions normal to the direction of propagation,
and are called transversal waves.

The general solutions of the wave Egs. (5.2.30) and (5.2.31) are given as:

u3(x3,t) :fé(cll+X3)+g3(C1t7X3) (5232)
Uy (x3,1) = folert +x3) + gu(cr t — x3) (5.2.33)

The functions f;(k) and g;(k) are arbitrary functions of one variable k. Substitution
of the displacements (5.2.32) and (5.2.33) into the wave Eqgs. (5.2.30) and (5.2.31)
will show that the equations are satisfied. It will be shown that the parameters
c; and ¢, represent velocities of propagation of the displacement waves.

Figure 5.3 shall illustrate the propagation of the longitudinal wave u3(x3,?) =
g3(cif — x3). The graphs show the displacement uz(x3,7) = g3(cit — x3) at two
different times ¢ and z + Ar. At the time ¢ the displacement has reached the position
x3 = x35 which represents the wave front. At the later time 7+ At the displacement
has reached the position x3 = x37 + Ax3 which represents the new position of the
wave front. It follows that:

us(xsy, 1) = g3(cit — xar) =0
M3(X3f +AX3,I+AZ‘) = g3(C]{l+Al‘} — {X3f +AX3}) = g3(Cll — X3f + {CIAZ‘ — AX3}) =0=
ClAl — A3 =0= AX3 = /At

The result shows that the motion u3(x3,¢) = g3(¢;f — x3) can be characterized as a
displacement wave that propagates in the positive x3 — direction with the wave
front velocity ¢;. Using similar argument we may show that the motion us(x3, 1) =
fa(cit+x3) represents a displacement wave that propagates in the negative x3 —
direction with the wave front velocity c;.

It also follows that the motions u,(x3,7) =f,(c;t —x3) andu, + (x3,17) =
fu(cit + x3) may represent motions in the x, — directions propagating respectively in
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us
uy = gs(cit —x3)
W= g it + At} —x3)
wavefront at the time ¢ + dt
| | > %
wavefront at the time ¢ X3y X3 +Axy

Ax; =¢ At

Fig. 5.3 Propagation of the longitudinal displacement wave us(x3,7) = g3(c;t —x3). The
positions of the wave are shown at the time t and the time 7+ dr. The wave fronts
X3 = X3f from us (X3f., l) =83 (Cll — X3f) =0 and x3 = X35+ Axz from u3(X3f + Axs, t+ At) =
g3(cit+ At} — x35 + Axz) = 0. ¢ = velocity of propagation of longitudinal elastic waves

the positive x3 — direction and in the neggative x3 — direction with the wave front
velocity ¢,. These motions are therefore called transversal waves.
Because for known materials 0 <v <0.5 we will find that in general:

o <c (5.2.34)

For steel with v = 0.3,y = 210 GPa, and p = 7830kg/m>, we find ¢, = 3212 m/s
and ¢; = 6009 m/s.

The longitudinal wave implies volume changes:s, = u33 = E33, and the wave is
therefore called a dilatational wave or volumetric wave. Because:

rot(uszes) = curl(uze3) =V x (uze3) =0

the displacement us(x3,¢) is also called an irrotational wave. A physical conse-
quence of an irrotational wave is that the principal directions of strain do not rotate.
For the displacement field u3(xs,7) the x; — directions are the principal strain
directions. According to Hooke’s law (5.2.26) the stresses are determined by:

2(1 —v \
( Ju uzz, Ty =Txn=

Ty = — 0
BT Ty 1—v

Ts3 (5.2.35)

The transverse waves u;(x3,7) and uy(x3,t) are isochoric, i.e. &, = 0, and are
therefore also called dilatation free waves or equivoluminal waves. The stresses are
according to Hooke’s law (5.2.26):

Tz = pur3, T = pun3 (5.2.36)

Because these waves also represent shear stresses on planes normal to the direction
of propagation, they are also called shear waves. Other names are distortional
waves and rotational waves.
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An earthquake initiates three elastic displacement waves. The fastest wave is a
longitudinal wave called the primary wave, or the P — wave. The second fastest
wave is a transverse wave, a shear wave, called the secondary wave, or the S —
wave. Both waves propagate from the earth quake region in all directions and their
intensities, or energy per unit area, decrease with the square of the distance from the
earth quake. These two waves therefore are registered by relatively weak signal on a
seismograph far away from the epicenter of the earth quake. The third, and gen-
erally the strongest wave propagates along the surface of the earth and is called a
surface wave.

5.3 Linearly Viscous Fluids
5.3.1 Definition of Fluids

In continuum mechanics it is natural to define a fluid on the basis of what seems to
be the most characteristic macromechanical aspects of liquids and gases as opposed
to solid materials. Due to the fact that liquids and gases behave macroscopically
similarly, the equations of motion have the same form and the most common
constitutive models applied are in principle the same for liquids and gases. A fluid
is thus a model for a liquid or a gas.

A common property of liquids and gases is that at rest they can only transmit
pressure on solid boundaries or interfaces to other liquids. Figure 5.4a shows a
small liquid volume element subjected to the pressure p. The liquid is in an iso-
tropic state of stress. Shear stresses from the liquid on solid boundaries will only
occur when there is relative motion between the boundary and the liquid. The
capability to sustain shear stresses in a fluid is expressed by the viscosity of the
fluid. In a fluid in motion shear stresses will always be present on material surfaces
and the fluid is in an anisotropic state of stress, as illustrated in Fig. 5.4b. However,
in some flow problems, especially with gasses, the shear stresses are very small and
may be neglected in the part of the flow analysis. Based on these remarks we may
choose that following general definition of fluids as a continuous material:

A fluid is a material that deforms continuously when subjected to anisotropic
states of stress.

The constitutive equations of any fluid at rest relative to any reference must
reduce to:

T=-pl, p=p(p,0) (53.1)

p is the thermodynamic pressure, which is a function of the density p and the
temperature 0. The relationship for p in the formulas (5.3.1) is called an equation of
state.
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(a) ' p pressure p (b) p  shear stress T
y 7
v r

Fig. 5.4 a Stresses on a volume element in a fluid at rest. Isotrop state of stress b Stresses on a
volume element in a fluid in motion. Anisotrop state of stress

An ideal gas is defined by the equation of state:
p=Rp0 (5.3.2)

R is the gas constant for the gas, and 6 is the absolute temperature, given in degrees
Kelvin. The model ideal gas may be used with good results for many real gases, for
example for air.

Due to the large displacements and the chaotic motions of the fluid particles it is
in general impossible to follow the motion of the individual particles. Therefore the
physical properties of the particles or quantities related to particles are observed or
described at fixed positions in space. In other words we employ spacial description
and Eulerian coordinates. The primary kinematic quantity in Fluid Mechanics is
the velocity vector v(r,?).

An instrument that measures the viscosity in a liquid is called a viscometer.
Figure 5.5 illustrates a cylinder viscometer. A test fluid is filled in the annular space
between a cylindrical container and a cylinder. The container is at rest while the
cylinder is subjected to a torque m, and is made to rotate with a constant angular
velocity omega. The rotation creates a flow in the annular space between the
cylinder and the inner container wall. It is assumed that the distance # is very small
as compared to the radius r and that the flow in the annular space may be considered
as the flow between to parallel surfaces, represented by the moving wall of the
rotating cylinder and the fixed inner wall of the container, as shown in the cut out in
Fig. 5.5 Tt is also assumed that the fluid sticks to the solid wall. With respect to the
local coordinate axes the velocity field in the annular space is assumed to be:

v

V() = sz, v=m=0, v=or (5.3.3)
A small liquid element in the cut out in Fig. 5.5 is subjected to normal stresses and
the shear stress 7. The rate of deformation in the flow is represented by the shear
strain rate:
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. cylindrical container

rotating cylinder
rotating cylinder surface

f IO T
3
S

" H— liquid liquid element at time ¢ + dt
vdt \ v

1 F Y 7
! » T I 1
cylindrical container | T ) | |
n(0)N _i ydt : i
liquid Te /T /
1 2 |

xlr

liquid element at time ¢

rotating cylinder fixed container surface
liquid element with stresses

cutout

Fig. 5.5 Cylinder viscometer. Rotating cylinder of radius r in a cylindrical container. Test liquid
in annular space of thickness i < r. The cylinder is subjected to a torque m, and rotates with
angular velocity o

. 1 % . r
7=2(D2) = 2<§ (Vi +v2,1 )) =Vip= 7 =)= Ew (5.3.4)

For the case of steady flow at constant angular velocity the torque m, is balanced by
the shear stress T on the wall of the cylinder:

ny

(t-r)-Qur-H) =M = T:2nr2H

(5.3.5)

The viscometer records the relationship between the torque m;, and the angular
velocity . Using the formulas (5.3.2) and (5.3.3) we obtain a relationship between
the shear stress 7 and the shear rate 7.

A liquid is said to be purely viscous if the shear stress 7 is a function of only :

7 = 1(7) < purely viscous fluid (5.3.6)

A Newtonian fluid is a purely viscous fluid with a linear constitutive equation for
the shear stress:

T = uy < Newtonian fluid (5.3.7)

The coefficient u is called the viscosity of the fluid and has the unit Ns/m*. The
viscosity varies with temperature and to a certain extent with the pressure in the
fluid. For water at0°C u = 1.8 x 107>Ns/m? and at20°C u = 1.0 x 10->Ns/m?.



5.3 Linearly Viscous Fluids 177

In some fluid flow problems the viscosity plays a minor role in describing the
flow and may be neglected in the flow analysis. The fluid is then characterized as a
perfect fluid or an Eulerian fluid.

5.3.2 The Continuity Equation

A small part of a fluid body of volume dV and density p has the mass dm = pdV.
The principle of conservation of mass implies that the mass dm is constant, while
both the density p and the volume dV may change with time. From
Equation (4.4.11) we have found that the rate of change in volume per unit volume
and per unit of time is given by div v. Therefore we may write:

d(dm)

dm = pdV = constantin time = - 0=
d(dv
pdV+p%: 0= pdV+pdivvdV =0 =
p+pdivv=0 (5.3.8)

If we introduce the formula (2.1.17) for material derivative of an intensive quantity,
Eq. (5.3.3) may be rewritten to:

ap

% +div(pv) =0 (5.3.9)

Equations (5.3.3) and (5.3.4) are both called the continuity equation for a fluid
particle. If the fluid is incompressible the rate of volumetric strain is zero, and the
continuity Eq. (5.3.3) is reduced to the incompressibility condition:

divv=0 (5.3.10)

5.3.3 Constitutive Equations for Linearly Viscous Fluids

George Gabriel Stokes [1819-1903] presented the following four criteria for the
relationships between the stresses and the velocity field in a viscous fluid:

1. The stress tensor T is a linear function of the rate of deformation tensor D.

2. The stress tensor T is explicitly independent of the particle coordinates, which
implies that the fluid is homogeneous.

3. When the fluid is not deforming, i.e. D = 0, the stress tensor is:T = —p(p, 0)1,
where p(p, 0) is the thermodynamic pressure.

4. Viscosity is an isotropic property.
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To fulfil these assumptions the constitutive equation must express the stress tensor
T as a linear function of D and a function of the density p and the temperature 0.
The following function satisfies the assumptions:

T = —p(p,0)1+2uD + (k — %) (rD)1 & (5.3.11)
Tij = 7p(p, 0)511 + ZMDij + (K — %_#)Dkkéij o
The scalar parameters yand x will in general be functions of the density p and the
temperature 0 and are called the (shear) viscosity and the bulk viscosity. If we
compare these equations with Eq. (5.2.17) for a Hookean solid, we understand that
the isotropy assumption for the fluid is assured. Equation (5.3.11) are the consti-
tutive equations of linearly viscous fluids, or what is called Newtonian fluids.

If the symmetric tensors T and D are decomposed into isotrops and deviators,
the constitutive Eq. (5.3.7) take the alternative form:

T’ = —p(p,0)142uD’ & T; = —p(p, 0)6; + 3kD;; (5.3.12)
/ / ! /
T =2uD' & T, = 2uDj, (5.3.13)

For isotropic states of stress, we may replace Eq. (5.3.7) by:
T=-pl, p=pp,0) —rKé,, & =uD=divv=—" (5.3.14)
p

Note that the total pressure is not the same as the thermodynamic pressure p(p, 0).

The bulk viscosity k expresses the resistance of the fluid toward rapid volume
changes. Due to the fact that it is difficult to measure x, values are hard to find in the
literature. Kinetic theory of gasses shows that ¥ = 0 for monatomic gasses. But as
shown by Truesdell in J. Rat. Mech. Anal. V.1 (1952) [2], this result is implied in
the stress assumption that is the basis for the kinetic theory. Experiments show that
for monatomic gasses it is reasonable to set k¥ = 0, while for other gasses and for all
liquids the bulk viscosity x, and values of 4, are larger than, and often much larger
than p. The assumption x = 0, sometimes taken for granted in older literature on
Fluid Mechanics, is called the Stokes relation, since it was introduced by him.
However, Stokes did not really believe the relation to be relevant. Usually the
deviator D’ dominates over D such that the effects of the bulk viscosity are small.
The bulk viscosity x has dominating importance for the dissipation and absorption
of sound energy.

In modern literature (5.3.6) is sometimes called the Cauchy-Poisson law. For an
incompressible fluid, for which trD = 0, Eq. (5.3.6) has to be replaced by:
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T = —p(r, /)1 +2uD & Ty = —p(r,1)d; + 2u Dy (5.3.15)

The pressure p(r, ) is a function of position r and time ¢, and can only be deter-
mined from the equations of motion and the boundary conditions. An equation of
state, p = p(p, 0), loses its meaning when incompressibility is assumed.

5.3.4 The Navier-Stokes Equations

The general equations of motion of a linearly viscous fluid are called the Navier—
Stokes equations. These equations are obtained by the substitution of the consti-
tutive Eq. (5.3.6) into the Cauchy equations of motion (2.2.37). If it is assumed that
the viscosities ¢ and k may be considered to be constant parameters, the resulting
equations are:

1 H o 1 H
. = —— — — = . b 5.3.16
v+ (v-V)v pr—i—pV v+p(K+3>V(V v)+ ( )

In a Cartesian coordinate system the Navier—Stokes equations are:

1 1
Ovi +vivisk = ——pi + Bvi;kk + - (K+ H) Viski + b (5.3.17)
p p p 3

For incompressible fluids V-v = 0, and Egs. (5.3.16) and (5.3.17) are reduced to:

OV+(V-V)v=—1Vp+EVivib &

Opvi + Vivigk = —%P,i + Evigk +bi (5:3.18)
The Navier—Stokes Eqs. (5.3.16-5.3.18) are the most important equations in the
study of viscous fluids. The complexity of the equations indicates that analytical
solutions in most cases require major simplifications and approximations. Modern
computer codes make it possible to use the Navier—Stokes equations in numerical
solutions of very complex fluid flow problems.
The Navier-Stokes equations in general coordinates and in particularly in
cylindrical coordinates and spherical coordinates are presented in Sect. 7.9.

5.3.5 Film Flow

As an example of application of the basic equations of fluid mechanics, we shall
determine the flow of a linearly viscous and incompressible fluid along an inclined
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conveyor belt presented in Fig. 5.6. The width of the belt is b and the angle of
inclination is o.. The conveyor belt moves with a constant velocity vy. The fluid has
the density p, the viscosity u, and moves in a constant gravitational field given by
the body force:

b= —gsinae — g cosae, (5.3.19)

We assume stationary flow of the fluid in a film of constant height 4 and with the
velocity field, as shown in Fig. 5.6:

vV = V1()C2), V) = V3 = 0 (5320)
The velocity field satisfies the incompressibility condition:

6\11

divv=0= Vi = 7— =
6)61

0 (5.3.21)

With an atmospheric pressure of p, at the free fluid surface at x, = h the boundary
conditions in the problem are:

Tyy=—ps, T12=0 atxa=h (5.3.22)

The velocity field (5.3.20) results in the following non-zero rates of deformations
and stresses in the fluid:

Dy =4 (viy +vji), Ty =—p(p,0)d;+2uDy+ (i — %) Dy 3y = (5.3.23)
Dy = %%» Ii=Tn=T3=-p, Tn= /“‘%i

The third of the boundary conditions (5.3.22) is now rewritten to:

d
T, = Oatx, = h = “ L= Oatx, = h (5.3.24)
dXQ

Fig. 5.6 Flow of a viscous
fluid film on a conveyor belt.
The belt is moving with
constant velocity v

conveyor belt
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The velocity field (5.3.20) results in zero acceleration:
oy + Vg = 0, 0w +vivor = 0, O3 +vvip = 0 (5325)

The Navier—Stokes Eq. (5.3.18) for an incompressible fluid are reduced to:

1dp pd*n . 1 dp 1 dp
o, + p 2 g sinq, 02 g cos a, P
(5.3.26)

First we conclude from these equations that the pressure can only be a function of
x1 and x,, and furthermore we find:

(e 9 () _ 9 (o plar, ) _ B
o (3x1> 0 xy <8x2> ox, <3X1> 0= oy = constant = ¢

Integrations of the last equation and the second of Eq. (5.3.26) yield:
p =p(x1,x%) = —(pgcos a)x; + cx; + C (5.3.27)

From the boundary conditions (5.3.22) and (5.3.24), and the result (5.3.27) we
obtain:

—(pgcosa)h+cx;+Cy=p,=c=0, Cy=p,+(pgcosa)h  (5.3.28)
The general expression for the pressure is therefore:
p=p(x2) =ps+ (h—x2)pgcosa (5.3.29)

The pressure is thus only a function of x;.
With the expression for the pressure (5.3.29) Eq. (5.3.26), gives:

d? 2
d;%l %sma =vi(xn) = pj sin == > +Coxr + C3 (5.3.30)

The boundary conditions (5.3.22) and (5.3.24) yield:

v1(0) = vy = C3
dvy dvy —0="PLcing _rg h
T s XFh—O— SN + Coh = C, = 1 sino 3

Hence the velocity field for the film flow is given by:

K2 sin o [2x X2\ 2 K2 sin o
vl(m):vO_L[_z_(j)} vi(h) = v, — P82

2u h h 2u
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The volumetric flow on the belt is:

h

Q:w/hvz(y)dyzw/{v(,—%zam{l—(1—%)2}}dy:>Q
0

0

pgsina wh

VoWh — —=———
3u

Problems 5.1-5.2 with solutions see Appendix.
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Chapter 6 M)
General Coordinates in Euclidean Check or
Space E;

6.1 Introduction

In the previous chapters we have almost exclusively used Cartesian coordinate
systems in the three-dimensional physical space which we have called a
three-dimensional Euclidean space E3. Vectors and vector algebra were defined in
Sect. 1.2, first geometrically, and then through their Cartesian components. Tensors
were introduced via the Cauchy stress tensor in Sect. 2.2.4. A general definition of
tensors in Euclidean space was presented in Chap. 3:

A tensor A of order n is a multilinear scalar-valued function of n argument
vectors:

Relative to a Cartesian coordinate system Ox with base vectors e; the tensor A is
represented by n components: A; - - = Ale;, €, -, e].

In the present chapter general coordinate systems will be introduced in the
three-dimensional Euclidean space E3. The geometrical definition of vectors leads
to a vector being represented by two sets of components in each coordinate system.
The definition of tensors as multilinear scalar-valued functions of vectors results to
a tensor being represented by many related sets of components.

The tensor analysis in general coordinates will be applied to two special coor-
dinate systems; the cylindrical coordinate system and the spherical coordinate
system.

Equations of motion, analysis of stress, analysis of deformation, deformation
kinematics, and basic equations for linear elasticity and for linearly viscous fluids in
general coordinates will presented in Chap. 7.
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6.2 General Coordinates. Base Vectors

In many applications of vector and tensor analysis it is convenient to describe the
position of points in three-dimensional space using other parameters than the three
coordinates x; in a right-handed Cartesian Ox system. Three such parameters or
general coordinates are necessary. These will be denoted:

YooY ey (i=1,2,3) (6.2.1)

Note that in Cartesian coordinate systems we have used sub indices for coordinates
and components of vectors and tensors. In general coordinates it is, as we shall
demonstrate convenient to use both sub indices and super indices.

A one-to-one correspondence between points in space and coordinate sets y' for
the points must exist, which implies that reversible dependencies must exist
between the coordinates x; and y':

xi(y) Ex,-(yl,y2,y3) Sy(x) =y (x,x,x3) (6.2.2)

It may be shown, see Sokolnikoff [1], that sufficient conditions on the functions
y'(x) for this to be the case are:

(a) The functions y'(x) are single-valued, continuous functions that have contin-
uous partial derivatives of order one,
(b) The Jacobian to the mapping y'(x) must be non-zero:

(c) J) = det (%) #0 (6.2.3)

We now assume that these conditions are satisfied in that part of the space E3 that is
of interest for the problem we are engaged in, except at isolated points, on isolated
lines, or on isolated surfaces. Apart from these singular regions, the Jacobian J) is
different from zero. We shall see below that the Jacobian either is positive
everywhere or negative everywhere.

According to the multiplication theorem for determinants, Eq. (1.1.23):

Ox;i\ Ox; OyF B Ox; Oy~ B
det(a—x]) =1= det(ayk 8_x]> = det(@yk) det(a—xj =1=

Ox; N\ ! _
B = det(a;ck> = (det(alx])) = (1) !

When one of the y-coordinates is kept constant, the functions x;(y) describe a
coordinate surface. For example, y' = constant = a; represents a y'-surface,
Fig. 6.1:

(6.2.4)
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—» €

. €
y* —line

Fig. 6.1 Euclidean space with a reference Rf. Cartesian coordinate system Ox with origin O and
base vectors e;. Coordinate surfaces and coordinate linesfor general coordinates y;

y!-surface: x; = x;(a1,y2,y3) is a oordinate surface for yl = (6.2.3)

The intersecting curve between two coordinate surfaces is called a coordinate line.
The functions x;(y) describe a coordinate line when two of the y-coordinates are
fixed. For example, with y! = o) and y* = o, the functions x;(y) represent a y*-line,
Fig. 6.1:

y3-line: x; = x;(o1, 02, y3) is a oordinate line fory! = o; and y> = oy  (6.2.6)

The coordinate lines are in general curved, and the coordinates yi are therefore
called curvilinear coordinates. We shall use the symbol y also to denote a general
coordinate system or a curvilinear coordinate system. Likewise we shall, in this
chapter, let the symbol x denote a right-handed Cartesian coordinate system Ox.

As will be demonstrated in the examples below, the dimensions of the y-coor-
dinates may be different within one and the same coordinate system. If the coor-
dinate difference between to arbitrary points on a coordinate line is equal to or
proportional to the length of the line element between the two points, the coordinate
is called a metric coordinate.

In cylindrical coordinates (R, 0, z), presented in Fig. 6.2, we set: y1 =R, y2 =0,
y? = z. The mapping x;(y) is then:

x1=Rcosh, x, =Rsinl, x3=z (6.2.7)

The R-surfaces are cylindrical surfaces, and the 0-surfaces and the z-surfaces are
planes. The 6-lines are circles, and the R-lines and the z-lines are straight lines.
R and z are metric coordinates. The length of a line element between two points on a
R-line, or a z-line is independent of the two other coordinates 0 and z, for the R-line,
or R and 0, for the z-line, and equal to the coordinate difference of the two points,
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Fig. §.2 Cyl}ndrical . X 0 —surface
;go:dzmates:y =R,y =0, R—line Y =R z —surface
B €. R —surface
yz =0 €y
/ r €r
6 —line Y=z | - line
0 > X,
R
6 €o
€r
X

while the length of a line element between two points on a 6-line is dependent on
the R-coordinate of the 6-line.

In spherical coordinates (r,0,¢), presented in Fig. 6.3, we set: y; = r,y, =
0,y3 = ¢. The mapping x,(y) is then:

xp=rsinf cosp, x;=rsinfdsin¢g, x3=rcosd (6.2.8)

The r-surfaces are spherical surfaces, the f-surfaces are cones, and the ¢-surfaces
are planes. The r-lines are straight lines, and the O-lines and the ¢-lines are cir-
cles. The coordinate 7 is a metric coordinate. The length of a line element between
two points on a r-line is equal to the coordinate difference of the two points, while
the length of a line element between two points on a 0-line is dependent on the
coordinates r and ¢ of the 0-line. Likewise, the length of a line element between
two points on a ¢-line is dependent on the coordinates r and 6 of the ¢-line.
Any point P in space may be determined by a set of coordinates in any of the
two coordinate systems x or y, or by the place vector r from a reference point O,

Fig. 6.3 Spherical
coordinates: y' =, y* = 0,
3
y=¢

¢—line

r—line
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which in Fig. 6.4 is the origin of the Ox-system. The vector r may be consid-ered to
be a function of either the x;-coordinates or the y;-coordinates. The base vectors in
the Ox-system are the three unit vectors e; in the positive directions of the coor-
dinate axes:

or
r=xe = 8_xl = €; (629)
The base vectors in the y-system at the point P are defined as the tangent vectors to
the coordinate lines y' through P:

or

= 6.2.10
8= 5y ( )

The relations between the base vectors e; in the Ox-system and g; in the y-system
are given by:

or  Or Ox; Oxp or  Or oyt
gi:ﬁ:7 l:ek i elzizikizgki
y'  Ox; Oy dy Ox;  Oyk Ox; Oox; (62.11)
_ﬁ_ane @e—ﬁ—ayk -
&= oy oy T T Ox Oxg B

The functions dx;(y)/dy' represent the components in the x-system of the base
vectors g; for the y-system. These functions play the same role as the elements of
the transformation matrix Q when transforming from the x-system to another
Cartesian x-system, confer the formulas (1.3.2).

Fig. 6.4 Place vector r. Base
vectors e; in the Cartesian
coordinate sytem Ox.Base
vectors g; in the general
coordinate system y
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6.2.1 Covariant and Contravariant Transformations

Let the y-system be replaced by another general coordinate system y such that there
is a one-to-one correspondence in the functional relationship between the sets of
coordinates:

V() V) (6.2.12)

The place vector r is now a function of either of the coordinate systems x, y or y.
We find the base vectors g; in the y-system from the relations:

g — or  Or oy
LT OV Ovk Oy

o ooy (6.2.13)
G oy

y'
g = oy 8 < 8 = 8ykgi
The differential dr of the place vector r(y) or r(y) is expressed as follows:

8_ dy = gdy' (6.2.14)

or
dr =—dy' = gdy' =
r= y = gidy' = oy

(9 i

The relationships between the sets of differentials dy’ and dy’ are found as:

—i 85’1’ k i ayi —k
&y = 2layt = dyt = 2ig 6.2.15
V=5, Y Y =55 Y ( )

The formulas (6.2.13) and (6.2.15) exemplify two kinds of linear transformations
characteristic in general coordinate systems: covariant transformation in (6.2.13)
and contravariant transformation in (6.2.15). When operating in general curvilinear
coordinates, it is convenient to use indices in two positions. An index in the upper
position, as for the differentials, is called a super index. When an index is in the
lower position, as for the base vectors g;, it is called a subindex.

In coordinate transformations between two Cartesian systems x and X:

Xi =i+ O X, Xk = —Cx+ Quc X (6.2.16)

where Qj. are elements of the transformation matrix Q when transforming from the
x-system to the x-system, the two kinds of transformation coincide, as we can see
from the relations:

ox, K Ox;
OXx, i 8x

The base vector e; in the x-system represents both a tangent vector to the
coordinate line x; and a normal vector to the coordinate surface x; = constant. In a
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general curvilinear coordinate system the tangent vectors and the normal vectors do
not necessarily coincide. It becomes convenient to introduce two sets of base
vectors: the tangent vectors g; to the y'-lines, and the normal vectors g' to the
coordinate surfaces y’ = constant. The normal vectors g’ are defined by the
relations:

g g =0, (6.2.18)

where 5}; = Oy is a Kronecker delta. The normal vectors g’ are called the reciprocal

base vectors or the dual base vectors.
Using Eq. (6.2.11), and the formulas (6.2.18) we obtain:

, (O el o, Oy
le=g . 2 =2 g.g =22 § =2
g ¢=8 ( ox; gk) ox; g & ox; F o

The result shows that the symbols 9y’ /9x; represent the components in the x-system
of the reciprocal base vectors g':

; 8_)’1 ax]‘ ;
= e e =—1g 6.2.19
R R (62.19)

The result on the right side of the bi-implication sign in Eq. (6.2.19) follows from
the developments:

g2 - <8y ek>%ek<axjay) :&g"a—x’::ekéi =€

ay — \ox )y Dyl Oxy oy’
Furthermore, with respect to a general y-system:

_@ _851’0)}"

ol

g ox; 7 oykox;
which with formula (6.2.19), gives the results:

O PR
= =g 6.2.20
g=gsg g =578 ( )

The relationships (6.2.20) show that the reciprocal base vectors follow a con-
travariant transformation. For this reason it is also customary to call the two sets of
base vectors g; and g covariant base vectors and contravariant base vectors,
respectively.

The vector product g; x g of any two base vectors is a vector in the direction of

the reciprocal base vector g¥, where the index k is not equal to either i or j. Using
the formulas (6.2.11),, (1.2.27), (6.2.19), (1.1.21), and (6.2.4), we obtain:
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" Ox, Oxg e xe Ox, Ox; e Ox, Ox, Ox; k_ ko
; = = = € s — = =~ Ery = = == Ers = €jj)
g X g 8_)}’ 8y/ 8_))’ 8}71 t ©1 ay’ ay/ 3yk t8 y ijk 8
g x g =cég
(6.2.21)
Here we have introduced the permutation symbol:
Eijk = J; €ijk (6222)
Similarly we find:
g xg/l=dkg, (6.2.23)
where we have introduced the permutation symbol:
& =T e (6.2.24)

Using the formulas (6.2.21), (6.2.23), and (6.2.18), we obtain the box products:
[gge] = e, [gele] =" (6.2.25)

Since it is assumed that the Jacobians J;‘ and J} are different from zero, it follows

that the base vectors g; and g’ at a place cannot lie in one and the same plane. We
say that the coordinate system y is a right-handed/left-handed coordinate system
when J is positive/negative. Furthermore, we say that g; (i = 1, 2, 3) and giii=1,
2, 3) represent right-handed/left-handed systems of vectors when J) is positive/
negative. Note that the results (6.2.21) and (6.2.23) are based on the assumption that
the x-system is right-handed.

6.2.2 Fundamental Parameters of a General Coordinate
System

The base vectors g; may be decomposed along the g/-directions, and the base
vectors g’ may be decomposed along the g;-directions:

g=gig, g€=4"¢g (6.2.26)

Using the formulas (6.2.11); and (6.2.19); we obtain:
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oy (6.2.27)

The elements g; and g” are symmetric with respect to the indices and are respec-
tively called the fundamental parameters of the first order and the reciprocal
fundamental parameters of first order for the y-system. The elements g;; and g’
i=1,2, or 3, represent the square of the magnitudes of the base vectors. The
elements g; and g¥,i # j, represent the angels between the base vectors.

&l = Vei, g = Ve
; o i o (6.2.28)
Cos<gi7gj) :%7 COS(g,g]) = \/gggﬁa 17&]

It will be demonstrated in Sect. 6.4.1 that the fundamental parameters are com-
ponents of the unit tensor of second order, also called the metric tensor, in the y-
system.

From the formulas (6.2.26) and (6.2.18) we obtain:

g g =gug g =gug" = 5? =

o (6.2.29)
gug? = o}

The determinant of the matrix ( U) is denoted by the symbol g, and using the

formulas (6.2.26), (1.1.23), (6.2.30), (6.2.28), (6.2.3) and (6.2.4), we obtain the
results:

det(g1g) = det(gy) det (¢) = det(3!) = 1 = g = det(gy), det(gV) = é
¢ = det(g;) = det (g);’l‘ %) = (det <ax">)2
é = det(g¥) = det (gi]; g—i:) = (det <6xk> ) 2

g = det(g;) = (det (g);() )2: (J;)z é = det(g) = (det (gi’;))z: ()

(6.2.30)

With the cofactor, Co g;;, of the matrix element g; we use the formula (1.1.29) to
write:

COgij
8

gl = (6.2.31)
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6.2.3 Orthogonal Coordinates

In applications it is often convenient to use a coordinate system with orthogonal
coordinate lines, which implies that:

fori#j: g-g=g;=0 and g-g/=g"=0 (6.2.32)

Cylindrical coordinates (R, 0,z) in Fig. 6.2 and spherical coordinates (r, 0, ¢) in
Fig. 6.3 are the most common examples of orthogonal coordinates. The two sets of
base vectors g; and g’ in orthogonal coordinate systems are parallel sets of vectors,
and (g;) and (g”) are diagonal matrices.

Let h; denote the magnitudes of the base vectors g; and let €} be the unit tangent
vectors to the coordinate lines. Then:

1 ,
h; = V88 = gii:>g=h1h2]’l3, e;vzﬁg,-(:)gizhie'} (6233)

From the definition (6.2.18) of the reciprocal base vectors and the formulas
(6.2.33) it follows that:

1 1 N 1 1
’:_eYZ— . n___ =_ 6.2.34
A L O ( )
In cylindrical coordinates (R, 0, z), Fig. 6.2, we introduce unit vectors
er(0),e9(0), and e, in the directions of the tangents to the coordinate lines, and

write for the place vector:

r = Reg(0) + ze, (6.2.35)
From Fig. 6.2 we obtain:
er(0) = cos Oe; + sinOe,, ey(0) = — sin Oe; + cos fe; =
deg(0) deg(0) (6.2.36)
ao ~ 0 gy =0

From the definitions of base vectors we now find:

_or_, _or_ poer o _or_,
BLmr™® BTNy T BT T

1
gl :eRy gzzke(h g3:ezy hl :13 h2:R7 h3:17 g:R
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1 0 0
(g5)=(g-g)=(0 R 0], g=det(g)=~ (6.2.38)
0 0 1
' 1 0 0
() =@E ¢g)=|0 /R 0 (6.2.39)
0 0 1

In spherical coordinates (r,0, ¢), Fig. 6.3, we introduce unit vectors e,(0, ¢),
eg(0,¢), and e4(¢) in the directions of the tangents to the coordinate lines, and
write for the place vector:

r=re.(0, ) (6.2.40)

From Fig. 6.3 we find:

e.(0,¢) = sin 0 cos ¢e; + sin 0 sin pe; + cos Oe;
¢) = cos 0 cos ¢pe; + cos 0 sin e, — sin ez p =
— sin ¢pe; + cos ¢e,

0e.(0,¢)/00 = cos 8 cos ¢pe; + cos b sin e, — sin Oes

de.(0,¢)/0¢p = —sin 0 sin pe; + sin O cos e,

0ep(0,p)/00 = — sin 0 cos ¢pe; — sin O sin e, — cos Oes = (6.2.41)
0ep(0,¢p)/0¢p = — cos Osin ¢pe; + cos O cos e,

dey(¢)/ddp = — cos Ppe; — sin e,

—de"é%‘b) =ey, ae’é,i"@ = sinOe, , —Be"gg’d’) = —e,, E)eo(;i@) = cos Oey

defléd’) =0, dej;)d)) = —cos ¢pe; — sin ¢pe; = — cos Oey — sin Oe,

From the definitions of base vectors g; and g' we find:

—g—e —g—raer—re —g—rer—rsinQe
g1 ar Ty g2_80_ 80_ 05 g3_8¢)_ 8¢_ ¢
1
1 2 1 3 _
g er) g - eH; g rsin9 ¢
hi=1, hy=r, hy=rsin0, h=r’sin0
(6.2.42)
1 0 0
(g,-j) = (g,- . gj) =10 2 0 , &= det(g,-j) = r*sin? 0
0 0 rsin’0
(6.2.43)
1 0 0
() =(g-g)=|0 1/77 0
0 0 1/(rsin0)?
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6.3 Vector Fields

Any vector field a(y) may be decomposed into components a' along the directions
of the base vectors g; or into components a; along the directions of the reciprocal
base vectors g', as illustrated in Fig. 6.5, which for simplicity does not show the
third dimension. We write:

a:aigi:aigi (631)
It follows that:

d = gi -a= gi : (ak gk) = gikak, a; =g -a=g;- (ak gk) = gikak (6.3.2)
The parameters @’ are called the contravariant components, and the parameters a;
are called the covariant components of the vector field a. From Egs. (6.2.20) and
(6.3.2) it follows that when changing from one general coordinate system y to
another general coordinate system y, the contravariant components and the co-
variant components of the vector a transform according to the contravariant rule or
covariant rule respectively:

i aj’i k ayk
a=—a, a=-—a 6.3.3
Dy oyt (63.3)
yz
_ azgz / a
A
azgz 1 !
a, /gy * “8
1 [ ] agl
-y g ' ! N
/ A
gl/ \g“
aZ/ ’gZZ g2

a'/\g
.<_>‘ a, /g

Fig. 6.5 Contravariant components a’ and covariant components a; of a vector field a. Coordinate
lines y' and y* for general coordinates y. Base vectors g; and reciprocal base vectors g;
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The unit vectors in the directions of the base vectors g; are g;/,/g;i (no sum-
mation), and the magnitude of the vector components a'g; are a"\/g; (no summa-
tion). The unit vectors in the directions of the reciprocal base vectors g’ are g’/ \/;,;
(no summation), and the magnitude of the vector components a;g’ are ai\/? (no
summation).

The normal projections of the vector a onto the directions of the base vectors g;
and the reciprocal base vectors g', respectively, become:

Normal projection of a onto the base vector g; :
k=3

a-g;/\/gi (no summation) = Z (axg" - &/ +/gi1) = ai/\/gi (no summation)

k=1
(6.3.4)

Normal projection of a onto the reciprocal base vector g :

k=3
a-g'/\/g" (no summation) = Z (akgk g/ g”) =a'/+/g" (no summation)
k=1

(6.3.5)

These results are illustrated in Fig. 6.5. Note that the contravariant component a’ of

the vector field a represents both the vector component a'g; and the projection of

the vector field a onto the reciprocal base vector g'. Likewise, the covariant com-

ponent a; of the vector field a represents both the vector component a;g' and the
projection of the vector field a onto the base vector g;.

The magnitudes a',/g; (no summation) of the vector components a'g; (no

summation) of a vector field a, are called the physical components of the vector
field a, and are denoted by a(i):

ali) =d e, a=3 al) -2 =a(i)e (6.3.6)

7 8ii
In a Cartesian coordinate system we find that:
a(i) =d = q (6.3.7)

In cylindrical and spherical coordinates the physical components of a vector a are
related to the contravariant and covariant components of the vector through:

1 , 1 3
agr =a =a;, ap=Ra :Eaz, a, =a = as
(6.3.8)
1 , 1 . 3 as
a=a =aj, ag=ra"=—-ay ay=rsinba =—
r r sin 0
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When adding or subtracting vectors, we find that:

atb=ced+b=cea+b=c (6.3.9)

Adding/subtracting the covariant components of one vector to/from the con-

travariant components of another vector has no meaning.
The scalar product of two vectors a and b may be developed as follows.

a b= (@) () = dby(e &) = byl =
Similarly we find: a-b = g; b'. Thus:
a-b=db =alb (6.3.10)

If we write:

b = Z [\jg_} b /23] (6.3.11)

we may interpret the scalar product a - b as the sum of the products of the normal
projections of the vector a onto the base vectors g;, Formula (6.3.4), and the
physical components of b, formula (6.3.6).

The covariant and contravariant components of the vector product b x ¢ of the
vectors b and ¢ may be found by using the formulas (6.2.22) and (6.2.24). The
result is:

a=D>bx c@aizsijkbjck(:)ai:sijkbjck (6.3.12)

The scalar triple product, or box product, of three vectors a, b, and ¢ may be
computed from:

[abc] =a- (b x ¢) = g’ b’ * = e a;b; ¢, (6.3.13)
In some literature the definitions (6.2.23) and (6.2.25) are replaced by:

) 1
sk = Vg e, & = N (6.3.14)

When the expressions (6.3.14) are used for the symbols ¢;; and &% in the formulas
(6.3.12) for the components of the vector product, the vector product changes
direction when transforming from a right-handed system to a left-handed system
and the other way around. The vector product is now what is called an axial vector.
We shall demonstrate this by transforming from a right-handed Cartesian system
x to a left-handed Cartesian system y:
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2 2 3
y = —X, y =X, y =X3 =

g =g =-e, g=g=e, G=g=€, g=g =73

Then:

(e}

; -1 00 ‘
W) ()0 10, gr—de( D) =,
Oy’ 0x; 0 0 1 Y Oy’

2
g:(f_if)zliﬁil

A vector a with components g; in the x-system will have the following components
in the y-system:
i ay ' x a‘xj x 3

_ 1 _ _ ¢ 2 _ X 3 _ X
a aaj, aifa—yiaj:>a =a=-a, a=mw=a, a =a=a
j

According to different presentations of vector algebra in the literature, the vector
product b x ¢ may be represented as either of the following two vectors. Using
gijx = J)ey from the definition (6.2.23), we get the first alterative for the vector

product b x ¢:

—€ € €3
a=bxc=eubldg = Jlepb'cs = —det| —b] by b} | =epbicie
. a G

(6.3.15)

Using the definition (6.3.12);, we get the second alternative for the vector product
b x c:

—€ € €3
a, = b x ¢ = e bifg = \Jfgepb/tg =det| —b} B b5 | = —ejbicie;
- 6 G

(6.3.16)

The vector a,; has the opposite direction of the vector a.

In the present presentation the vector product is defined geometrically in
Sect. 1.2.2 by Fig. 1.9 and the formula (1.2.25) as a coordinate invariant quantity.
This implies that if we do not intend to limit our choices of coordinate systems to
only right-handed systems, or only to left-handed systems, we keep the formula
(6.3.12) for the vector product and the definitions (6.2.23) and (6.2.25) for the
symbols &; and &/*. Then the vector a in Eq. (6.3.15) is the proper vector product
of the vectors b and c.
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The scalar product and the vector product of the vectors a and b when the
vectors are expressed in physical components, are:

) b(k) gi
a.bzzw (6.3.17)
ik V8ii 8kk
axb=ce Y euali)b(i)s, -2 = () (6.3.18)
ik 8ii 8jj
The two formulas are derived as follows. For the scalar product a - b we write:
i ' /) b(k) gik
a-b=(dg)- (b'g,) = a'b'g -g = i) bk) gk _, ¢ 5 15
(d'g) - (V'ge) = a'b'g; - g zk: T
For the vector product ¢ = a x b we write:
! c(l)
c=cg = ——=g =axb
g Z \/ﬁgz
- N - - ) b(i)g"
= (d'g) x (b'g) = a'b'g; x g = d'beug = dblegig =T e ali) bGi)s™
(a'g) x (V'g) g % g e g"'e y; 5 e B
= axb=col Y epali)b(i)e’\/eun/(gigy) = c(l) = 6.3.18
ik
In orthogonal coordinates the formulas (6.3.17) and (6.3.18) reduce to:
a-b=a(i)b(i), axb=c<&eualj)blk) =c(i) (6.3.19)

6.4 Tensor Fields

6.4.1 Tensor Components. Tensor Algebra

In Sect. 3.1 a tensor of order n is defined as a multilinear scalar-valued function of
n argument vectors. Let C be tensor of second order. Then the scalar value of C for
the argument vectors a and b is:

o=Cla,bj=a-C-b (6.4.1)

In a Cartesian coordinate system x with base vectors e; the tensor is represented by
its components:
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C;j = Cle;,¢j] in a Cartesian coordinate system (6.4.2)

In a general coordinate system y with base vectors g; and g’ the tensor C is rep-
resented by either of four associated sets of components:

Cj=Clg.g] covariant components
C’=C[g,g'] contravariant components (6.4.3)
C/=Clg,g/|, C/=Cl[g.,g] mixed components
The formula (6.4.1) may now be presented as:
o=Cla,b]=a-C-b= a"C[gi,g_,-}bj =d'C [gi,gf]bj = aiC[gi,g]-]bj = aiC[gi,gj]bj =
o=Cla,b] =a-C-b=dCyh' =a'Clb; = a;Cib/ = a;,C'b
(6.4.4)

Using the formulas (6.2.27) for the base vectors in the expressions (6.4.3), we find
the relationships between the four sets of components of the tensor. For example:

G =Clg\g] =Cle"e, 8] =¢"Cle, g] ='Cy }
C7=Clg',g/| = Cg"g g'g] = g"¢'Clgi. &] = g"¢"Cu
Cl=g¢*Cy, Ci=gtg'Cy

(6.4.5)

Such operations are called “raising and lowering of indices”.

A tensor C of second order is symmetric if Cla, b] = C[b, a] and antisymmetric
if C[a,b] = —C[b,a]. Symmetry implies that C; = C;;, C7 = /', and C; = C.
For a symmetric tensor we introduce the notation:

ci=cCi=cC (6.4.6)

The unit tensor 1 of second order is by formula (3.1.20) defined by the scalar
product of the any to argument vectors a and b:

1ja,b]=a-b (6.4.7)

The components of the unit tensor 1 in a Cartesian coordinate system x with base
vectors e; are given by the Kronecker delta d;:

1]e;, €] = d; in any Cartesian coordinate system (6.4.8)
From the definition (6.4.7) it follows that the components in a general coordinate

system y of the second order unit tensor are equal to the fundamental parameters of
first order in that coordinate system:
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llg.g] =g g =gy 1[g.8]=¢8=¢

: A A . . (6.4.9)

llg,g'| =g -¢/ =1[g/,g| =¢' g =7
Equation (6.4.5) may be considered as component expressions for the identities
C =1C and C = 11C. The scalar product (6.4.7) may alternatively be expressed
by:

a-b=1[a,b] =dbllg,g'| = dbo! =dab; = ab’ (6.4.10)

The results agree with the formulas (6.3.10).
When the components of a second order tensor C in one y-system are known, we
may find the components of the tensor in another y-system by the use of the

formulas (6.2.13) and (6.2.21. For example:

_ ooy ot oy
Cyj=Clg,g] = o5 By Clgw.g] = o By Cu

Using similar procedures, we obtain the results:

_ ok oy . .
Cj= )i —f Cu covariant transformation
S0y Oy
_. Oy Oy . .
i 9 9V o contravariant transformation (6.4.11)
Oyk Oyt

. Oy oy _ vy Oyl
! = )j . @ 11(7 C = 0y —3) Cf mixed transformations
Iy oy! T Ok oy

(@

A generalization of the results above to tensors of higher order is straight for-
ward. A tensor of order n has in every y-system 2" associated sets of components.
The algebra of tensors using components in general coordinate systems is very
similar to what applies in Cartesian coordinates. However, addition and subtraction
of tensors of the same order must be performed with components of the same kind.
For example, the sum of two tensors A and B of second order is a tensor C of
second order, which may be represented by either of the following sets of
components:

Cyj=A;j+By, CI=A"+BI Cl=A+B, C/=Al+B (6412

The tensor product of a tensor A of order 2 and a tensor B of order 3 is a tensor C of
order 2 + 3 = 5:

k k
A®B=C® AB), =CL

etc. (6.4.13)
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Contraction of a tensor must be performed with respect to indices of opposite kind:
one superindex and one subindex. For example, a vector a may be constructed from
the tensor C of third order in the following manner:

a=Cy, d=C} (6.4.14)

Scalar product, dot product, double dot product, linear mapping, and composition
of tensors, defined in Cartesian coordinates by the formulas (3.2.12, 3.2.15, 3.2.16,
3.2.17, 3.2.20, 3.2.22, 3.2.23, 3.2.24), are illustrated by the following examples:

x=A:B=A"Bj, a=Ab=A b q=Ab" (6.4.15)
d=A:C&d,=A;C], D=AB%& D;=A;B} (6.4.16)

The component form of tensor equations in a Cartesian coordinate system x are
readily translated into component equations in a general coordinate system y as
shown by the following example. Let a and b be two vectors, A and C two tensors
of second order, and B a tensor of third order with the following components in a
Cartesian coordinate system x: a;, b;, A;, Cy, and By. Suppose that these five
tensor are related by the tensor equation:

a=A-b+B:C&a =A4;bj+Bjx Cir (x-system) (6.4.17)

Two possible representations of the tensor equation in a general coordinate system
y are:

ai = Ajb! + By C* & d' = A7b;+ B C*,  (y-system) (6.4.18)

Note that all terms in a tensor equation must be tensors of the same order. In the
tensor Eq. (6.4.14) all terms are first order tensors.

The trace, the norm, and the determinant of a second order tensor B are in a
general coordinate system y given by:

rB = B, = B (6.4.19)
norm B = ||B|| = VBB = |/t(BB") = \/tr(BB") = \/B;;B; (6.4.20)
detB = det(By) /g = det(B/) = det(B]) = det(B")g (6.4.21)

If det B # 0, the inverse tensor B! is found from:
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B 'B=1<B,'BY=/ (6.4.22)

The derivation of the formula (6.4.21) from the definition (3.3.10) of the deter-
minant det B of the tensor B is given as Problem 6.1.

It may be shown, Problem 6.2, that the symbols &/* and &% are components of
the permutation tensor P defined by formula (3.1.25), and that, Problem 6.3, the
following identity holds:

ey = 0007 — 8167 (6.4.23)

6.4.2 Symmetric Tensors of Second Order

Let S be a symmetric second order tensor and a and b two orthogonal unit vectors.
To find the principal values and the principal directions for the tensor we proceed as
in Sect. 3.3.1. First we defined the vector s of the tensor S for the direction a, the
normal component a of the tensor S for the direction a, and the orthogonal shear
component T of the tensor S for the orthogonal directions a and b:

s=S-aes =84
- o (6.4.24)
c=a-s=a-S-a=¢;S,a, t=b-s=b-S-a=0;5a

The principal values ¢; = ¢ and the principal directions a; = a for the tensor
S are determined from the condition:

s=S-a=cas (66, —S})a; =0 (6.4.25)
The condition for a solution of these equations is that:
det(a 8, —8}) =0 ¢ —Io>+1lc — 11l =0 (6.4.26)
I, 11, and III are the principal invariants of the tensor S:

I=tS, I =detS = det(S))

1 1. A (6.4.27)
=3 [(tr S)*—(norm S)z} =3 [SiS; — S, St
The three principal values o; are determined from Eq. (6.4.26), after which the
principal directions a; are computed from Egq. (6.4.25). As demonstrated in
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Sect. 2.3.1 for the stress tensor T, the principal directions are orthogonal. From the
result expressed by the formula (3.3.26), we may write:

(] 0 0
(Sla,a]) =1 0 o2 0 | =(0i0x) (6.4.28)
0 0 g3

6.4.3 Tensors as Polyadics

In Sect. 3.2.2 tensors were expressed as polyadics, i.e. linear combinations of
polyads. For instance, a tensor B of second order with components Bj;, in a
Cartesian coordinate system x, may be expressed as:

B = B',:[ e, e (6429)

We use the formulas (6.4.11) to express the Cartesian components By; in terms of
components in a general coordinate system y and the formulas (6.2.11) to express
the base vectors e; by the base vectors g; and g’ in the y-system. We then obtain
from the expression (6.4.29):

Ox; Ox; .\ [OY" ay* Y Oxi\ (O Oxi\ ..
B =B = (g ) (2 D= (225 (22 ) Big, @ g,
u €6 (3}” Oy ) (axk g,) ¥ <aXI & Ox 0y' ) \ Ox; Oy’ & 08 =

B =0/0/B'g, 0g =Blg0g

Similar expressions for the tensor B are obtained by raising and lowering of indices.
Hence:

B=Bigog =Bgng=Bgxg =Bg g (6.4.30)

The results obtained for second order tensors are readily extended to higher order
tensors. The operations discussed and presented in Sect. 3.2.2 may be generalized
to apply in general coordinate systems. As an example the following operations are
easily verified when D is a third order tensor, B is a second order tensor, and a is a
vector, i.e. a first order tensor:

D a=B<& (D}k gog ® g") - (dg) =D dg g (g g)

| , | )= B (6.4.31)
=Dj dg©g'0 = Dydg g =Bg g
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6.5 Differentiation of Tensor Fields

6.5.1 Christoffel Symbols

The base vectors in a general curvilinear coordinate system are place functions:
g:(y) and g'(y). We shall now find the changes of the base vectors along the
coordinate lines. Using the comma notation when differentiating with respect to the
coordinates y; we write:

g _ k k

The components I'y and I" 5 are called Christoffel symbols of the first and the
second kind respectively. These symbols have their names after Elwin Bruno

Christoffel [1829—1900]. Using the formulas (6.2.11) and (6.2.20) we obtain the
results:

O*x, *x, Ox, r B Px,. Oy

BT oyioy T oyioy ot % T oyl om

By comparing the result with the definitions (6.5.1), we conclude that:

0*x, Ox, *x, M
Ty = 2 Th= 2 9k (6.5.2)
Oy 0y Oyk 7 Oyl dyl Ox, J
In Problem 6.4 the reader is asked to prove the following formulas:
Tl =g"Ty,  Ty=guly (6.5.3)
1
ik =T+ T, Ty= > (gikj + &jki —8ijok) (6.5.4)
gf=-Tig (6.5.5)

In Problem 6.5 the reader is asked to use the formulas (6.5.1, 6.5.3, and 6.5.4)
and (1.1.24) in order to show that:

1 1

Iy = 22 &i= ﬁ (V2)i (6.5.6)

In orthogonal coordinate systems g;; = 0 for i # j, and it follows from formulas
(6.5.4), and (6.5.3), that:



6.5 Differentiation of Tensor Fields 205

Ty =T5 =0 wheni#j#k#i (6.5.7)
In cylindrical coordinates (R, 0, 7) the non-zero Christoffel symbols are:

1
[ =—-T'n =&, Ffzzﬁ, I} =-R (6.5.8)

In spherical coordinates (r,0, ¢) the non-zero Christoffel symbols are:
Tp=-Ty=-Ty=r T=-T3=-T}=rsin’0
1
I3 = T3 =r?sinfcosd, I, =T3,=-, T3 =coth (6.5.9)
375 3
I3, = —sin0 cos0

The Christoffel symbols I'j; and 1"5- ¥ do not represent a tensor. This fact follows

from the following transformation formula relating Tﬁ- and I 5 in two general
coordinate systems y and y, see Problem 6.6:

oo, &y W
[/ ayz ay/ ayt rs 8)_;18)_}] ayr

(6.5.10)

6.5.2 Absolute and Covariant Derivatives of Vector
Components

Curves in three-dimensional space have been introduced in Sect. 1.4. A curve in
space is described by the place vector r = r(p) from the origin O in a Cartesian
coordinate system Ox to a point on the curve identified by the curve parameter
p. With respect to the coordinate system Ox with base vectors e;, the space vector is
given as r(p) = x;(p)e;. The three coordinate functions x;(p) define the curve. In a
general coordinate system the curve is defined by the coordinate functions y;(p).
The length of the curve, from a point on the curve represented by the parameter
value p = pg to the place r(p) = x;(p) e;, is given by the arc length formula,
equation (1.4.5):

dxi dx,‘ _
. dp = ——d length 6.5.11
T b W dp b, arc leng ( )
Do

To obtain the representation of the arc length formula in the y-system, we set:
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dr  Or d(y) dy'

= =g — 6.5.12
dp 9y dp dp ( )

The differentials dy’ = d(y;) are the contravariant components of the vector dif-
ferential dr:

or
oyt

dr = — dy' = g;dy' (6.5.13)

The arc length formula (6.5.11) now takes the form:

4 4
dr dr dy' dyl _
N WOy 6.5.14
() /,/dp o /,/g]dp e (6.5.14)
Po

Po

From this formula it follows that:

ds(p) dy' dyl —
ds = |dr| = dp = i — ——dp = idyldyl =
s = |dr| ¥ \/&i i dp = Vs (6.5.15)

(ds)*= gdy'dy’ and |dr| = ds

The quadratic form g; dy' dy’, which is a scalar, is called the metric of the space Es
because the form relates the general coordinates y to length measurement. The
result (6.5.15) may also be presented as:

(ds)’= dr - dr = dr -1 -dr = dy'g;; dy’ (6.5.16)

For this reason the unit tensor 1 is also called the metric tensor in the Euclidean
space Ej3.

With the arc length s(p) as the curve parameter the curve is represented by the
coordinate functions y'(s). The tangent vector t to the curve is defined as the unit
vector:

driardy"i ; iidy"
ds Oy ds — & ~ds

(6.5.17)

Let o(r,¢) be a scalar field. The change of the field along the space curve
r(y) where y' = y'(s), may be expressed by the derivative:

Ou  Oody _  dy

— = = P = Oy [i 6.5.18
Os Oy ds By ( )
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Because Juo/Os is a scalar the formula (6.5.18) shows that the functions o,;
represent the covariant components of a vector “grad «”, the gradient of the scalar
field a(y), defined in Cartesian coordinates by the formulas (1.6.6) and (1.6.9):

0 0
grad o = a—a = Vo= eia—a = e;0,; in Cartesian Coordinate systems (6.5.19)
T Xi

In a general coordinate system y the expression for the vector grad « is:

0 ) :
grad o = a—: = Vo= g’a—; =ga, (6.5.20)

The del-operator is a coordinate invariant scalar operator defined in a general
coordinate system y by:

V()=¢ a() (6.5.21)

The definition is in accordance with the del-operator (1.6.10) and with the
left-operator (3.4.15) in Cartesian coordinates. To see that the operator is indeed
coordinate invariant, we use the transformation (6.2.21), for reciprocal base vectors
and obtain:

0yi dyl

oy~ ¥ %y T8 oy
(6.5.22)

0 oy’ a() oy oy/ oy’ 0 0 0
V() =g (?:{a;)k k] () 9y _k{aiig;k} ()_71(51 O _ 90

It is convenient to present the formula (6.5.20) as:

oo

3= Vo =o|g =al'g, wherea|=0,;, of=gar (6.5.23)

grad o =

The functions oc|i are the contravariant components of the vector grad o.
Equation (6.5.18) may now be presented as:

do.
-—= dao)-t 6.5.24
7 = (grad o) (6:5:24)
This result is presented as formula (1.6.11) in Sect. 1.6, where it was shown that the
vector grad al is a normal vector to the level surface a(r,t) = o, (7).
For a space curve s(y) along a y'-coordinate line the formula (6.5.24) gives:
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do O dy dy'
G_Z = 8_;‘61_); = (grad o) - t = (grad o) - (d—);g,-) (no summation w.r. toi) =
0
Oy = 85 (grad o) - g

(6.5.25)

This result is also obtained directly from the formula (6.5.20).
The derivative of vector field a(y,7) along the curve y;(s) is a new vector:

da_ O(d'g) 0d dy*  0a _ O(ag) 0a; ; i
ds  Os _6g+ g”kd ds  Os _6sg+alg7kds

Using the formulas (6.5.1) and (6.5.5), we may present the vector da/Js as:

oa [0a" ., a; '
9= {g +a'l’, fk} g = {E — a1 }gl (6.5.26)

We now define absolute derivatives of the vector components a' and a; as the
contravariant and covariant components of the vector da/ds :

Oa dal oa;

T e =gl 6.5.27
Os s & os g ( )
oa° Oda , 0d o da; Oa Oa; :
=2 gk =T e =T T 5.2
3s  Os 8 Os Tt dos  Os & os Gtk (6.5.28)
We write:
od’ ; dyk Oa; ay*
- _ L 5.2
85 Cl sk T ds 7k tk aS = Qijsk—— ds = Ak tk (6 5 9)

Then the expressions for the absolute derivatives of the vector components in
Eq. (6.5.28) take the forms:

od ; oa;
g =da ‘k ) E = Cli|ktk (6530)
where

dly=dy+dTy, al, =a—al} (6.5.31)

The expressions d'|, and a;|, are called covariant derivatives of the vector com-
ponents a' and a; respectively.
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In Cartesian coordinate systems the Christoffel symbols are all zero and the
absolute derivatives of vector components reduce to partial derivatives with respect
to the curve parameter s and the covariant derivatives reduce to partial derivatives
with respect to the general coordinates y:

dat da; Oa ; ; _ ) .
=-——=— andd'|, = d',x = a;|; = a;,x in Cartesian coordinate systems

5s  Os  Os
(6.5.32)

The covariant derivatives of vector components are components of the tensor we
in Sect. 3.4.1 have called the gradient of the vector fielda(y,t). Equations (6.5.30)
is now seen to express the coordinate invariant relation between the vector da/0s,
the second order tensor grad a, and the tangent vector t:

% = (grad a) - t (6.5.33)

We may express grad a as the polyadic, confer the formulas (3.4.6):
grada=d,g;0g" = al,g g (6.5.34)
For a space curve s(y;) along a y;-coordinate line the formula (6.5.33) gives:

dy' ay'
% = g—;d—); = (grada) - t = (grad a) - (d_ysgi) (no summation w.r. to i) =

a,;= 2_; = (grad a) - g; = d'|,g, = acl,g"

i

(6.5.35)

This result is also obtained by differentiating the formulas: a = afg, = a;g* with
respect to y;.

A vector field a(y, 7) is said to be uniform at the time ¢ along a curve y;(s) if the
vector a(y, ¢) has the same direction and magnitude at all points on the curve at the
time ¢. This implies that:

0 od’
a—? =0 5—62 = Oalong the space curve y;(s) (6.5.36)

If the vector field a(y,?) is uniform everywhere in a volume V in space, then:

grada = 0 & d'|, = 0 everywhere in the volume V (6.5.37)
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6.5.3 The Frenet-Serret Formulas for Space Curves

Curves in space were introduced in Sect. 1.4. We shall present the components of
the properties of a space curve given by the coordinate functions y(s), where
s represents the arc length from some reference point on the curve to the curve point
given by the coordinates y;(s), or by a place vector r(s) from some fixed point O in
space to the curve point y;(s). The tangent vector t to the curve is given by formula
(6.5.17). The principal normal to the curve is defined by the unit vector n in
formula (1.4.10), and now presented as:

ldt 1dx , 16

K is the curvature to the space curve and defined by:

[ or ot
= —— 6.5.3
&y os Os ( %)

The binormal b to the curve is defined by the unit vector b in formula (1.4.11), and
now presented as:

dt
ds

K=

b=txn<& b =eut'n* (6.5.40)
The torsion 1 of the curve is defined by the formula (1.4.12):

db db
i —mn = 1= —n-— (6.5.41)

From the formulas (1.4.14) we obtain the formula for the torsion of the space curve
in general curvilinear coordinates y:
dn dn [t dn} - onk

—p-— = (t — = |tn—| = gut'n/ — 6.5.42
! ds (txm) ds s AR ( )

The three Frenet-Serret formulas (1.4.13) for a space curve are in general
coordinates:

g*;cn<:>§—ti*rc"

ds ds "

d on' . .

Dbt 2= — ke (6.5.43)
ds os

db ov

— =1 — =—1n
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Example 6.1. Kinematics of a Particle Moving on a Space Curve

A mass particle is at the time ¢ at the place r(r). The path of the particle is given by
the space curve y; (f). Let s(f) be the path length along the curve, measured from
some reference point on the path to the place r(f). The velocity of the particle is
given by:

_dr _drds ;_dy dy'ds .

=— =—""= = = =5y 5.44
Vou T dsa T Ta T asar (6.5.44)
The acceleration of the particle is:
dv . .dtds dv .
a_E_St—HEE:}a_E_St—HCSH (6.5.45)

The first term in the expression for the acceleration a, st, is the tangential accel-
eration and the second term, K&Zn, is the normal acceleration. The contravariant
components of the acceleration vector a = dv/dr are, according to the formulas
(6.5.45), (6.5.29), and (6.5.30):

S0 Svids : ; . o i o
ad=—=—=—"=\| ks =] = [v’, —|—v’l"’~}vk +vTEVE (6.5.46
ot Osdt ! ! k J dt W )
The contravariant components and the physical components of the velocity
vector v in cylindrical coordinates (yi,y2,y3) = (R, 0,z) are obtained from the

formulas (6.5.44), (6.3.6), (6.5.46), and (6.5.8):

&

v_cir_arclly"_ dR+ d9+ dz—eR+Re9+e':>
Ta oy ar Svar By "By TR o el

v=1vg = (V)= {R 0 2} (R, 0, Z), v=y(i)e] = (v(i)) = (V'V/gi) = {R RO Z}
(6.5.47)
The contravariant components and the physical components of the acceleration

vector a in cylindrical coordinates (yi,ys,y3) = (R,0,z) are obtained from the
formulas (6.5.46) and (6.5.8):

L : . . 1. 1. - RO
1 _ _ 2 _ - TP 3_
= RORD, =0+ Rph 0 R=0+27 o =i=
a—aigié(ai)_{l'é—Réz éJrZR?? Z}(R—Réz éJrZR%g z)

a=a(i)e] = (a() = (a' &) = {k - RI® RO+2R0 :}
(6.5.48)
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6.5.4 Divergence and Rotation of Vector Fields

The divergence and the rotation of a vector field a(y, ¢) are defined by the formulas
(1.6.12) and (1.6.15) respectively. The expression for the divergence of a vector
field a(y,t) in general coordinates y is obtained by application of the formula
(6.5.21) for the del-operator V and the formulas (6.5.35):

. ; Oa i i i i
diva=V -a=g o=g (@g) =g (@lg)=d| =alg =al =
diva=V - a:aiIiZaklk
(6.5.49)

The rotation of a vector field a(y,t) in general coordinates y is also obtained by
application of the formula (6.5.20) for the del-operator V and the formulas (6.5.34):

i Oa ; -
rota=cula=V xa=g/ x , =g/ x (ak|jgk> = 8’/kak|jgl- =
i
1 8 & 8
. B o o A
rota=cula=V xa=¢' ak|jgi:gl] iy gi:ﬁdet Diyl 0,% %

ay a; as
(6.5.50)

In Problem 6.7 the reader is asked to prove the last two equalities in Eq. (6.5.50). In
Problem 6.8 the reader is asked to use formulas (6.5.6) and (6.5.31); to derive the
formula:

divaZV-a:\}g(\/gai),i (6.5.51)

This formula may be utilized to develop expression for V - a in a particular coor-
dinate system.

6.5.5 Orthogonal Coordinates

In an orthogonal coordinate system we introduce the unit tangent vectors e and the
symbols &; defined in Eq. (6.2.34). We also apply the symbol:

h= /g = hihyhs (6.5.52)
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A vector a may be represented by contravariant components a’, covariant com-
ponents g;, or by physical components a(i). From the formulas (6.3.4) and (6.2.34)
we obtain:

a(i) = d'h; = a;/h; (6.5.53)

To express the del-operator (6.5.21) we use the formula (6.2.35), :

V()=¢g g(yl) = Zhley Z(y,? (6.5.54)

From the general formulas (6.5.54), (6.5.51), and (6.5.50) we obtain for orthogonal
coordinates:

1 :
grad o = Vo = Zﬁ o € (6.5.55)
1 0 '
diva=V.a= Eza_yi (h “}Ef)) (6.5.56)
0 y
rotazcurla—an—hZeyk (hg a(k))h; e
ij.k ay
hl 6)17 h2 eﬁ h3 e§ (6557)
) ) )
=0l et a7 o

h1 a(l) hga(2) h3 a(3)

. _ _ 1 0 ([ h Ou
dlvgradoc:V-Voc:Vzoczzga—yi<h—%a—yi> (6.5.58)

In cylindrical coordinates (R,0,z) we have from the formulas (6.2.38) and
(6.5.52): hy = hs =1, h, = R, h = R. The formulas (6.5.55)—(6.5.58) provide the
results:

Oa 1 O Oa

graduEVoc:ﬁ +R80 e)+ — pE e, (6.5.59)
. o 10 1(9(1() Oa
diva = Eﬁ (RaR) + 1_3% + 8_Z (6.5.60)

B 10a, Oay Oag Oa, 10 laaR
rota = eg {R 50 82] +e9[81 6R} +e [R@R (Ray) — R 50 (6.5.61)
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V2 (6.5.62)

10 (p0n\  1Pa Pa_Ga 1oz 1P P
" ROR\' OR R299* 072 OR®  ROR R290® 0O

In spherical coordinates (r,0,¢) we have from the formulas (6.2.42) and
(6.552): h =1, hy =r, hy=rsin0, h=r>sin0. The formulas (6.5.55)—
(6.5.58) provide the results:

oo 1% 1 Oa

gradaEVoc:Eeﬁ— ;89e9+m% €y (6563)
10 2 0 . 1 8a¢
-2 2 %o 5.64
diva r28r( >+rsin089(8m9a0)+rsin0 0¢ (65.64)
1 6 . 1 8a9
fota =€ [—0% (sin 0ay) — —o%} 6569

1 %_2( )|+ 12( )_laa’
O sin0dp  ar V| T o\ T g

divgrad « = V - Vo = V?a

_ Lo (L0ny L o o0y 1 & (65.60)
- P2or ' or r2sin 0 00 s 00 rzsin208¢2

In order to find expressions for the Christoffel symbols of the first kind we first

develop from the formulas (6.5.4) some special results:

1 )
T =T = 2 (8ikyy +8ikoi —&ijk)s &G = hizéjl- =

1 1 1
T ==gun=x (1), 1 =hih T =0, Tin=—=gio=—5(h})p=—hh
111 2g1171 2( 1), 11151 123 ) 112 281172 2( 1),2 11152
1 1 1 1
[ = 582:1=73 (W) =hhy, Tioy= F812=75 () 2= hih1

Keeping in mind the symmetry I';x = Lji, the above results are generalized to the
formulas:

=0 forifj#k#i
Tix = —hih;, no summation w.r. toiand k # i
' ‘ . #9) (6.5.67)
T = v = hihy,; no summation w.r. to k

Iy = Ui = hih;,r,  no summation w.r. to i

For the Christoffel symbols of the second kind we obtain from Egs. (6.5.3); and
(6.5.67) first some special results:
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k k kl i
F F —g Fijl, g _Féj

[y, = &'y = ¢T3 =0,

1
[ =¢'To = g''Toa1 = 5 (~haha1) = — 5 hoy
hy hi
1 1 11 11 1 1
p=Ty=¢gTwu=g¢g T Zﬁfhhm: h_h1727
1 1
Fl—llr — ol —lhh lh
n=8 tim=2§ 111—h2 1= n 1)1

Keeping in mind the symmetry Fk ijl, we may generalize the above results to the

formulas:
; for i i ok h; Oh; . and k £
Iy =0fori#j#k#i, iif—h—ia—yk no summation w.r.to i, and k # i
ri, =T = 1o no summation w.r. to i (6.5.68)
L R I 5.

The covariant derivatives of the vector components a’ and a; are developed from
Eq. (6.5.31). First we develop some special results for the components a'|,:

,_a(i) _ a(i)
dl,=dy+aTi, d= =—"=
lk ‘ i v 8ii h;

a'|, =d', -i-a’l"l =da', +a 1"11+a21"51+a31"§1

1

1 2 3
= ) _h7 _h7 _h7
a1+ah111+ah112+ah113

d (a(1) a(k) 1 Ohy
1y _ 9 (all) ar) 2o
¢ ll_ayl ( hy )+Z B hy Oy

k
1 1 ]Fl _ 1 11—*1 21—*1 31—*1 _ 1 llh 2h2h
al=a,+a jz—a,2+a ntaly+aly =a, +a s ha—a 5,
1

hy
a(l) 1 a(2) hy 1 9a(1) a(2)0hy
h172 — 172*7*}1271

_ 1 da(l) B Ohy
h2 hy hy hy h2

hy 9y

—a(l)5

4
2= h 02 n oyl

The above results are generalized to the formulas:

8yl hk h 8y
j _ 10a(i) alk )8hk
Tk ok h} oy

. j 1
d|, = i (a}(;)) + Z a(k) 1 Oh; no summation w.r. toi
' (6.5.69)

i £k
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Next we shall derive the formulas for the components «;|, = g,-lal| &

i 8a(z) Bhk .
ai|k:hl~2a |k:h187ykia(k) ayl l#k
, 0 [ k) Oh; .
ai|i = hl,zat‘i = hlza—yl <a}(zf)> + Xk:a}(lk)hi P no summation w.r. toi

(6.5.70)

Example 6.2. Covariant Derivatives of Vector Components in Cylindrical
Coordinates

A vector a is expressed in physical, contravariant, and covariant components in
cylindrical coordinates (R, 6, z) in the formulas (6.3.8) and we write:

a = ageg +agep +ae, = d'g; = a;g' < la(l),a(2),a(3)] = [ax, as, a]
(6.5.71)

1 2 3] _ —
[a ,a,a ] = |:aR>§a05a2:|7 [al>a2aa3] = [aR7Ra97aZ]
We shall derive expressions for the covariant derivatives of the contravariant vector

components a* and the covariant vector components a in cylindrical coordinates
(R, 0, ). From the formulas (6.2.37), (6.5.69), and (6.5.70) we obtain the following
matrices:

iy — | LOag 10ap 4 ar 10ay 1Y) = Oag Oay Oag
(a |k) =|rok oo TR ®Roz |’ (at|k) = | R Ry +Rag R7%;
da; da, da da, da; da,
IR 90 0z OR 20 0z
(6.5.72)

6.5.6 Absolute and Covariant Derivatives of Tensor
Components

The results derived in Sect. 6.5.2 for scalar and vector fields, i.e. for tensors of order
0 and 1, will now be generalized to tensor fields of any order.

Let A(y, 1) be a tensor field of order n. The components of the two new tensors:
OA/ds of order n and grad A of order (n + 1), are well-defined in any Cartesian
coordinate system Ox, as presented in Sect. 3.4.1:

O0A 0A;..; . . .
D5 is defined through the components: 3 ’"in Cartesian coordinates (6.5.73)
s s
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0A;..
grad A is defined through the Cartesian components: 8Tk] =Ai.jx (6574)

The following tensor relation is valid in a Cartesian coordinate system, confer the
formulas (3.3.8):

0A 0A;.. . . .
v (grad A) - t < 3 ! = A,.jxtx in Cartesian coordinates (6.5.75)
s s

In a general coordinate system y we write:

A OA;..;
%—S =(gradA) -t & S L= At (6.5.76)

Confer the formulas (6.5.33) and (6.5.30) for tensors of first order. The tensor
O0A/0s is now represented by the absolute derivatives 0A;..;/ds of the tensor
components A;..;, and the tensor grad A is represented by the covariant derivatives
A;..j|; of the tensor components A;..;.

It will be demonstrated below how we may obtain the expressions for the
covariant derivatives of the tensor components. Analogous to the development of
the formulas (6.5.24) and (6.5.35) for scalar fields and vector fields, we obtain in
general for tensor fields of any order:

A;=(gradA)- g (6.5.77)

From the definitions above it also follows that the rules of ordinary and partial
differentiation also apply to absolute and covariant differentiation. For example,
from the tensor equation:

A=bRcs Al =b (6.5.78)
we may compute:
OA _0Ob de _OA} b 3¢
=_ b —<—L="T-r+b- 6.5.79
Os 8s®c+ ®8s<:>5s s G+ Os ( )
grad A = (grad b) ® c+b ® (grad ¢) A}\k = b'|,cj+bici|, (6.5.80)

Equations (6.5.79) and (6.5.80) are true in Cartesian coordinate systems, and as
tensor equations are thus true in general coordinates.

We now seek the expressions for covariant derivatives of the component sets of
a tensor field, which by definition represent the component sets of the gradient of
the tensor field. In order to simplify the presentation, we take as an example a tensor
field C of second order, and we shall find the expressions:
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Cil, = Cly +CITy — CITY, (6.5.81)
Cijly = Cijx —Cyj r, - r]l'k (6.5.82)
Clly = Cly +CV Ty +C' T, (6.5.83)
Cll,=Cli—ClT +Cl1, (6.5.84)

With these expressions for the covariant derivatives of tensor components, the
absolute derivatives of the tensor components may be found from the formulas
(6.5.76).

To derive the formulas (6.5.81)—(6.5.84) we may use either one of three
methods:

1. by application of the transformation rules for tensor components from the partial
derivatives in a Cartesian x-system to the covariant derivatives in a general
y-system,

2. by partial and covariant differentiations of the component form of the
scalar-valued function that the tensor represents,

3. by partial differentiation of the tensor presented as a polyadic.

The first method is straightforward but leads to some lengthy manipulations, and for
that reason the method will not be demonstrated here. The second method shall now
be applied to find the covariant derivative (6.5.81) as follows. Let a and b be two
vector fields, such that according to the formulas (6.5.31):

aily = aig —ar T, b|, = by +b' T (6.5.85)
The scalar value o of the second order tensor C for the argument vectors a and b is:
o = Cla,b] = Cja; b’/

Partial differentiation of this equation yields:
%= Ci ;b + Clapi b’ + Ca; b/ (6.5.86)
Since partial differentiation coincides with covariant differentiation in a Cartesian
coordinate system, Eq. (6.5.86) may also be considered to be the Cartesian form of

the more general tensor equation:

ol = Cilyai b’ + Ciai| b’ + Ca; b, (6.5.87)

Now since |, = a,,, we obtain from Egs. (6.5.87) and (6.5.86) that:
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Clleaib! + [Claih’ + Claib/)] —2j=0 =
Clleaib! + |} (@ —aTh)b + Clai(by +5'T}) |
_ {c}}k @b+ Clay b +Cla, bj,k] —0=

Clleaib! = |Chu i’ + CaiTh b’ = Clait' T | = 0
From the last result we obtain by renaming indices appropriately:
{C;‘k - [C;,k +le' I —C rjl'k} }a,- b =0

Because the vector fields a and b may be chosen arbitrarily, it follows that the
coefficients in the brackets {} must be zero. Hence:

Cily =Cjx +Cj T}y — C; T, = (6.5.81)

The result indicates a general recipe on how to obtain covariant derivatives of
tensor components as a sum of the partial derivative of the component and con-
tracted products of the components and the Christoffel symbols, one product for
each component index. The products are added with a positive/negative sign
according to whether the contracted tensor index is a superscript or a subscript. This
rule applies to tensors of any order.

The third method for finding the covariant derivatives of tensor components will
now be illustrated. The tensor C and grad C are presented as:

C=Clgog/, gndC=Cllgog g (6.5.88)
Substituting the expression for grad C into formula (6.5.77), we get:
Ci=(erad C)- g = (Clgce @g) g = (Clace)d=Claoe =

Ci=(gradC)- g, = C}|kgi ®g
(6.5.89)

The expression for C is also obtained by differentiation of equation in (6.5.88);:
Ch=Ciug0g +Cgu0g +Cgog

By use of the formulas (6.5.1) and (6.5.5), the above equation is rewritten to:
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Ci=[Ch+CT -] g oy (6.5.90)

By comparing the two expressions for C in Egs. (6.5.89) and (6.5.90), we get the
expression for the covariant derivatives presented in Eq. (6.5.81).

A tensor field A(y, t) is said to be uniform at the time ¢ along a space curve y;(s)
if its components in a Cartesian coordinate system are constants at all points on the
curve at the time ¢. This implies that:

0A OA". ;
along the curve y;(s) : v O0and grad A =0 < 5 l=0andA'.;, =0
s s

(6.5.91)
If the tensor field A(y, ) is uniform everywhere in a volume V in space, then:
grad A = 0 & A'.j|, = 0 everywhere in the volume V (6.5.92)

The unit tensor 1 and the permutation tensor P are uniform tensor fields
everywhere in E5. Therefore:

581" (Sgl] i

5sj:§:0, gl]‘k:g”k:O (6593)
Oeiy Ok .

2~ 0, el =], =0 (6.5.94)

Second covariant derivatives of the tensor components C} are presented by:
Cilili =Gl = Cli (6.5.95)

The symmetry with respect to the last two indices follows from the fact that this
symmetry is true in Cartesian coordinate systems. This type of symmetry, which in
fact shows that the order of differentiation is immaterial, is an inherent property of
Euclidean spaces. As will be demonstrated in Sect. 8.5, this property does not in
general hold in the two-dimensional Riemannian space R;.

The second covariant derivatives of a scalar field a(y,7) are components of a
tensor of second order appropriately called the gradient of the gradient of the scalar

fieldo(y, t):
grad grad o = oc|ijgi ®g (6.5.96)

The symmetry implies that we may write:
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For div grad oo = V2a, we obtain, using the formulas (6.5.22) and (6.5.55):
div grad o = V> = V- Vo = (oc|i)\i =af, = af! (6.5.98)

In Problem 6.9 the reader is asked to use formulas (6.5.6) and (6.5.51) to derive the
formula:

Via=—(/gg"m;).i (6.5.99)

1
Ve
This formula may be utilized to develop the expression for V2o in a particular
coordinate system.

The divergence of a tensor field A(y, ) of order n is a new tensor field div A of
order (n — 1) and defined by the components A;..*|,, confer Eq. (3.4.9):

divA =AM g ® .. (6.5.100)

The rotation of a tensor field A(y, ¢) of order n is a new tensor rot A of order n and
defined by the components sika,..k|j, confer Eq. (3.4.13):

rot A =curl A = eijkA,..k[igr ®.®g (6.5.101)

The rotation of a vector field a(y, ) is the following vector rota, confer the for-
mulas (1.6.15) and (3.4.14):

rot a = curl a = &g, & (6.5.102)

The Laplace-operator V* is used to express the divergence of the gradient of a
tensor A of order n, confer formulas (3.4.11):

V2A =div grad A = A" j[jg; ® .. © g/ (6.5.103)
In the Navier equations (5.2.27) in linear theory of elasticity and in the Navier-
Stokes equations (5.3.16) for linearly viscous fluids the divergence of the gradient

of a vector field and the gradient of the divergence of a vector field appear. For a
vector field a(y, 1):

div grad a = V2a = d'lig,, grad diva = d*[}g (6.5.104)
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We shall present formulas for these two vector fields. With the help of the
formulas (6.5.20) and (6.5.51) we obtain the result:

; o1 0

grad diva= V(V -a) :ak'gi:—.[——

( =5, V& OV

The following expression for div grad a = V2a shall be derived:

w (Barle b aee S
V2a {6yf \/gayk(@ )|g v Ved'g o oy )| %

(\/§ak)]gi (6.5.105)

(6.5.106)
We need the result, see Problem 6.10:
1 0 { o i (8@, 8a5)]
Vx(Vxa)=—— g" — ; 6.5.107

The formula (1.6.17), is rewritten to:

div grad a = grad diva —rot rot a < V?a = V(V -a) — V x (V x a)
(6.5.108)

The expression (6.5.106) is now obtained by substitutions of the result (6.5.105) for
V(V -a) and the result (6.5.107) for V x (V x a) into the formula (6.5.108).
In orthogonal coordinates:

Flﬂ<

\/g = h7 gi = hiely'va g =
ay — hka(k)

From the formulas (6.5.99), (6.5.105), (6.5.107), and (6.5.108) we obtain:

18 (h 8
V2 = Z {Ea—yi <ﬁ5>} (6.5.109)
grad diva=V Zh o {h@y ( “Iif))}ef (6.5.110)
hi & | h o d , .
V x (Vxa)= %:Za_yk [(hkhi)z (a_yf (hra(k)) — 8—yk(hia(l))>] e (6.5.111)
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Vza=V(V-a)—V><(an):Z{hii%B%G%?)]}e{

ik

h; 0 h 0 0 . ¥
- Z {ﬁa_yk [W (8_y’ (hia(k)) — 8_)/€(hia<l))>] }ei

ik

(6.5.112)

In the following two examples we record the formulas for the operators pre-
sented in the formulas (6.5.109)—(6.5.112) in cylindrical coordinates (R, 6,z) and
spherical coordinates (r,0,¢). These formulas will be applied in the Navier
equations for linearly elastic materials in Sect. 7.8 and in the Navier—Stokes
equations for linearly viscous fluids in Sect. 7.9.

Example 6.3. Vector Operators in Cylindrical Coordinates (R, 0, 7).
In cylindrical coordinates: h = R, hy = hs = 1, hy = R. Formula (6.5.109) yields:

0? 1o 16 ?

ok T Ror T Rog? T 92 (65.113)

V2 =

Formula (6.5.110) gives:

grad diva=V(V-a) =b = breg+ bpeg+be, =
Par  10agr ag 1 0%ay 1 Oay a,
“OR* "ROR R ROROO R 00 ' R0z
1 &%ag 1 dag 1 Pag 1 0%, (6.5.114)
“RO0GR TR0 T R 9g> | R0z
b &*ag 1 dag 182519 &a,
" 0z0R R Oz ROz00 072

bg

by

Formula (6.5.111) gives:

V x (V x a) = ¢ = creg + cpep + c.€, =
1 Pay 10ag 1 8&ag 0%a, Oag

R=R900R R0 R o | 0:0R 02
1 8%ag 1 0ag Pap 10ay 1 1 8%a, Oas (6.5.115)

“=Roros R o0 ok Ror TRt Koo o
B &ag 10ag 10a, 06%a, 106%ag 1 8a,

= 9R0: R0z ROR OR R0 R o0
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Formulas (6.5.112) gives:

V:a=V(V-a) -V x (Vxa)=d=dgeg+dpey+d.e.=b—c
1 2 Ja
= |V2ag —————]e, = |:V2a9 — gt ﬁa—OR e+ Via.ey

(6.5.116)

Example 6.4. Vector Operators in Spherical Coordinates (r, 6, ¢).
In spherical coordinates:h = r?sin@, hy = 1,hy = r, h3 = r sin0. Formula
(6.5.109) yields:

? 20 1& 1 0 1 o

2 _ Y i - v - e -
V= o o T 2 00? + rZCOtet‘?O + 12 sin® 0 9¢p>

(6.5.117)

Formula (6.5.110) gives:

grad diva=V(V -a) =b=b,e. +boeg+bgey =
_ Paq, 20a, 2 N 1 0ag 1 Oay N 1 d%ay 1 day
T2 T ror 2T o000 290 T rsin0 Ord¢  r?sinf 0¢
1 &ay  cotfday 1 18%a, 20da, cotl Oay 1 %y
by =t — et g ol o
r 96 r2 90 r2sin®0 rd00r  r2 00 r’sin® 0¢  r?sin6900¢
B 1 82a¢ N 2 % N 1 1 &%, cot 0 %
¢ 2sin? 0 o¢*>  r2sin00¢  r*sin00pd0  rsin0dpor  r2sin0 ¢

b,

(6.5.118)
Formula (6.5.111) gives:
V x (V xa) =c=cre ~+cpeg+cpep =
1 1 Oag 1 Oa, 1 day
Cr = ﬁcoteag —+ ;COtGW — ﬁcotew + ﬁ%
l@zao _l@zar 1 % n 1 82a¢ B 1 &a,
robdr 12 90> = r’sin0 d¢  rsin@d¢pdr r2sin® 0 ¢*
1 0*a, 20ay 0O*ay cot® Oay n 1 82a¢
) — —— _ s 7%, T TR
07 sin00r00 rOor 07 ' r2sin0 O¢  r?sinf0¢pal (6.5.119)
B 1 82a9
r2sin” 0 O¢p*
o 1 8251,_%%_82%_ cos 0 @+ 1
¢ Ty sin00r0p  r Or O 2sin200¢ | r2sin0000¢
1 cot@day 1 ay

T 0™ T R a0 P R
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Formula (6.5.112) gives:

Via=V(V-a)-Vx(Vxa)=b—c

_ |v2g, — 24, o 20% 2000 - 2 dagl,
B TR TR0 2 YT 2sin0od |
2 Oa cos0 Oa
V) — —— 2% Y4
" [ O 2 sin? 0 250 r2sin® 0 3(15}!0
1 2 Oa, 2 Oay
+|Viay — + +————cosf—|e
[ % r2 sin20a¢ r2sin?0 0¢p 12 sin2t9COS 8(}’)] ¢

6.6 Two-Point Tensor Components

The content in this section will be applied in the deformation analysis in Sect. 7.3.
With reference to Fig. 6.6 we introduce three coordinate systems: y and Y are
general curvilinear coordinate systems, while x is a Cartesian system. The coor-
dinate sets y and Y may represent two different places in E3. The place y has the
position vector r and Cartesian coordinates x;, while the place Y has the position
vector ry and Cartesian coordinates X;. The base vectors in the Y-system are
gy and g, and in the y-system g; and g'. Upper case and lower case letter indices
shall refer to the Y-system and the y-system respectively.

Fig. 6.6 Threes coordinate systems:general coordinates y and Y, and Cartesian coordinates
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The base vectors g and g& at the place Y are moved to the place y and
decomposed there. We write:

gk =gk g =gxig, g =5¢"g=¢'¢ (6.6.1)

The components gk, gki, g%, and g& are called Euclidean shifters and represent
two-point components of the unit tensor 1 of second order:

0X; 0y

K K [ K ] 6YK axj
0X; Ox;
gki = gik = 8k - & = 1[g, &) = aT,j(a—yJ, (6.6.2)
oYX Ox;
K K K j
gi — g . gi el 1 g s gi = 663
Ki iK K i i1 _ 8_’”(@

- =gk g =1[gF g1 = 6.6.4
gi=g"=g"¢g [gg]a&% (6.6.4)
When the base vectors g; and g’ at the place y are shifted (moved) to the place Y, we
get:

g=o gx=ane, g=e g =g g" (6.6.5)

A vector a may be decomposed at the places Y or y with respect to either set of base
vectors:

a=dg=axgl =dg =ag (6.6.6)

From these expressions we get the following relations between the component sets:

K K i Ki i i
a =g a =g 4, dag =ggdai =gkid
i i K iK K K (6'6'7)
a =grxa =g ag, a; =g, ax =g8ka

We conclude that the Euclidean shifters have the property of moving a vector from
one place in space to another place in space. The Euclidean shifters are functions of
both y-and Y-coordinates.

Let C(y,?) be a tensor field of second order and a and b two argument vectors
fields. The scalar field C[a, b] may now be calculated from alternative formulas, as
for instance:

%= Cla,b] = Cx;a* b' = CXag b' = Cix ' b¥ etc. (6.6.8)
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The components:

Cki = Clgk, 8], CiK = C[gkagi] etc. (6.6.9)
are called two-point components of the tensor C. The component sets are related
through formulas of the type:

Cxi=gkCi, CF=giCf (6.6.10)

Two-point components of a second order tensor C may be used to transform a
vector a at one place to a new vector b at another place. For example, let a be a
vector at the place ry. Then:

b = Cia® (6.6.11)

are the components of a vector b at the place r. For each distinct value of the index
K the components C' and Cix represent a vector at the place r. Likewise, for each
distinct value of the index i the components Ci and Cix represent a vector at the
place ry. In the literature, the two-point tensor components are therefore often
presented as the components of a two-point tensor or a double vector. In the present
exposition, we shall not distinguish between tensors with argument vectors at one
and the same place or at two different places.

A vector field a = a(y, Y) is called a two-point vector field, or a two-point tensor
field of order 1. The components of the vector in both the y-system and the
Y-system are in general functions of the six variables y' and YX, with special cases
when a = a(y) or a = a(Y).

a(y,Y) < a;(y,Y) and ag(y,Y)
a(y) © a;(y) and ag(y,Y) (6.6.12)
a(Y) © a;(y,Y) and ag(Y)

Two— point tensor fields of higher order are defined similarly.

Let C(y, Y) be a two-point tensor field of second order. Since the components Ck
behave as vector components at the places y and Y, we may calculate covariant
derivatives at these places from Eq. (6.5.31):

The Christoffel symbols F};ji and T, refer to the systems y and Y respectively. The
expressions (6.6.14) are called partial-covariant derivatives of the two-point
components of C. If the coordinate systems y and Y are chosen to be identical to the
Cartesian system Ox, the partial-covariant derivatives reduce to:
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kl; :853(’ kL :?)% (6.6.14)
If a one-to-one mapping between the places y and Y is given:
y=yY)eY=Y(y) (6.6.15)
the total-covariant derivatives of tensor components may be defined:
. . ) , . Oyl
Akll; = Akl +AklL i Axlle = Akl + Akl 5z (6.6.16)

6.7 Relative Tensors

The tensor fields presented so far in this book will in the present section be called
absolute tensors fields, absolute vectors fields, or absolute scalar fields. In the
extended definition to relative tensor fields the tensors lose some of their charac-
teristic coordinate invariance. Since relative tensors are used in the literature to
some extend, they will be given a brief introduction here.

An NP-scalar field is defined as a quantity that in every coordinate systems y is
represented by a magnitude «, such that:

o =

N P
(sign Jﬁ) Ol (6.7.1)

X
jy

Nis an integer, P = 0 or = 1, and o is a scalar field. If y is a right-handed Cartesian
system x, it follows that o = 0. In the case P = 0, the quantity is called a relative
scalar field of weight N. A relative scalar field of weight N = 1 is called a scalar
density. From Eq. (6.2.31) it follows that the quantity g = det(g;) is a relative
scalar of weight 2, and that /g is a scalar density. For N = 0 and P = 1 the quantity
o in Eq. (6.7.1) is called an axial scalar. Note that the magnitude o of an axial
scalar changes sign by a transformation from a right-handed/left-handed coordinate
system and to a left-handed/right-handed coordinate system. For N = P = 0 the NP-
scalar is an absolute scalar. From Eq. (6.7.1) it finally follows that the magnitudes
o and o in two coordinate systems y and y respectively, are related through the
formula:

o=\ ¥ (sign 7)o (6.7.2)

An NP-vector field b is defined as a linear NP-scalar-valued function of a vector a:
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o = bla] (6.7.3)

In the coordinate system y the NP-vector field b is represented by the component
sets:

b;=b[g], b =blg] (6.7.4)

It now follows from Egs. (6.7.2)-(6.7.4) that the components sets of b in two
coordinate system y and y are related through the formulas:

Oyk

POy
oy

b; = |J§V’N(Sign %) by, b= |J§’N(Sign %) b (6.7.5)
For P = 0 the NP-vector is called a relative vector of weight N, and for N = 0 and
P =1 the NP-vector is called an axial vector. For N = P = 0 the NP-vector is an
absolute vector. If the vector product of two absolute vectors a and b are defined by
the components /g ;i a’ b* rather then by the components &k a’ b* as in Sect. 6.3,
the vector product becomes an axial vector.

An NP-tensor of order n is defined as a multilinear NP-scalarvalued function of
n absolute vectors. In the coordinate system y the NP-tensor is represented by
component sets defined similarly to the components of absolute tensors. For P = 0
the NP-tensor is called a relative tensor of weight N, and for N = 0 and P = 1 the
NP-tensor is called an axial tensor. For N = P = 0 the NP-tensor is an absolute
tensor. The components /g ¢;; define an axial tensor of third order. Confer the
discussion in Sect. 6.3.

The algebra of NP-tensors follows the rules applying for absolute tensors.
Addition has only meaning for tensors of equal weight N and of the same value of
P. By tensor multiplication the weights of the tensors are added as are the P-values.

Problems 6.1-6.10 with solutions see Appendix

Reference

1. Sokolnikoff IS (1939) Advanced calculus. McGraw-Hill, New York



Chapter 7 )
Elements of Continuum Mechanics Check or
in General Coordinates

7.1 Introduction

In this chapter the basic equations of continuum mechanics are presented in general
curvilinear coordinates. Section 7.2 presents the kinematics and the material
derivative of intensive quantities. In Sect. 7.3 the deformation analysis presented in
Chap. 4 is extended to applications in curvilinear coordinates. The analysis of large
deformations introduced in Sect. 4.5, is generalized in Sect. 7.4. The concept of
convected coordinates is presented in Sect. 7.5. Section 7.6 introduces the concept
of convected derivatives. The components of the Cauchy stress tensor T and the
Cauchy equations of motion, introduced in Chap. 2, are presented in curvilinear
coordinates in Sect. 7.7. Some basic equations of linear elasticity and linear viscous
fluids, from Chap. 5, are the subject matter of Sects. 7.8 and 7.9.

7.2 Kinematics

Figure 7.1 illustrates a reference Rf to which motion and deformation of a material
body will be referred, a reference configuration Ky representing the body at a
reference time ty and the present configuration K representing the same body at the
time ¢, which we call the present time. The reference configuration will usually be
chosen to be real configuration of the body, such that the configurations K and K,
coincide at ¢ = fg.

Figure 7.1 also introduces three coordinate systems fixed in the reference Rf:
(1) an orthogonal Cartesian coordinate system Ox with base vectors e;, (2) a general
coordinate system y with base vectors g;, and (3) a general coordinate system Y with
base vectors gx. In Sect. 7.5 the coordinate system Y will be used as a material
coordinate system imbedded in the continuum.
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F. Irgens, Tensor Analysis,
https://doi.org/10.1007/978-3-030-03412-2_7


http://crossmark.crossref.org/dialog/?doi=10.1007/978-3-030-03412-2_7&amp;domain=pdf
http://crossmark.crossref.org/dialog/?doi=10.1007/978-3-030-03412-2_7&amp;domain=pdf
http://crossmark.crossref.org/dialog/?doi=10.1007/978-3-030-03412-2_7&amp;domain=pdf
https://doi.org/10.1007/978-3-030-03412-2_7

232 7 Elements of Continuum Mechanics in General Coordinates

Fig. 7.1 Body of a continuum in a reference configuration K at the time #, and in a present
configuration K at the time ¢. Three coordinate systems fixed relative to the reference Rf: Cartesian
coordinate system Ox with base vectors e;. General coordinate system y with base vectors g;.
General coordinate system Y with base vectors gg. Particle vector ry (Y). Place vector r(Y, ).
Displacement vector u(Y, 7). Velocity vector v = vig; = vigg

A particle in the body is a material point which at the reference time # is
denoted by Py and localized by the Cartesian coordinates X;, the general coordinates
YX, or the place vector ro(Y), which we call the particle vector. At the present time
t the particle is denoted by P and localized by the Cartesian coordinates x;, the
general coordinates y;, or by the place vector v(Y,t). The coordinates X; and Y are
called particle coordinates, while the coordinates x; and y; are called place coor-
dinates. We use the alternative notations for a particle and for the place of the
particle at the present time ¢, confer the notations (2.1.1) and (2.1.2):

X y!
particle: ro, [X1, X2, X;3], X;), X = | Xo |, Y5, v = | 12
% 1 v (7.2.1)
X1 y
place: r, [x;,x2,x3), x, x= | 0 |,V y=| »?
X3 y3

Note that lower case Latin letters are used as indices in the x-system and the y-
system, while upper case Latin letters are used as indices in the Y-system.

The motion of the body at the present time # may be given by the functional
relationship between the place vector r and the place vector ry, or the functional
relationships between the place coordinates y; and the particle coordinates YX,
confer the expressions (2.1.3):
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r=r(rg,7) or r=r(Y,r), Y=y, ¥ 1) =y(Y1) (7.2.2)

The motion of the body may also be represented by the displacement vector
u(ry, 1), or u(¥,1):

u=u(ry,t) =r(rg,7) —ro or u=u(¥,7)=r(¥,1) —ro(Y) (7.2.3)

Intensive physical quantities are expressed either by particle functions or place
functions. Particle functions are field functions of the particle vector ry, or particle
coordinates Y, at the reference time #(, and the present time z. Place functions are field
functions of the place vector r, or the place coordinates y, and the present time 7.

particle function: f(ro,¢) = f(Y,1) = f(Y', Y?, Y1)

. (7.2.4)

place function: £(r,7) = f(v,7) = f(y',¥*,y*,1)
In accordance with the presentation in Sect. 2.1.1 the coordinates (Y,#) =
(Y', Y%, Y3 1) are called Lagrangian coordinates, material coordinates, or refer-
ence coordinates. The application of these coordinates is called Lagrangian
description or reference description. The coordinates (y,?) = (y!,y%,y%,1) are
called Eulerian coordinates or space coordinates, and their application is Eulerian
description or spacial description.

7.2.1 Material Derivative of Intensive Quantities

Let the particle function f(ry,#) = f(Y,t) represent an arbitrary intensive physical
quantity. For a particular choice of the particle ry or the particle coordinates Y the
function f(ro,t) = f(Y,1) is connected to that particle at all times. The material
derivative of the particle function f is defined as the time rate of change of the
function when it is attached to the particle:

af(r()a t)

f :f(r()’ t) - E I :constant: T - atf(rO’ t) <
| i o=con _ (7.2.5)
f :f(Y7 t) - E Y:constant: ot - alf(y’ t)

This definition is in accordance with the definition (2.1.8) in Sect. 2.1.1.
The velocity v of the particle ry is given by:

v =v(rg, 1) =1 = 0r(ro, 1) = ou(rg, 1) & v=v(Y, 1) = = or(Y,?)
= ou(Y,1) (7.2.6)
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Another expression for the particle velocity v is found as follows.

. Oroy(Y,r)

_ _ (Y1)
v—v(Y,t)—r—ayi 5

ot

=g =g, v = Ve =gl (1.27)

The symbols g& = gK - g; are Euclidian shifters as defined by the formulas (6.6.3),
and vK are components of the velocity vector v with respect to the Y-system at the
place ry.

The material derivative of a tensor field A(ro,7) = A(Y,7) = Ax..Lgx®..®g" of
order n is a new tensor field of the same order and defined by, confer with the
formulas (3.4.27):

A lgengt = At = 2 (Ae) = Alge gl (7.28)

. OA(Y,1)
A= ot

ot

Let the place function f(r,7) = f(y,) represent an arbitrary intensive physical
quantity. The local change of the function f per unit time is:

8fg[’ 0 af (r,1) & 8f(ay[’ )= Of (v, 1) (7.29)

In order to find the material derivative of the place function f(r,7) = f(y,1), we
attach the function to the particle ry, or Y, that takes the place r, or y, at the time
t. Thus we write:

fr,0) = f(x(ro,1),1) & fy,1) =f(3(Y,1),1) (7.2.10)

The definition (7.2.5) of the material derivative of an intensive quantity leads us to
the result:

o _ o L 0,00y (Y1)
B dt ro=constant at 8y1 8t

F=0f,0) +f(, 1),V = Of (v, 1) + (gradf) - v

= alf(yat) +f(yat),ivi =

(7.2.11)

The material derivative of a tensor field A(y, ¢) of order n is a new tensor field of
the same order and defined by the following formulas, confer with the formulas
(3.4.28):

A= gA(y(Y, 1),1) = SA(y, 1) + grad A(y, 1) - v(y,1) & (7.2.12)

Al = A[g,», --7gj] = azAi--j+Ai-~j|ka
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Note that A;../ are components of the tensor A and not the material derivatives of
the tensor components A;..7. The latter are given by:

0

ot ik (A7 (y, )]V (7.2.13)

[Ai..j(y(Y, t),l‘):l = Q [Ai-'j(yat)] + ay

ot

and do not represent a tensor in general coordinates y, only when the coordinate
system y is Cartesian.

Material differentiation follows the standard differentiation rules. For example,
the material derivative of the vector a = B¢, where B is a second order tensor and
¢ is a vector, has the components:

a4 =B e, + B¢y (7.2.14)

This result is easy to prove by use of Eq. (7.2.12) and the differentiation rules for
covariant derivatives.

Because the unit tensor 1 and the permutation tensor P are time independent and
uniform tensors it follows that:

§i=§=0 fr==0 (7.2.15)

The definition (7.2.11) may be used to find the following expression for the
particle acceleration a(y, t):

a=v=0v+(gradv) - v=0v+(v-V)ved =o' +V |} (7.2.16)
If A is a steady tensor field: A = A(y), the material derivative of A may be
expressed by the absolute derivative of tensor components with respect to time.

From the formulas (7.2.12) and (6.5.76) we obtain:

cds  OALI

A =AW =A== 7.2.17
o o= (7.2.17)

. dA . . SA.
A="—oA,. =" 7.2.18
dt ot ( )

7.3 Deformation Analysis

It has been shown in Sect. 4.2 that the deformation in the neighborhood of a particle
Y, or X, is determined by the deformation gradient tensor F defined by the formulas
(4.2.7) and (4.2.8):
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B
dr =F -dro, F=Grad r = —~ (7.3.1)
8r0

drpand dr represent a material line element respectively in the reference configu-
ration Ky and in the present configuration K. In the Cartesian coordinate system
x the relations (7.3.1) are represented by:

dx; = FpdXy, Fy =—— (7.3.2)

In a general curvilinear coordinate system y the motion of the particles in body of
continuous material is given by y (Y, ¢) and the relation (7.3.1) has the component
representation:

oy
oYk

dy' = FidY®, Fi= (7.3.3)

Fli. are two-point components of the deformation gradient tensor F.
The lengths dsy and ds of the material line element in K and K are found from
the formulas:

(dso)*= dry - dry = g dY¥dY*, (ds)*= dr - dr = gydy' dy’ (7.3.4)

We introduce the unit vector e in the direction of the material line element dr, see
Fig. 4.2:

_dny

e= 5 (7.3.5)
Using Egs. (7.3.1) and (7.3.5) we may write:
(ds)?=dr-dr = (F - dro) - (F-drg) = e (F'F) - e(dsp)* = (736)
(ds)* = e (F'F) - e(dso)’= e C - e(dso)’
C is Green’s deformation tensor and is defined by:
C=F'F & Cx =FiFy (7.3.7)

As an alternative to the result (7.3.6) we write:

(ds)*=dr - dr = (F - dry) - (F - dry) = dry - (F'F) -drg =dry-C-dry =
(ds)* = dry - C - drg = CxrdY*dy"
(1.3.8)
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It follows that we can write:

(dso)*= dry - 1-dry = g dY*dy* (7.3.9)

(ds)*—(dso)*= dro - (C —1) - dro = 2dr, - E - dry (7.3.10)

E is Green’s strain tensor and defined by:

1
E=2(C-1) @EKLZE(CKL—gKL) (7.3.11)

| =

If we imagine that the Y-system is imbedded in the continuum and moves and
deforms with the body as a convected coordinate system, the result (7.3.8) shows
that the components Ck; of the Green deformation tensor also represent the fun-
damental parameters of first order for the convected Y-system. This interpretation of
Cg will be utilized below in Sect. 7.5.

7.3.1 Strain Measures

The following strain measures are defined in Sect. 4.1: the longitudinal strain ¢ in
the direction e, formula (4.2.13), the volumetric strain ¢,, formula (4.2.18), and the
shear strain y with respect to two material line elements, which in the reference
configuration are orthogonal and have the directions € and e, formula (4.2.16). The
expressions for these strain measures in general coordinates are:

ds — d:
= il gozve-C-e—lzveKCKLeL—l
ds, (7.3.12)

=vV1+2e-E-e—1=+/1+2eKEg el —1
dv —dv,
7_d tF—1=+vdetC—1=+/det(142E) — 1

(7.3.13)
= \/det(Ck) det(Sk +2E%) — 1
sin y = e-C-e _ EKC[(LEL
\/(é -C- é) (e -C- e) \/(EMCMNéN)(EPCPQEQ) (7 3 14)
. 2¢e-E-e ZEKEKLeL o
sin y = =

VU+2e - E-e)(1+2e-E-e) +/(1+e)(l+e)

¢ is the longitudinal strain in the direction e.
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When the motion 1is expressed by the displacement vector:
u(ro,t) = r(rg,t) — ro, the deformation will be defined in terms of the displace-
ment gradient tensor H:

Ou
H:a—:F—l, Hyr = ug|L = Fxr — 8k (7.3.15)
ro

It now follows that:

C=1+H+H +HH & Cx, = g +ugl|, +urlg +u’|unl,  (7.3.16)

1
E= 2 (HJFHT—FHTH) & EgL = (“K|L+“L|K +MN|KMN|L) (7.3.17)

N =

7.3.2 Small Strains and Small Deformations

The special but very important case of small strains and small deformations has
been discussed in Sect. 4.3. Small strains may be characterized by the inequality:
norm E < 1. The expressions (7.3.12-7.3.14) for the primary strain measures are
reduced to:

e=e-E-e=eKEgel,y=2e-C-e=2"Exel e, =trE = E§ (7.3.18)

Small deformations imply small strains and small rotations. The condition of
small deformations is defined by the formulas (4.3.5) and (7.3.15):

norm H = y/tr(HHT) = | /uf || < 1 (7.3.19)

Note that the components uX|, are dimensionless quantities. The expressions
(7.3.16-7.3.17) for the Green deformation tensor C and the Green strain tensor
E may be approximated by:

C=1+H+H" & Cx, = g +ux|, +ukl, (7.3.20)

E=-(H+H") & Ex = = (ux |, +uk|,) (7.3.21)

N —

1
2

If we further can assume that the displacements are small, such that the K, and
K are configurations close to one another, the place coordinates y; may be used as
particle coordinates. The expressions (7.3.21) are now written as:
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1
E=Z(H+H') & B = (ui|j + u,»|i) (7.3.22)

N =

The tensor E defined by the formulas (7.3.21) is the strain tensor for small
deformation.

The three characteristic strain measures at a particle Y: the longitudinal strain ¢
in the direction e, the shear strain y with respect to two orthogonal directions e and
e, and the volumetric strain ¢, are now expressed by:

e=e-E-e= eiui|jej, y=2¢-E-e= Ei<ui|j+uj|i)ej, & =trE = 4|, (7.3.23)

The rotation tensor for small deformations R is defined by formula (4.3.20) and
now by:

| - 1

R=>(H-H") &R :5(14,-|j—u_,-|i) (7.3.24)
The principal directions of the strain tensor E rotates a small angle determined by
the rotation vector in the formula (4.3.21):

1 . 1 ., -
g = = e™ Ry (7.3.25)

1 1
Z:Equ<:>z’:7£”kuk|j:§8 3

2

We shall now present coordinate strains for small deformations in orthogonal

coordinates. First we present the physical components u(i) of the displacement
vector u, according to the formulas (6.5.53):

=

! . ; 1 .
u=u(i)e] ©u(i)=u'h=—.e = 8= hig' (7.3.26)

1

=

e’ are the unit tangent vectors to coordinate lines in the orthogonal system y. The
physical components of the strain tensor for small deformations E are defined by:

;1
&jj :E(ll) :eyEe’ Eii

; L= no summation w.r.t i
h:
1

= ﬁ”i‘i
1
hih;

(7.3.27)

y 2
vy = 2E(ij) =2€} -E-¢ =~ E; =

hihy b )

Using the formulas (6.5.70) we obtain from the formulas (7.3.27):
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1
E; =

& = E(ll) = ﬁ

Oh; u(] . .
Z h no summation w. r. to 1

)3 ()

2 hi 0 (u(i
vy = 2E(if) = hlhjE”:EW(

(7.3.28)

& = rE = E(ii) = ;lzai (h;‘l(’)> (7.3.29)

The physical components of the angle of rotation z in formula (7.3.25) becomes
according to the formula (6.5.57):

(i) = Zh_];j;eijk%[hku(k” (7.3.30)

The results of applying the formulas (7.3.28-7.3.29) in cylindrical coordinates
and spherical coordinates are presented in the examples below.

Example 7.1 Physical Components of E in Cylindrical Coordinates.
(R,0,2):u = [ug,up,u;], hy =1, h, =R, h3 =1, h =R. The formulas (7.3.28-
7.3.29) yield:

ER VR9/2 "/Rz/z
(E@) = | vor/2 €0 V0:/2
VzR/z Vz@/z &z

Jug L Oug . RO (ug) 10u , 10ug
OR 3% 0 T 20R (R) 20k T 20
— | Lo |\ RO (wg) 10up | ug 10up 1 Ou
- 2R80+28R(R) Ro0 T R 2o: T 2R a0
10uz | 10ug 10ug 4 1 Ou Jug
2[“)R+2 Z 202+2R80 0z

=wE=E(i)=eg+egt+te=—+— +—— +——

Example 7.2 Physical Components of E in Spherical Coordinates.
(r,0,¢) :u= [u,, ug,u¢],h1 =1,y = r,h3 = r sin0,h = r* sin 0. The formulas
(7.3.38-7.3.43) yield:

&r ’VrH/Z yr¢/2
(EG) = | v0:/2 &0 704/2
Yorl2 Vg0/2 &g
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ou, 10uy u, 1 Ouy u coth
=- ——up

T T e T T T o T T
_ 10u, 0 ruy 1L Ou  sin0 0 /uy
”“75?”5()’%_mmM%+ r@QmJ’

0 (uy 1 Ou,
Yor =" or (7) r sin 0 O

r

Ou u 1 0u ou
o= B = B(i) = oty o = gk + 4 2004 O

7.3.3 Rates of Deformation, Strain, and Rotation

The velocity gradient tensor L, the rate of deformation tensor D, and the rate of
rotation tensor W at the time ¢ are introduced and defined in Sect. 4.4. The com-
ponents of these tensors in a general curvilinear coordinate system y are directly
transformed from the corresponding expressions in a Cartesian coordinate system Ox:

ov
L:gradvza(:)L,j:v,ﬁj (7.3.31)
1 , 1
D=>(L+L )@Dijzi(v,»\j—kvjb) (7.3.32)
1 ; 1 1
W= 5 (L —L ) & Wy = 5 (Vi‘j — Vj|i) = 5 (vi»j _Vjai) (7333)

The last equality follows from the fact that the rate of rotation tensor is
antisymmetric.

The longitudinal strain rate ¢ in the direction e, the shear strain rate 7y with
respect to two orthogonal directions e and €, and the volumetric strain rate &, have
been defined in Sect. 4.4. The expressions in general coordinates are:

i=e-D-e=¢Djel = eivi|jej (7.3.34)
5=2e-D-e=2eDyel :Ei(v,-|j+vj|i> el (7.3.35)
& =trD =divv = Dl =, (7.3.36)

The principal directions of the tensor D rotate with the angular velocity w:
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1 o1 1 .
WZEVXV@W’ZESI"kaJ:ES”kaj (7.3.37)

To find the physical components of the rate tensors in orthogonal coordinates we
first present the physical components of the velocity vector v:

, ) 1 .
v =v(i)el < v(i) = vih; = %,e{. =g = hg (7.3.38)

The physical components of the rate of deformation tensor D are defined by:

1

. .. 1 . .
&i =D(ii)=¢ -D-e = ﬁDﬁ = h_2Vi|i no summation w.r. to i

I (7.3.39)
35 = 2D(ij) = 2¢/ - D ej—th- hh(v,|+v,|) i#]

Using the formulas (6.5.70) we obtain from the formulas (7.3.39):

. o1 a (v(i) v(j) Oh; _ ,
&ij = D(u) = h_12 D = 6’_y’ ( I ) + ZJ: ik, Dy no summation w.r. to i

2 hi ) V(l) h.j 0 V(/) ; 7
by = 2D(j) = th anj(hi)+58yi<hj 7
(7.3.40)

. = trD = D(ii) Zay (hv’ ) (7.3.41)

l

The physical components of the vorticity vector ¢ = rotv are according to the
formulas (6.5.57):

Ze,]k {hev(k }:c(l)zﬁ(%[hv@)] 883[h2v( )]) etc.

(7.3.42)

In Cartesian coordinate systems the vorticity vector ¢ and the rate of rotation tensor
W are according to Egs. (4.4.12) and (4.4.15) related through:

1 . . .
ci=ep Wy W;=— 5 Ciik Gk in Cartesian coordinate systems (7.3.43)

In orthogonal coordinate systems we define the physical components of ¢ and
W through relations similar to the relations (7.3.43):
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c(i) = eip W(kj) & W(ij) = _%eijkc(k) (7.3.44)

From Egs. (7.3.44) and (7.3.42) we obtain:

11

= 57 12v@)]s = [3v(3)]) ete. =

W(23) = — 56231 C(l)

L1 (7.3.45)
W(ij) = iy (v (D)) = [hv()] 1)

The results of applying the formulas (7.3.40-7.3.45) in cylindrical coordinates
and spherical coordinates are presented in the examples below.

Example 7.3 Physical Components of D, W and c in Cylindrical Coordinates.
(R,0,2) : v=[vg,vo,v;],h1 = 1,hp =R,h3 = 1,h =R. The formulas (7.3.40-
7.3.45) yield:

ér Tro/2 Tr/2
(D@) = | 7r/2 &0 T0./2
q).)zR/2 q).)2(9/2 éZ

v 1Ok ; RO (v 10v: | 10w

OR 2R86+28R(R) 28R+201

— | Lo 4 RO (m 10ve 4 v 1ovg 4 1 9v.

= | =a + 5% %) oo T R 2o: T R0
10v: | 10w 10vg 4 1 Ove ov:
2R+2z 20z+2R8() 0z

. . 10 0
SVZII‘DZD(ZZ)=8R+89+SZ=£+VER+E% 8—V;

0 Wgy Wg,
(W@Ei) = | Wer 0 Wy,
Wi Wy 0
0 L |ovg _ ORvo)| LD O
2R | 90 aR 2|3R ~ oz
B {M _ 0<va>} 0 1 {@ _ Ld_v]
= 2R |90 R 2| " Ra0
1{%_m} _L[%_M_v} 0
2 | OR 0z 2|0z R 00
10v, 0w Ovg  Ov,
D=cg=2Wy==-—2——¢(2)= 2Wg, = -
C( ) CR z0 R0 0z ,C( ) Co Rz P OR

c3)=c,=2Wpr = 1 [a"R _ a(RVo)}

T R|00  OR
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Example 7.4 Physical Components of D, W and c in Spherical Coordinates.
(r,0,0):v= [v,, ve,\/(f,],hl =1,hy = r,h3 = r sin0,h = r* sin. The formulas
(7.3.38-7.3.43) yield:

e /2 /2
(D) = | 7o-/2 &0 Tog/2
Tor/2 Te0/2 &

O L0 v 1 vy v cotf
N 07500 T " T rsin00¢ | r r v
. Low, O e\ . 1 0Ovg sin0 0 /vy
=50 ”ar(r)”"d’*rsineaq;+ -0 )
0 1 Ov,

)

or\r r sin 0 O¢
0 Wy W,
¥ ! ’ 1 [ov, O
(W@) = Wor O Woy |, Wog = =Wo, =5 |55 = - (rvo)
Wer Wgo O
_ _ 1 Ovg 0 .
W9¢ = *Wqﬁf) = m |:% % (Sln@v@],
1[0 1 Ov,
Wor = =W,y = P [5 (rv¢) — M&b]
— _ _ 1 8 . 61/9
c(l) =c, =2Wy = D {89 (sin Ovg) 8(;5}’
1[1 dv, 8
C(Z) =cp = 2W,¢ = ; |:S"198¢ — 5 (FV¢):|
179 v,
0(3) =Cp = 2Wo, = ; |:6_ (VVQ) — 8—12):|

7.4 General Analysis of Large Deformations

The deformation of a differential material line element dry from the reference
configuration K; to the line element dr in the present configuration K may be
decomposed into a deformation of pure strain and a rigid-body motion as discussed
in Sect. 4.5 and illustrated in the Figs. 4.15 and 4.16. In addition to the deformation
the line element may experience a displacement u. The decomposition of the
deformation, which does not necessarily represent the actual deformation of the
material, may be considered in two alternative ways. We applied the coordinate
systems presented in Fig. 7.1.
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In the first alternative let the material be subjected to pure strain through the right
stretch tensor U, transforming the line element dr, = dYX g, emanating from the
particle Y at the place ry to the line element dr:

dr = U -dry & dY*" = Uk dy¥ (7.4.1)
Then the line element dr is rotated to give the element dr:
dr =R-dr < dY" =R} av* (7.4.2)

Finally, the line element dr is given the displacement u from the place ry to the
place r with coordinates y, and becomes the element dr = dy'g;:

dr = dt < dy' = ghdV" =

o 7.4.3
dr = dt = RU - dry < dy' = g\R) Ugdy*¥ (7:43)

The symbols are Euclidean shifters as defined by the formulas (6.6.1).

In the second alternative of deformation decomposition the material line element
dry is given a displacement u and moved from the reference place r( to the final
place r. The element dry is then represented by the element dry emanating from the
place r:

dty = dry & dy = g, dv" (7.4.4)

Then the line element d 1 is rotated according to the rotation tensor R to give the
element dr:

di = R-d¥y < dy’ = Rldy} (7.4.5)

The element is finally subjected to pure strain through the left stretch tensor V,
transforming the element from dr to dr:

dr:V-df'@dy":V;dj;fj

) . (7.4.6)
dr = VR -d¥y = VR -dro = dy' = VIR]g\dY

The displacement gradient tensor F is defined by the relation (4.2.7) and
expresses the relation between the line elements dr, and dr:

F = Gradr = ﬁ,dr =F-dry (7.4.7)
81’0

The results (7.4.3) and (7.4.6) show that the displacement gradient tensor F may be
decomposed in either of two ways:
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F=RU = VR & F}, = g\ R) Uy = VIRlg}, (7.4.8)

The decomposition (7.4.8) represents the polar decomposition theorem presented in
Sect. 3.8 with an analytical proof, and in Sect. 4.5 with a proof equivalent to the
proof presented above.

When the present configuration K is used as reference configuration it is con-

venient to introduce the inverse deformation gradient tensor F~':

YK
F! E%@Fi‘”(:aa—i:dro =F!.dr (7.4.9)
y

The inverse deformation tensor, also called Cauchy’s deformation tensor, is defined
by:
B! =F'F'<B;'=F'"F/ (7.4.10)

l

It follows that:
(dso)*= dr - dro = dr - B - dr = dy' B;' dy’ (7.4.11)

Euler’s strain tensor E, also called Almansi’s strain tensor after Emilio Almansi
[1869-1948], is a symmetric tensor defined by the expression:

(ds)*—(dso)*= 2dr - E - dr (7.4.12)

From the relation (ds)*= dr - dr = dr - 1 - dr and the formulas (7.4.11-7.4.12) we
obtain:

Fola_B B = L(s
E=3(1-B7").E=5(5-5") (7.4.13)

g

The following formulas are to be derived in Problem 7.1:

1
E; = (gi ‘w; +giu, -y .u,j) =5 (u,-|j+uj|l. - uk|iuk|j) (7.4.14)

1
2

E=F'EF & Ex, = E; Fi F] (7.4.15)

7.5 Convected Coordinates

The coordinate system Y presented in Fig. 7.1 to represent the reference configu-
ration Ky of a body of continuous material is now assumed to be imbedded in the
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continuum, which implies that the coordinate system moves and deforms with the
material. The system is called a convected coordinate system. Convected coordinate
systems are used in Rheology to describe constitutive models for non-Newtonian
fluids, see the author’s book Rheology and Non-Newtonian Fluids [1].

The base vectors and the fundamental parameters for the Y-system are place and
time functions. The base vectors of the convected Y coordinate system are denoted
by ¢k and defined by:

or(Y,1)
oYK

(Y, 1) = = cx(Y,1,) = ge(Y) (7.5.1)

The reciprocal base vectors ¢X (Y, 1) are defined by:
ke =0F (7.5.2)
The fundamental parameters for the Y-system are:
Cxr = Cxr(Y,1) =cx -¢p, CKE = CKE(y 1) = K - (7.5.3)

The length dsy and ds of a material line element in the two configurations K, and
K are respectively given by:

(dso)*= gk dYX dY*, (ds)*= Cy dYX dy* (7.5.4b)

The components Cgr (Y, ) now represent two tensors in the Y-system: In the for-
mulas (7.3.7) and (7.3.8) Ck.(Y,t) are components in K of the deformation tensor
C. In Eq. (7.5.4), the components Ck(Y,?) are fundamental parameters in the
convected Y-system and components of the unit tensor 1 in K. In particular:

Ckr(Y,t0) = gxr(Y) (7.5.5)

The components CXE(Y,t) also represent two tensors in the Y-system: con-
travariant components in Ky of the deformation tensor C and fundamental
parameters in the convected Y-system in K, and components of the unit tensor 1 in
the Y-system in K. In particular:

CKE(Y 1) = ¥ (Y) (7.5.6)

It follows from the expressions (7.3.11) that in convected coordinates the
components Ex;, of the strain tensor represent half of the change in the fundamental
parameters from gg; in Ky to Cgz in K.

If the y-system in K is chosen such that the coordinate system coincides with the
convective Y-system at time ¢ then:
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3yi i
oYk~ %k

" (7.5.7)
The Egs. (7.5.7) and (7.4.15) show that the matrix of Green’s strain tensor and the
matrix of Euler’s strain tensor become identical for this choice of the y-system.

If the motion from K, to K is given by the displacement vector u(Y, ) in
Eq. (7.2.3), then:

or O Ow 0w
YK oYK " gyk  BK T gyK

cx = (7.5.8)

ou ou Ju Ju
CKL:cK'cL:gK'gL—I—gK'W—i_8YK.gL+3YK.W:> (7.5.9)

Ckr = gk +uk|, +urlg +MN|KMN|L

Note that the displacement components ux and uX are related to the Y-system in Ky:

ug =u-gg, u¥ =u-gf (7.5.10)
and that covariant differentiation is to be performed in K, with Christoffel symbols
based on the fundamental parameters gg;.

Alternatively we may use the displacement components ux and uX related to the
Y-system in K:

ug =u-cg, uf =u-cf (7.5.11)

For simplicity we use the same symbols for the displacement components here.
Using the result (7.5.8), we obtain:

8kL = 8k " 8L = (CK - 11,1() : (CL - llA,L)
=Ck-C—Ck-U,—Ug-Ct+Ug -U; = (7512)

Crr = gxr + x|l +urllx — u"||gunl,
Covariant differentiation is now marked by a double vertical line to indicate that it
is to be performed in K and with Christoffel symbols computed from the funda-

mental parameters Cg;. The strain components Ex; in the formulas (7.3.17) will
have two different forms:

1
Ex :E(MK\L+ML|K+MN|KMN|L) (7.5.13)

Exz. = — (ugll, +urllx — u"||gunll,) (7.5.14)

N =
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Note the two sets of the strain components Ex; in the formulas (7.5.13) and
(7.5.14) are identical, while the displacement components ugx and the covariant
differentiations are not the same. Comparing the formulas (7.5.14) for the com-
ponents of Green’s strain tensor with formulas (7.4.14) for the components of
Euler’s strain tensor, we see that the two components set are identical if we choose
a y-system that coincides with the Y-system at the present time .

Example 7.5 Simple Shear

Figure 7.2 illustrates the deformation of a material block from the reference con-
figuration Kj at the time 7, to the present configuration K at the present time z. Ox is
a Cartesian coordinate system. The coordinate system Y is attached to the body and
moves and deforms with the body as a convected coordinate system. The defor-
mation is called simple shear and is described by:

xi(YL Y20 =Y + B(1) Yo, x(Y?) = Yo, x3(Y°) =Y (7.5.15)
p(2) is a scalar function of time and fS(#p) = 0. Compare the deformation simple
shear with simple shear flow in Example 4.1.
The inverse mapping of the mapping (7.5.15) is:
Y ' (x,x1,0) = x1 — P(0)x2, Y2 (x2) = x2, Y3 (x3) = x3 (7.5.16)

The matrices for Green’s deformation tensor C and Green’s strain tensor E will be
computed. First we compute:

o 100 o 1 B0
k) =10 L o). (ap)=(0 10
v \0 0 1 ¢ \o 0 1

The base vectors ¢g and the fundamental parameters Cg; for the Y-system are
found from the formulas (6.2.11) and (6.2.27):

Fig. 7.2 Deformation of a ¥
material block from 7
configuration K at the time #,
to configuration K at the time
t. Cartesian coordinate system
Ox. Convected coordinate
system Y

x=(1+81)
Y=l
Kot @1

0lo
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or N or axi axi

(Y:1) = 5% = o vk —ayr e k(Fih) =ex
I g o0
CKL(Y,I):CK'CL<:>(CKL): p 1+ﬂ2 01,
0 0 1

Ckr(Y,t0) = gx(Y) = 0k

The components of Green’s strain tensor become are obtained from the formula
(7.3.11):

(Exr) = (%(CKL - gKL)) =

N —

0 p 0
B B 0
0O 0 O

Because the Y-system in K|, is Cartesian the non-zero coordinate strains &y, and 7y,
are obtained from the Egs. (4.2.13) and (4.2.16):

en=11+2e E-eg—1=/1+2En—1=/1+—1

. 2e1 ~E~e2
S1n Y =
V12 \/1+2€1-E~61\/1+292~E~62
2E1 B

- VI+2E;, \/1+2E22_\/1+/32

These results are easily obtained directly from Fig. 7.2. For small deformations:
f<1l= ﬁ2 < f, the strain matrix and the non-zero coordinate strains are:

[0 B O
(EKL):E B 0 0|, yp=8
0 0 O

7.6 Convected Derivatives of Tensors

A tensor quantity that is independent of the choice of reference, is called a reference
invariant tensor or objective tensor. Tensor quantities dependent of the choice of
reference, are called reference related tensors.

In this section we apply convected coordinates Y with base vectors cx (Y, ). The
material derivatives of these base vectors are:



7.6 Convected Derivatives of Tensors 251

0 or 0 Or Ov

cKZaW:WE:WEV,K (761)

v is the particle velocity vector. The components of the material derivatives of the
base vectors are covariant derivatives of the velocity components:

éx =[x o (7.6.2)
It is straight forward to show that, see Problem 7.2:
e = K|, (7.6.3)

Let a(Y, 7) be a convected vector field, i.e. a vector field associated with the
particles in the material we are considering:

a=dafcx =ag X (7.6.4)
The material derivative of a is:

. daX . 0
a=2af Cx = |:gt —|—aLVK||L] Cx, a=ag k= |:aK — aLVL|K:| c (7.6.5)

a is a reference related vector field, while the two vector fields defined by the
components:

OaX Odag
0.d® =——, doag = —
a ag 81

- (7.6.6)

are objective. The expressions (7.6.6) are called convected differentiated vector
components. It follows from the expressions (7.6.5) that the vectors defined by the
components (7.6.6) are two different vector fields. In order to determine the com-
ponents of these vectors in a reference fixed coordinate system y, we rearrange
Eq. (7.6.5) to:

0.d® = a* — VX, Oax = ak +apV||x (7.6.7)

Because these equations are tensor equations, they may directly be transformed
to the fixed y-system:

o  9d .
Od =d —dv|, = Fat + d| v —ad", (7.6.8)
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o.a; :ai+akvk|i :% +a,~|kvk+akvk|i (7.6.9)
Note that the convective derivatives of the contravariant and the covariant vector
components do not result in one and the same vector. The vector field defined by
Eq. (7.6.8) is called the upper-convected derivative of the vector field a, and the
vector field defined by Eq. (7.6.9) is called the lower-convected derivative of the
vector field a. The two derivatives are also presented as:

a¥ =a—La& a" =d —v|,d" upper—convected derivate of a (7.6.10)

a’ =a+L'a < a® = & +v!|;ax lower—convected derivate of a (7.6.11)

Convected differentiated tensor components are defined by their representation
in a convected Y-system in which they are given directly by the material derivatives
of the tensor components. As an example we consider a second order tensor B. The
convected derivatives of the components BX in the Y-system are defined by:

0
o.BY = EB’L( (7.6.12)
If B is an objective tensor then so is the tensor defined by the components (7.6.12).
One set of components of this tensor in the y-system is denoted O, B} and is found as
follows. Let a and b be two objective vectors. The scalar « = B[a, b] may alter-
natively be computed from:

o = B} agb", o = Bia;b’ (7.6.13)

Then we may write:
& = 0.Byaxb" + By d.axb" + Bf ax 0.b" (7.6.14)
o= B;aibj+B;&ib]+B}aib] (7615)

Equation (7.6.14) is transformed to the y-system:
& = O.Blaib’ + Bjd.aib’ + Bja; 0.b’ (7.6.16)

The formulas (7.6.8-7.6.9) are used for d.a; and O.b’ in Eq. (7.6.16), and then
Eq. (7.6.15) is subtracted from Eq. (7.6.16). The result is:



7.6 Convected Derivatives of Tensors 253

[@Bj - B§+vai|k - B};vk\j ab’ =0

Because the vectors a and b may be chosen arbitrarily, the expression in the
brackets must be zero. Thus we have the result:

0.B; = B, — B{V'|, + Bj"; (7.6.17)

When the material derivative and the covariant derivatives in Eq. (7.6.17) are
written out in detail, we shall see that the terms with Christoffel symbols are
eliminated, and that the result is, see Problem 7.3:

i 0 i i i
0B :5Bj+Bj‘kvk — BV + B, (7.6.18)
Oldroyd [2] derived the formula (7.6.18) by evaluating the material derivative
9.BYX from the transformation equation:
x_0Y Koy .

f = v (7.6.19)

The result is then substituted into the transformation equation, see Problem 7.4:

oyt oyt o

i
O B; = vk ays OB

(7.6.20)

Now we define two tensors by their components in the fixed y-system and the
corresponding components in the convected Y-system:

0
Oc Bjj in the y—system < &BKL inthe Y —system (7.6.21)
i 9 LKL
O BY in the y—system < aB inthe Y —system (7.6.22)

Starting with the representations o = Bja'b’ = BYa; b; for the scalar o = Bla, b]
and following the procedure that gave the result (7.6.17) we can derive the for-
mulas, see Problem 7.5:

0:By = By + By*|, + Bw*|,, 0.B" = B' — B[ —B"V/|, (7.6.23)
The results (7.6.8), (7.6.9), (7.6.17), and (7.6.23) show a pattern for constructing

the convected derivatives of objective tensors of any order. Note that the convective
derivatives of the tensor components of different types do not result in one and the
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same tensor. For a second order tensor B it is customary to let the components
(7.6.23), define the lower-convected derivative of the tensor B, while the compo-
nents (7.6.23), define the upper-convected derivative of the tensor B. Special
symbols are introduced for these two tensors:

B*=B+L'B+BL &

: lower—convected derivative of B 7.6.24
Bé = B,;,-—|—vk|l.Bk,-—|—B,-kvk‘ ( )

Jj

B =B-LB-BL” &

BV — i — vi| BY — By, upper—convected derivative of B (7.6.25)

These tensors play an important role in constitutive modeling of non-Newtonian
fluids, see the author’s book Rheology and Non-Newtonian Fluids [4].

7.7 Cauchy’s Stress Tensor. Equations of Motion

The stress vector t on a material surface through a particle P and with unit normal
n is determined by the Cauchy stress theorem (2.2.27) and is in a general coordinate
system y represented by the three sets of components T, Ty, and T};:

t=T ner="y=Tn t=Tn="Tin* (7.7.1)

T is the Cauchy stress tensor. The normal stress ¢ and the shear stress t on the
surface are given by (Fig. 7.3):

c=n-t=n-T-n=nT.n

(7.7.2)
T1=Vt-t—o? =ty — o>

We shall develop expressions for the stress vector t;, the normal stress o;, and the
shear stress 7; on a coordinate surface y' = constant. The unit normal vector to the
surface is:

Fig. 7.3 Stress vector t from
a particle P on a material
surface with normal

n. Normal stress ¢ and shear

stress T
I
material surface
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(7.7.3)

In order to simplify the development we start by showing the stresses on the
material coordinate surface y* = constant in Fig. 7.4. From the formulas (7.7.1-
7.7.3) we obtain:

) Tk3
=T =4 ="T"n=—°r (7.7.4)
3 : PEE
1 1 733 P
_ .3 3 _ 33 _ _ k 2
o3=n"-T-n —?T g33_F’13_ l3l3k—(0'3)

TRT?
=/ g33k — (03)? (7.1.5)

On a coordinate surface y' = constant, we write:

. Tki Tii TkiTi
ti:T'nl:>l]f:—”7O'i:f,‘L’i:Z iik—(O'[)z (776)
gu g T g

The shear stress t; has two components on the material coordinate surface
y' = constant:

I

-t . . =
8kk 8kk gt \/gug'

(71.7.7)

Fig. 7.4 Stress vector t; from a particle P on a material coordinate surface y* = constant. Unit
normal vector n® = g*//g%. Normal stress o3 and shear stress 3. General coordinate system y.
Coordinate lines y!,y?, and y?
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7.7.1 Physical Stress Components

The physical components of the stress vector t; are denoted by 14, and are by Green
and Zerna [3] called the physical stress components. Figure 7.5 shows the physical
components 713, T3, and 733 of the stress vector t;. Note that while 7,3 and 7,3 are
shear stresses, the component 733 represents in general both a shear stress and a
normal stress.

According to the general definition (6.3.4) of physical components of a vector a:
a(k) = d*\ /g, we get:

ki

T =T gﬁ:ff ik =

i =V 8k =
8 V8 (7.7.8)

Thi = Tki1 /% physical stress components according to Green and Zerna [3]

Truesdell [4] defined physical stress components differently from Green and
Zerna [3]. First the stress vector t and the unit normal surface vector n are expressed
in physical components:

1(k) = Ve, n(i) =n'y/gi (7.7.9)

From the Cauchy stress theorem (7.7.1) we now obtain:

k ki i n(i) (k gkk> .
' =Tn"=>tk)—=T"—S=1tk) =T, /=— |n(i =
' (>\/gﬂ ' V8 (k) "V ogi (@

t(k) = T(ki)n(i) Cauchy’ stress theorem in terms of physical components
(7.7.10)

Fig. 7.5 Physical stress components 73, 723, and 133 of a stress vector t3 from a particle P on a
material coordinate surface y; = constant. Unit normal vector n® = g*/+/g33 General coordinate
system y. Coordinate lines y',y?, and y?
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T(ki) = 8K Tryesdell’s physical stress components (7.7.11)

8ii

Since the physical components n(i) are dimensionless and the physical com-
ponents #(k) have dimension force per unit area, the dimension of the components T
(ki) is also force per unit area. T(ki) are called physical stress components because
they are the proper coefficients in the linear relations (7.7.10) between the physical
components of the unit normal vector n and the physical components of the stress
vector t. Note that the components 7(ki) are not in general symmetric. It may be
shown, see Problem 7.6, that the two sets of physical components defined by
Egs. (7.7.8) and (7.7.11) are related through:

Z T(kj) g g” (7.7.12)
In orthogonal coordinate systems:

1

: . I
gj=g"=0 fori#}j gii:?:h,‘z

Now formulas (7.7.11) and (7.7.10) yield:

(7.7.11) = T(ki) = T}, /% = (hzT"’)\/ZE = hehyTH

(7.7.12) = 1 = ZT(k]) B = Tk \/; e [ = 0713)
= T(ki) = £ TF = heh T

T (ki) for k = i is the normal stress ¢; on the coordinate surface y' = constant, while
T (ki) for k # i are orthogonal components of the shear stress 7; on the same surface.
In the following the physical stress components are only used in orthogonal
coordinates, and for practical reasons we shall use the notation T'(ki). Note that,
with the unit tangent vectors to the coordinate lines €;:

Tki)=e, - T e 7.7.14
k i

Example 7.6 Physical Stress Components in Cylindrical Coordinates, Fig. 7.6
The physical components T (ki) of the stress tensor T in cylindrical coordinates are
expressed in Fig. 7.6 and with alternative symbols in the formulas (7.7.15). The
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formulas also present the mixed tensor components and the contravariant tensor
components.

OR TR0 TR Tre Tro Tk
(T(l])) = TOR ag Toz = T()R T()o T()z (Fig. 76)
TR T Oy T Tp T
1 1 1 11 12 13 (7'7'15)
' T)/R T ' RT T
= | RT} T3 RT;|=|RT" RT? RT?
7 T;/R T3 3 RTM T

7.7.2 Cauchy’s Equations of Motion

The Cauchy equations of motion (2.2.35) have the following representation in a
general curvilinear coordinates:

T*|, +pb' = pd' & T* ; + T"T) + T} + pb' = pd’ (7.7.16)
By using the result (6.5.6), we obtain the alternative form:

1o
V8 Ok

In orthogonal coordinates we use the formulas (6.5.51), (7.7.12), and (6.5.51) and
can rewrite Eq. (7.7.17) to:

ZF : (hT(ik)>+ L i) — ()| + pili) = pati)

(V&T™) + T* T} + pb' = pd’ (7.7.17)

= Loy \ I hily Oy il Dy
(7.7.18)
Fig. 7.6 Physical stress AZ
components in cylindrical
coordinates
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Example 7.7 Cauchy’s Equations in Cylindrical Coordinates.
See Problem 7.7

dog  or—oayg 10tRy Otg,
R R YTroo T oz
1o, ., 100y Oty
Fﬁ(R T@R)"i‘}%'i‘ (9

10 16‘5()Z 80’Z
2 (R Z Z2z =
ror K®) t pgg + g, Trb=

+ pbr = pag

+ pbg = pay (7.7.19)

Polar coordinates and rotational symmetry:

d
— (Rog) — 69+ pRbg = pRag (7.7.20)

dog — 0y
br = &
+Z + pbr = par R

dR R
Example 7.8 Cauchy’s Equations in Spherical Coordinates. See Problem 7.8

6;; 200~ ZH —% . s}nH {389 (sinf7,9) + a&b} + pb, =
%% (o) + ﬁ [869 (sin 0 ag) + %qu;j)] — g% +pbg = pag  (7.7.21)
%E (r3r¢,) + ﬁ(’f@ (%m 0 ’E¢()) + e }neiﬁb +pby = pag
Point symmetry:
09 =04, Tr9g = Top = Tgr = 0=
% + M + pb, = pa, & r_lz% (ra,) — l% +pb, = pa,

(7.7.22)

7.8 Basic Equations in Linear Elasticity

The classical theory of elasticity has been presented in Sect. 7.5.2. The most
important equations of the theory will now be transformed to general coordinates.

In the Cauchy equations of motion represented above by Egs. (7.7.16-7.7.18)
the particle acceleration will be expressed through the displacement vector u(y, 1):

a=led=i (7.8.1)
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The constitutive equations for isotropic, linearly elastic material are represented by
the generalized Hooke’s law, which in tensorial form, i.e. invariant form, and in the
Cartesian form, is represented by Eq. (5.2.7), and repeated here:

v
1-2

n

T:
1+v

v n
E twE 1} Ty = [E,- E;o, 7.8.2
{ +1—2v(r | < Ti I+v et y ok ( )
In general coordinates the generalized Hooke’s law is expressed by the formula:

__n
1+v

i i v jsi
T! B+ = 2vEf'5k] (7.8.3)
The element E} of the strain tensor E for small deformation may be expressed by
the displacement gradients:

. 1, . :
E =5 (Wl + ) (7.8.4)
Navier’s equations, i.e. the equations of motion expressed through the dis-
placement u(y, t), are in invariant form and Cartesian form given by Eq. (5.2.27).
The invariant form and the form in general coordinates are:

1 p i 1 i P i
2 ik ki i i
Vu+ ——V(V.u)+—=(b—-1) =0« 4+ — + = (b — =0
" 1—2v (V-u) ,u( ) g 1—2vu|k ,u( u)

(7.8.5)
The any orthogonal coordinate system Navier’s equations may be expanded in

details by application of formula (6.5.104) for V?u and formula (6.5.102) for
V(V - u). The result is:

1 10 (10 u(k)
+ S [t (n450)

Example 7.9 Navier’s Equations in Cylindrical Coordinates
Applying the formula (6.5.114) for V?u and formula (6.5.112) for V(V - u) we
obtain:

2 ug 2 Ouy 1 90 ¢, P — i) =
\Y% Uur R—2 R2 90 + 1 — 2vOR (V ll) + 1 (bR MR) =0
2 Ou u 1 10
2 R 0 P -
R, 2 2"y Z(by — =0 7.8.7
Vit a0~ T T3k a0 Y u)+#((a ii) (7.8.7)
1 0 p ..
2 - 7 . = — =
Vuz+1_2vaz(v u)+H(bz ii;)) =0
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where:
, 10 0 1 0? 0* 10 10up  Ou,
—— 2 (R )+ L+ % v. R 2% Y
Vi=ror\Rar) "o T oz V" T ror B w0 t o
(7.8.8)

Example 7.10 Navier’s Equations in Spherical Coordinates

Applying the formula (6.5.117) for V?u and formula (6.5.115) for V(V - u) we
obtain:

2 2 Oug 2 cotf 2 Ou 1 0
2, L, _2Ym _ My V.
Vi =G =5y 2 M snoop T 1oaar Y
g(b—u,)—o
V2 — 1 +gau,7 cos 0 %+ 1 12( W) (7.8.9)
M in 0" T 290 T 2 sinZ0 0 1—-2vrd0
E(bo—u())—o
1 2 Ou, 2 8u9
Vg — + L4 2 cosf—
"o r? sin20u¢ r? sin293¢+r2 sin® 0 cos ol (7.8.10)
1 1 0 p . o
+l—2vrsin0%(vlu)+ﬁ(b¢_ud’)_0
where:
o 20 1 02 1 0 1 o?
p_ o 20 1o 1 g K
Y=o ot T et iy
(7.8.11)
1 1 Ouy

19
. — — 2 — — 1 —
Vou= g, )t rgae S0 + e,

7.9 Basic Equations for Linearly Viscous Fluids

This section will only present the most important equations pertaining to the
mechanics of linearly viscous fluids. The equations have been presented in invariant
forms and in terms of Cartesian components in Sect. 5.3 and will now be given the
general versions in general curvilinear coordinates.

The equation of continuity introduced in Eq. (5.3.9) is represented by:

9 . 0. Op N
5 Hdiv(ev) =0 =0+ (p)]; =0 (7.9.1)
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By application of formula (6.5.51) we may rewrite the component form to:

% n \Lf (vEp)u= (7.9.2)

The linearly viscous fluid also called the Newtonian fluid is defined by the
constitutive equation (5.3.11), which are now generalized to:

T=—p(p,0)1+2uD+ (K — 23> (rD)1 &

i i i 20\ ki
T; = —p(p,0) 6; +2uD; + (K - ?>Dk ;& (7.9.3)

i i i i 2p i
1 =00+ (V) 1)+ (- %)

When these constitutive equations are substituted into the Cauchy equation of
motion (2.2.37) we obtain the Navier-Stokes’ equations, which are presented in
invariant form and Cartesian form by Eqgs. (5.3.16) and (5.3.17). These equations
are repeated here for reference:

1 Boay , Lrm
i . - - L (£ . b
+(v-V)v pr—i—pV v+p(3+x>v(v vV)+b &

i 1 1
Vi = — =Py + Ev,-,kk + — (E + K) Viki + b; in Cartesian coordinates
ot p p p\3

(7.9.4)

In general curvilinear coordinates y we obtain the contravarient components of
(v - V)v using formula (6.5.31);, of Vp using formula (6.5.23), of V?v using
formula (6.5.106), and of V(V - v) using formula (6.5.105). The Navier-Stokes
equations in general coordinates y now become:

o' i
E+vv’|k:—fp|+* l|k p<g+K>Vk|;‘<:>
—8 +V( sk —I—vl“ﬁk)* & Pk

(7.9.5)

el e -]
o6 5 Lf(w)’k%bl
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7.9.1 Basic Equations in Orthogonal Coordinates

The velocity vector v will now be represented by the physical components
V(l) = Vi/’li.

The equation of continuity expressed in orthogonal coordinates is obtained from
Eq. (7.9.2) and with /g = h:

hza ( ) 0 (7.9.6)

We may use the expressions (6.5.69-6.5.70) for the covariant derivatives of vector
components in orthogonal coordinates to obtain the formulas for the physical
components of the particle acceleration in the Navier-Stokes’ equations, see
Problem 7.9:

v(k) (7.9.7)

K)[om . O
i hihk 0 k 8yi

where we have introduced the operator:

o= Z hk ay (7.9.8)

In cylindrical coordinates the physical acceleration components become:

ap= D O 0Ok O VG
="t " "orR "R 90 9z R
8\1() 8\/0 Vo aV() aV() VRVo

vy o  veOvo | OV , VRVy 799
o "TRar TR0 TV o TR (7.9.9)
_%4_ 8V7+E%+ %
=" TRar TR a0 TV o

ag =

In spherical coordinates the physical acceleration components become:

v, v, vy v, vg Ove vy + V?ﬁ

“= o Py T 00 Trsin0og v
Ovy vy vo vy veg Ovg vvg cotl ,
_ 9 Yo i) _ 7.9.10
W= TV ey T a0 Trsinoag T s F (7.9-10)
- 8V¢ ov Vo Vo 8V¢ Vo 6v¢, ViVe Vove
=g oy T o0 Trsmoae Ty Ty ol
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The constitutive equations of the Newton fluid in terms of physical components
are:

T(ij) = —p(p,0) 3+ 2uD(ij) + <x - %ﬂ)D(kk)éi,- (7.9.11)

The physical components 7(ij) and D(ij) are given by the formulas (7.7.11) and
(7.3.38) respectively.

In order to obtain the physical components of the Navier-Stokes equations we
need the expressions for V(V - v) and V?v presented respectively by the formulas
(6.5.109) and (6.5.111) in the general case and the formulas (6.5.112) for V(V - v)
and the formulas (6.5.114) for V?v in cylindrical coordinates and the formulas
(6.5.115) for V(V - v) and the formulas (6.5.117) for Vv in spherical coordinates.
The results are:

General orthogonal coordinates:

graddivy = V(V -v) = Zii Fik (h%?)]ey (7.9.12)

e ()

ix
h; O h 0 0 . y
- ; {hayk [W (6)), (mv(k)) — ayk(hi"(l))ﬂ }ei

Example 7.11 Expressions for V(V - v) and Vv in Cylindrical Coordinates
(R,0,2)

(7.9.13)

b = grad div v= V(V -v) = breg + bpep + b.e, =
Pvr  10vg v 102w 1 Ovg 0%,

b

“or "TRor "R TROoROO R 90 T 9RO:
> 2 2 7.9.14
ppo L Lo 1w L, (7.9.14)
ROOOR  R?2 00 ' R? 90 R 0007
b — Pvg l% 182\1() v,
ST 0z0R R 9z  ROzO0 ' 02




7.9 Basic Equations for Linearly Viscous Fluids 265

_ |2y, k2 2, _ L, 20 2
VTR R ao]e” [V VTt g |9 TV Ve (7.9.15)
o 20 18 1 0 1 2

sz 0— +

a2 " rar T e TR0 T manoag?

Example 7.12 Expressions for V(V - v) and V?v in Spherical Coordinates

(r,0,9)
b = graddivv = V(V - v) = b,e, + bgey + byey = (7.9.16)
b v, 20v, 2 N 1 vy cot@dvg 19vg cotl
R T N v r Oroo r or r?2o0 2 v
n 1 82v¢ 1 Ovg
rsin@drdp r?sin6 d¢
1 0%y cotlovy 1 1 0%v, 2 Ov, cos0 Ovy
by=—5— 5+ 5~ Vot — 250 20 o1
= 00 r2 90 r2sin’ 0 ro0or  r> 00 2 sin® 0 0¢
1 82V¢
+ -
r2sin 0 900 0¢p
b — 1 82v¢ n 2 @ n 1 v, n 1 v,
? T 2 sin? 0 o¢*  r2sin?00¢  r>sin0d09¢ 12 sin® 0O Or

+ ! cos 0
r2sin® 0 op
Viy=V(V-v) =V x (VxV)
2 2 0vg 2 cotl 2 Ov
_ 2, =~ 29 _ ¢
N {v T Iy ad)}e’
1 2 v cosf v (7.9.17)
2. <9 ¢
+ [V Vo 2 sin20v€+ 290 25?0 8(;5}60
2 Ov, 2 5‘\4;}
€

IVr 220
2 sin% 6 Vet r2sin?00¢ 2 sin? HCOS o

+ |:V2V¢, —
r

orr  ror 129> €0

2 _ _ N
V= 2 20 " 2 sin® 0 9¢*

(7.9.18)

The Navier-Stokes equations for orthogonal coordinates are obtained by
applying the formulas (7.9.7), (7.9.12), and (7.9.13) in the general expression
(7.9.4); The result is:
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ov 1 JT— 1 /u
5t Vv=—pt Ly V+p(3+x)V(V Vib &
Dv(i) v(k)[Oh; ,. O 1 op :
o +§k: v 8ykv(z) ayiv(k) =—or ayi—&-b(z)
1o[Lo k
b )
[ h; Oy |h Oy hy (7.9.19)

- = E ——— | —— | =— (v(k)) — — (K
p - {h ayk [(hkhi)z 8}71( kV( )) ayk( V(l))
1 /u 10110 v(k)
+5G+) 2oy [za—yk (’“ﬁ
Example 7.13 Navier-Stokes Equations in Cylindrical Coordinates

In cylindrical coordinates: hy = 1, h, = R, h3 = 1, and h = R. Applying the for-
mulas (7.9.9), (7.9.14), and (7.9.15), we obtain:

ng(v-V)v:f%Vp+gvzv+%(g+K>V(V-v)+b &

5 6) (G + o+ wamo o0 * o)
%4—\/1(%—1—%%—1—%%;4—%z—p%%—i—%(vzvo—%vo—i-%%)
# 5 6+) (raon + 7+ ot Roww)

v, v,  vyOv, dv,  1dp  poy
o Tor TRa0 Ve T o TV
1 /u Pvg  1ovg  10%y Py,
+;(§+"> (azaR T ro: TR0 o2 ) T

_16(R8) 1 & ? 0 10 1 & lia

4

2 - —_ - JEEE—
v R1g0? o2 R’ 'ROR T RoF | 02

T ROR\" R 22
Example 7.14 Pipe Flow
A linearly viscous fluid with viscosity u flows through a vertical straight pipe with
internal diameter d. The body force is the gravitational force per unit mass g. We
aim to determine the pressure p and the velocity distribution in the pipe.

We assume that the fluid sticks to the pipe wall and that the flow is steady. We
may then assume the following velocity profile expressed in cylindrical coordinates
(R, 0,z), with the z-axis along the axis of the pipe and positive upwards:
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v.(R) =v(R), v(d/2)=0, vg=vy=0 (7.9.20)

The body force is given by b, = g, bg = bg = 0. The flow is isochoric, i.e.
V -v =0, and the Navier-Stokes equations from Example 7.9 are in this case
reduced to:

1
@wL( V)V:f—Vp+Hvzv+b =
ot p p
o 10, L
OR’ PR OO
10p p_, 19p unld dv
= — —— — = ——— _——— Ri
0 p@z+pv v=t8 p@z+deR dR t8

It follows from these equations that the pressure p is only a function of the
coordinate z, i.e. p = p(z), and that the pressure gradient dp/dz is a constant c. We
thus have the result with four constants of integration: C, C,, C3, and Cy:

(c—po)R =R =1(c—pe) & +C,

With the boundary conditions: v(d/2) =0, v(0) # oo, andp(0) = pg, we
obtain the solution to problem:

2R\ c— d?
VR:V(R):V0l1—<7>]7 Voz%a P:P(Z):CZ+P0

The velocity profile vg = v(R) is shown in Fig. 7.7. In order to obtain this
velocity profile the fluid must have a rather high viscosity for the flow to be laminar.
Otherwise the flow becomes turbulent and the Navier-Stokes equations do not
apply for solution of the present flow problem.

Example 7.15 Navier-Stokes Equations in Spherical Coordinates
In spherical coordinates: iy = 1, hy = r, hs = r sin 0, and h = r? sin 0. We apply
the formulas (7.9.10), (7.9.16), and (7.9.17), and obtain:

ov 1 J T 1 /u
E+(V~V)v_—;Vp+;VV+;<§+K)V(V~V)+b =
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Fig. 7.7 Pipe flow. Velocity
profile
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Example 7.14 Pipe Flow
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Dy o, Po VD Ve OV, Vive

a7 or r 00  rsinf 0¢ r
1 Op

-4y

or sin00p ' *

T 1 2 Ov, 2 8\/9)
+ = VP — + + 0=
( ve r2sin® 0 ve r2sin?00¢ 2 sin*6 cos o¢

+ Mc:ot@

0
1/u 1 821/4, 2 Ov, 1 0%,
t (5 +") <r2 sin” 0 9¢p* T in00¢ | 2 sin0000¢
+ ! v, + ! cos 68‘)0>
2 sin200¢Or 12 sin> 0 ol

? 20 18 1 0 1 0?

2 _ Y =« - Y - e -z
V= o et r2 96* + r2C0t089 + 12 sin® 0 O¢p>

Problems 7.1-7.9 with solutions see Appendix
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Chapter 8 )
Surface Geometry. Tensors Skl
in Riemannian Space R,

8.1 Surface Coordinates. Base Vectors. Fundamental
Parameters

Points or places in three-dimensional Euclidean space E3 are given by a place
vector r as a function of Cartesian coordinates x; as shown in Fig. 8.1, or by general
coordinates y'. A surface imbedded in E; is defined by the points given by the place
vector r, the Cartesian coordinates x;, and the general coordinates yi as functions of
two independent parameters u' and u? called surface coordinates:

r=r(u' ) =ru), x=x'’)=xw), =y v)=yu 81.1)

In Fig. 8.1 the surface is described by coordinate lines, u'-lines and u’-lines. The
surface defined by the formulas (8.1.1) is said to represent a two-dimensional
Riemannian space R, imbedded in the three-dimensional Euclidean space Ej

Figure 8.2 shows the tangent plane in point P to the surface in Fig. 8.1. The base
vectors a, for the u-system as shown in Fig. 8.2, are tangent vectors to the coor-
dinate lines and defined by:

or Or 0y oy’
a4 =——=r,=—— =g —— 8.1.2
owr T " Oyl our & G ( )
It follows that:

dy' ;

o~ 8 (8.1.3)
The unit normal vector a3 to the surface is determined by:
X
ay= ™ 4 a, =0 (8.1.4)
|a1 X a2|
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Fig. 8.1 Two-dimensional
surface imbedded in
three-dimensional space Ej.
Coordinate lines: u'-lines and
u?-lines

Fig. 8.2 Tangent plane to a
surface in point P. Base
vectors a; and a,. Reciprocal
base vectors a' and a?

tangent plane at point P in the surface

The unit normal vector a; points out from what will be defined as the positive side

of the surface. The three vectors a; represent a right-handed system of three vectors.
Reciprocal base vectors a* for the u-system are defined by the relations:

a”-a; =9 (8.1.5)

These vectors, shown in Fig. 8.2, lie in the tangent plane to the surface and are

normal vectors to the coordinate lines. Because the surface base vectors a, and a*
are all vectors in the same plane, we may write:

a, =aa’ and a* =a"a; (8.1.6)

The components a, are called the fundamental parameters of the first order for the
u-system. The components a* are called the reciprocal fundamental parameters of
the first order for the u-system. Scalar products of the vectors in the formulas

(8.1.6) by the base vectors ag and a’, followed by applications of the formulas
(8.1.2), (8.1.5), and (8.1.6) provide the results:

oy
= 80 55 b
a,-af = (aya’) - (a[")“ a)) = ayadal - a; = a,,d" ) = a,d” = ayadt = of

a,-ag = a,p = dap, a*-af =a? =d a, af =af .2, =0/

(8.1.7)

It is convenient to define a parameter o for the u-system:
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o= det(aaﬁ) =a axy — (a12)2 (818)

Solution of Eq. (8.1.7)4: ay, ah = 55 , with respect to the components a7 yields:

an apg apn
a'l = 2 — 12 — (8.1.9)

) )

o o 04

The angle (u!, u?) between two coordinate lines, e.g. a u'-line and a u*-line, may be
computed from the equation:

a; - a a

B |ai||as] B Vaiaz

With the permutation symbol e,g defined by the formula (1.1.16) we introduce

cos(u',u?) (8.1.10)

the following two sets of permutation symbols: &, and &b

% 0 1
Sapzea/g\/&’ gﬁ:elﬁ/\/&, eaﬁ:(—l O) (8.1.11)

The following relationships may be derived, see Problem 8.1:

bup 87 = 8,0 — 07,0 = eap e’ = 0} (8.1.12)
la; x ay| = /o, a; x a; =+oa;
a, X ag = ¢g,pa3, a”x a’ =P a,, (8.1.13)

az X a, :aaﬁaﬁ, az xa” = s“ﬁaﬁ

The components of the unit normal vector a3 in a general curvilinear coordinate

system y in three-dimensional space E3 are denoted by a , i.e. a3 = a g', and may be
i i

found to be, see Problem 8.2:

i 9k
a:l oy O

Christoffel symbols of the second kind Fiﬁ and fundamental parameters of

second order B,p for the u-system on the surface are defined through the
relationships:

a,,p= Fiﬁa.,—kBm/fag, (8.1.15)

It follows that:
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Fiﬁ = le = ay,p ~aV, Baﬁ = B/;a = Qy,p A3 (8116)

In a plane surface the vectors a,,g lie in the surface and the formulas (8.1.16), show
that the elements B, = 0. It will be shown in Sect. 8.7 that the elements B,y are
components in the u-system of the curvature tensor for the surface, which repre-
sents the surface curvatures. Christoffel symbols of the first kind for the u-system on
the surface are defined by:

Iy =a,,5-a, = l";’ﬂ apy = F";;B =T, a”’ (8.1.17)
The following formulas may be derived, see Problem 8.3:

as,, = —Bygal, a’y=-T7a'+Byga”a; (8.1.18)

(a“’ﬂﬁ +agy,n _aoc/iay) (8119)

N | —

Aupyy = Uuyp+ Uy, Dy =

. 1 1
Do =155%8= %(\/&) v (8.1.20)
Example 8.1 Circular Cylindrical Surface
Figure 8.3 shows a circular cylindrical surface of radius R. With respect to cylin-
drical coordinates (R,0,z) the surface is described by the surface coordinates:
u' = 0 and u?> = z, with the z-axis equal to the xz-axis in a Cartesian coordinate
system Ox. A point on the surface is given by the place vector:

r(u',u*) = Reg(u') +u* e, = Reg(0) + ze. (8.1.21)

Fig. 8.3 Circular cylindrical AZ=X,
surface of radius R:

r = eg(0) + ze.. Surface
coordinates: u! = 0,
u* = z = x3. Base vectors
u =z

a; = Reyp and a; =e,.
Surface normal a; = ep.




8.1 Surface Coordinates. Base Vectors. Fundamental Parameters 275

In Cartesian coordinates the surface is described by:
x1 =Rcos0, x; =Rsin0, x3=z (8.1.22)

The unit normal vector to the surface is a; = eg. Using the result deg/du; =
degr/d0 = ey, obtained from the formulas (6.2.36), we find the base vectors as:

or or or

a, = al:_:Re(-) a =—=
T Qur ’ Ou?

—e, (8.1.23)

By the formulas (8.1.5) and (8.1.24) we find the reciprocal base vectors:
al = ¢/R, a’=e, (8.1.24)

The fundamental parameters of first order become:

(azp) = (2, - ap) = (If)2 (1)>
() = o a8) = (

1/R2 0> (8.1.25)
0 1
o= det(aw;) =R’

In order to obtain the Christoffel symbols and the fundamental parameters of
second order we need the expressions: dey/df = —egp and deg/df = ey, obtained
from the formulas (6.2.36). Then we find from the general formulas (8.1.16):

—-R 0
[, =T, =0, B=(By)= ( 0 0) (8.1.26)
Fig. 8.4 Spherical surface of 2
radius r: ¥ = r(u', u?) = i
re; (0, ¢). Surface u'=0

coordinates: u! = 0, u> = ¢.
Base vectors: a; = reg,a; =
r sin Oe,. Surface normal

az = er(97 (,b)

a} = er (93 ¢)

a,

> X,
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Example 8.2 Spherical Surface

Figure 8.4 illustrates a spherical surface of radius » with the centre of the sphere at
the origin of the Cartesian coordinate system Ox. A point on the surface is given by
the place vector:

r=re (6, 9) (8.1.27)

The two spherical coordinates 6 and ¢ in the spherical coordinate system (r, 8, ¢)
are selected as surface coordinates such that: u! = 0, u> = ¢. A point on the
surface is given by the place vector:

r=r(u', 1) =re (u',u?) =re (0,9) (8.1.28)

The unit normal vector to the surface is a; = e,. In order to find the base vectors
and the reciprocal base vectors, we need the formulas (6.2.41):

de, e de, sin e 9e e 9e cosle
- (97 =L bl an — ry aL
90 ¢ 90 o ¢ (8.1.29)
dey _ dﬂ——sin@e—cos@e B
40 -9, d¢ - r 0
Then:
a—ﬁ—r%—re a—ﬁ—r%—rsin(?e
"Tout a0 T T ok o & (8.130)
1 1 o
1_ 1 2 _
e R
The fundamental parameters of the first order become:
(asp) = (ay-ag) = (,.2 0 ), o = det(ay5) = r*sin’ 0
0 Fsin’0 (8.1.31)

}”2

The non-zero Christoffel symbols and the fundamental parameters of second order
are found from the formulas (8.1.16):

F%z:cot()7 F§2:—sin000s0,
5 . 5 . (8.1.32)
Iy, =r°sinfcosh, Ty = —r“sinfcosb

— 0
B = (Botli) = ( Or —r sin? 9) (8133)
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8.2 Surface Vectors

Let r(u',u?) = r(u) and y'(u', u?) = y'(u) define a surface imbedded in the space
E5. On the surface a curve may be defined by the coordinate functions u*(s) with
the parameter s being the arc length along the curve. The tangent vector t to the
curve is the unit vector defined by formula (1.4.8):

_dr_ﬂd_yi_d_y" _ Oraw _du

_ds_ayids_dsgi_(?u“ ds  ds

(8.2.1)

The tangent vectors to all surface curves on the surface y'(u) and through a place
r(u) lie in the fangent plane to the surface at that place. For this reason the tangent
vector to a surface curve is called a surface vector. Vectors in the tangent plane to
the place r(«) on the surface y'(z) may be represented by surface vector fields.
A steady surface vector field ¢(u) has contravariant components ¢* and covariant
components ¢, in the u-system:

c(u) = c*a, = c,a* = ¢ =aPey, ey = aupcl (8.2.2)

Note that throughout this chapter we shall only consider steady fields, in contrast to
what was assumed in Chap. 6. In order to distinguish between the components with
indices 1 and 2 in the space coordinate system y and the components ¢* and ¢, in
the surface coordinate system u, we introduce the symbols ¢* and ck for the com-

ponents of the surface vector in the space coordinate system y. We apply the
formula (8.1.3) and obtain:
c=clg=ca, >c g =c'g g =c"a ¢

ayi ) 8yi
ou” —e=d ou?

(8.2.3)

= ckof = ¢*

A space vector field b(y) may be connected to places r(u) on the surface y'(u)

and decomposed into a vector in the direction of the surface normal a3, and a

surface vector field ¢(u) equal to the projection of b onto the tangent plane to the
surface y'(u):

b= (b : 33)33 +C, b(y) = bigi7 C(M) = C/}aﬁ

Because a3 -a, = 0 and af - a, = (55 we obtain, using the formula (8.1.3):

) oy’
b'ai:c'aa:bigl'aazcﬂaﬁ'aa = b y:Cl?ég:Ca =

" Ou*
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oy’
o = bi
¢ ou*

(8.2.4)

We may check the results (8.2.3) and (8.2.4) by considering ¢* as components
of a space vector. Then by the formulas (8.2.4), (8.2.3), and (8.1.7); we get:

o —e W:( .ck)a_yi: (BN (N s
o : O 8ik O 8ik 8uﬂ Ou g’kau“é?uﬁ off o

ok

When we apply the results (8.2.3) and (8.2.4) to the tangent unit tangent vector
t presented by the formulas (8.2.1) we find:

dr . . dyi du” . 6yi 8yi
t=—="rg, =1¢" tr=—, *= f=r— =1,
ds & il ds’ ds’ our’ Y~ Qur
(8.2.5)

Example 8.3 Surface Vector ¢ as a Projection of a Space Vector b onto a
Surface

A space vector field b with components b; in a Cartesian coordinate system Ox,
i.e.b = b;e;, is projected as surface vector ¢ onto the circular cylindrical surface
presented in Example 8.1. Figure 8.5 indicates the surface and shows the compo-
nents b; and b, of the space vector. The base vectors and the reciprocal base vectors
for the surface coordinate system: u' = 0 and u> = z = x3, are obtained from the
formulas (8.1.23) and (8.1.24): a; = Rey, a' =ey/R, a' =¢)/R, a, =a’ =e..
The surface vector field ¢ as a projection of the space vector b is now given by:

c=ca' +a’ =cla; +cta, = cpep+ce, = ¢ = ¢1/R = Rl c,=c, =¢?

. L o
Fig. 8.5 Projection ¢ = c,a 4 X b, " be, +bye,
of a space vector b = b;e; -
onto a circular cylindrical b, cos @
surface of radius R. Space . | | ¢, =c,cos6
vector components ¢ of ¢ in p ~
~ A
. . 19 =
a Cartesian coordinate system ¢ v ;=€
Ox ¢, =—c,siné
(%
R b,
g bisind

O > X
0 A

circular cylindrical surface of radius R



8.2 Surface Vectors 279

The physical components ¢y and ¢, will be computed below, Fig. 8.5 shows the
component cy. From the coordinate transformation formula (8.1.22) we obtain the
transformation matrix:

o —Rsin0 0
( l)— RcosO O

ou’ 0 1
The formulas (8.2.4) yield:
Ox; Ox; Oxp Ox;3 .
b(?‘ = *bla 1+b26 l+b3a I:fblemGerchosH

= c9p=brycosO —b;sinl
8x1 a)Cz 3)@

C2:Cz:b182 bzaz

The result for ¢y is illustrated in Fig. 8.5.

Next we shall compute the space vector components ¢; of a surface vector ¢ in
the Cartesian coordinate system Ox: ¢ = ¢,e;. First we find for the components ¢* in
the surface coordinate system u:

¢ =c"a, = c'a; +?a, = c'Rey + c’e, = cpeg + c.e,

=l =cy/R,P* =c,

The formulas (8.2.3) yield:

; - 0. 0. c . .
c’zc,-:c“a—;icl laxi—|—c2a—;:£(—Rsm9):—c’9sm9,

8x2 8x2 Ccp 8)63 3)63
szclw C2W:E(RCOSH):CHCOSQ7 C3 :Clw-’-CzW:Cz:CZ:lB

The results for the Cartesian components ¢, and ¢, are illustrated in Fig. 8.5.

8.2.1 Scalar Product and Vector Product of Surface Vectors

The scalar product of two surface vectors b and ¢ is expressed by:
b-¢c=5b*c, = b, (8.2.6)

The vector product of two surface vectors b and ¢ results in a vector normal to the
surface. Using the formulas (8.1.13), we obtain the result:
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off

bxc= sa/;b“cﬁa3 =¢e"b,cpas (8.2.7)

We introduce the concept of the rotation (b, ¢) of two surface vectors b and c:

The rotation (b, ¢) of two surface vectors b and ¢ is positive/negative if the
vector product b x ¢ is directed in the direction of/the opposite direction of the
surface normal vector as. In other words:

The rotation (b, ¢) is positive if: (b x ¢) - a3 = sa/;b“cﬁ > 0. (8.2.8)
The rotation (b, ¢) is negative if: (b x ¢) - a3 = g,5b"c’ <0. -

8.3 Coordinate Transformations

A new u-system of surfaces coordinates on the surface is now introduced, such that
there is a one-to-one correspondence in the functional relationship between the sets
of coordinates u and # :

W =" (u',u?) & uf = uP (@', w?) (8.3.1)

The Jacobian Ji to the mapping (8.3.1) must be non-zero:

, o

Confer the condition (6.2.3) in the case of transformation of general coordinates in
E;s.
The base vectors a, and the reciprocal base vectors a* in #-system are defined by

or oy’

Y=

_giﬁ, a” '2_11' :5f, 5_13 = a3 (833)
The fundamental parameters and the reciprocal fundamental parameters of the first
order in the u-system are:

oy’ Oy’

— .2 Y zof _ Zpu _ gx af
=Sigagp ¢ —4 =a-a (8.3.4)

Qyp = ap, = Ay - AR

From the definitions (8.3.3) and (8.1.2) of the base vectors a, and ag we obtain the
relations:
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or or oub oub

0w odow Mow T
_ ouP on”* _
a, = ﬁaﬂ <~ apg = Wal (835)

The transformation (8.3.5) of base vectors is called a covariant transformation and
the base vectors are alternatively called covariant base vectors.

A surface vector ¢ has contravariant components ¢ in the i-system and ¢” in the
u-system: ¢ = ¢*a, = cPag. We find that:

c/jﬁa =

on* on*
—tg —Bg, = A5 ) =
c=c'a,=c'ag=c <8uﬁa“)8u/f

o o’
B Y B

= c’, =—a
OuP o+

(8.3.6)

The transformation (8.3.6) of contravariant vector components is called a con-
travariant transformation, compare with the formulas (6.3.3) for the
three-dimensional case.

For any surface vector ¢ we may state the identity: ¢ = (c - a[;)aﬁ. We use this
identity, the result (8.3.5), and the definition (8.3.3), of the reciprocal base vectors
a* to write:

o ow , o
2% _ (g% . B — a%.a B_ e 2% B _ 7" B
a* = (a"-ap)a (a a5 )a i L

o

o e (8.3.7)

Due to the transformation rule (8.3.7) the reciprocal base vectors are also called
contravariant base vectors

The fundamental parameter of the first order and the reciprocal fundamental
parameter of the first order in the two coordinate systems are related through the
formulas:

ou’ ou? ou* ol
lel[;:aﬁo( :ﬁ“ﬁ'[;:ﬁwaﬁ,, &“ﬁ:ﬁﬁ“ :ﬁ“ﬁﬁ:%%aw (838)
We say that the fundamental parameters of the first order follow a covariant
transformation rule while the reciprocal fundamental parameters of the first order
follow a contravariant transformation rule.
Christoffel symbols of the first kind and the second kind and fundamental
parameters of the second order in u-system are:
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foc/iy = ay,5-a,, l";ﬁ = 1:231 =ay -a’, Ba/} = B[ga =ay,5-a3 (8.3.9)

In order to develop the relations between Christoffel symbols r Z;/; = Ay, perg - A’
for the u-system and Christoffel symbols Ffp = a;,,-a’ for the u-system, we first
obtain from the formulas (8.3.5);:

o 08 0 (ot N Ot
“F = o ~ owb \ow ) ~ owPow

Ou* da; OuP *u* ou’ OuP
o o, 0P — Do+ e o 0 (83:10)
0’u* ou* OuP

wo = gt o " o o

From the formula (8.3.9), we obtain, using the formulas (8.3.10), (8.3.7);, and
(8.1.16); the result:

Iyp=a,pa =

O*u’ o’ ou’ Ou? oo’
o our <6u“a> o 0ab 0 ud
_ o*u* @_'_5_1/%8_17 0 (8.3.11)
oub o ow' | Ou* Ol dul P
oo P aav'Jra_ui@@ .
b 9w Oub Ou ' Ou* b dul

8.3.1 Geodesic Coordinate System on a Surface

It is not possible in general to find a surface coordinate system for which the
Christoffel symbols are zero everywhere. However, as we now shall demonstrate, it
is always possible to construct a surface coordinate system such that the Christoffel
symbols are all zero in one, arbitrarily selected surface point. Such a coordinate
system is called a geodesic coordinate system for the point, and the special selected
point is called the pole for the geodesic coordinate system.

Let the u-system be defined such that ¥* = 0 in an arbitrarily selected point P in
the surface. In order for the u-system to be geodesic for the point P, the following
condition must be fulfilled:

[,=0inP (8.3.12)

The following coordinate system u satisfies this condition:
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— 1 ( [
Ww=u"+ 3 (r2) |Pu u (8.3.13)
It follows that:
on’ , ouw ouw 1 ou’ ou”
= v — - 1—“/' —_ T o =
ow ¥ Our  ou* 2 (T2l {am o 8:2“]
O*u’ 1 ou® ou®  Ou’ ou*

o L) Qw o wow wow L Dt
oubour 2% V|, | Oulou ourouf  dul ou* Oub o>

Because u* = 0 in the pole P and F;m = F;ﬁ, we obtain from these equations the
results:

ou  ou . P’ . .
== 0P s = —(r“ﬁ) ‘Pm P (8.3.14)

When the results (8.3.14) are substituted into the formula (8.3.11), we obtain the
result (8.3.12) for the coordinate system (8.3.13). The coordinate system defined by
the formulas (8.3.13) is not unique to obtain the condition (8.3.12). Note that the
results (8.3.14),; imply that the base vectors for the u-system and the u-system,
related by the formulas (8.3.5) and (8.3.7), coincide in the point P.

Because the Christoffel symbols are zero for Cartesian coordinate systems in E3,
we say that a Cartesian coordinate system is geodesic in every point in the
three-dimensional Euclidean space Ej.

Let the u-system be geodesic on a surface for a point P, and the u-system
uniquely defined by a coordinate transformation:

i (u) < u*(n) (8.3.15)

It then follows from the formulas (8.3.11) that the Christoffel symbols in the point
P for the u-system may be derived from the formula:

, o’ut ouw

This formula is analogous to the formula (6.5.2), in three-dimensional space E3.

8.4 Surface Tensors

A surface tensor of order n is defined as a coordinate invariant quantity that
represents a multilinear scalar-valued function of n surface vectors. Let for example
D be a surface tensor of second order and a, and a* the base vectors for a coor-
dinate system u on a surface in R,. Then for any two surface vectors b and ¢:
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b =b*a, = b,a*, c¢=c"a, =c,a"
the tensor D represents a scalar given by the bilinear function:
o = D[b, ] = D[b*a,,c’az] = D[a,,a5]b"c” = D[b,a* cza’] = D[a* a’|b,c;

o = D[b,c] = D[b*a,, csa’| = D|a,,a”|b"cs; = D[b,a* ag] = D[a* ag|b,c’
(8.4.1)

Thus the tensor is represented by any of the following four sets of components in
the coordinate system u on the surface:

Da/; =D [ax, a/;] covariant components
D" =D[a”, a’] contravariant components (8.4.2)
D! =Dla,, a], Dy =DJ[a”, ag] mixed components
The relations (8.4.1) may now be expressed as:
o =D[b, ] = Dyb”c’ = D’bycy = Db cy = Dby’ (8.4.3)
Using the relations (8.1.6) for the base vectors, we get the relationships:
D! =Dl[a,, a’] =Dla,, d’"a,| = d"'D[a,, a,] =d"'D,, etc. (8.4.4)
The algebra for surface tensors is analogous to the algebra for space tensors. The
transformation rules for the components of the tensor D when transforming from a

surface coordinate system u to another surface coordinate system u, are found as
follows: We apply the formulas (8.3.5) and (8.3.7) and obtain:

_ oul  Ouf p} ou? ol

D =DJ[a,,a’] =D —a’| =——DF etc. 8.4.5
» = DA ] {ama"auﬂa Tt (8.45)

It may be shown, Problem 8.4, that the permutation symbols &,z and e*F defined
by the formulas (8.1.11) represent components of a surface tensor: the permutation
tensor for surfaces.

8.4.1 Symmetric Surface Tensors of Second Order

A symmetric second order surface tensor S satisfies the requirement:

Shb,¢] =S[e,b] = Sla,a5] =S[ag,a,] = S;p=S5p etc. (84.6)
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Fig. 8.6 u!-line and u?-line
on a surface in E3. Tangent
plane on the surface. Vector s
for the direction b, normal
component ¢ for the direction
b, and shear component t for
the directions b and ¢

tangent plane to the surface

Let b and ¢ be two orthogonal unit surface vectors at a point P on a surface y*(u).
For a second order symmetric tensor S we define a vector s for the direction b, a
normal component ¢ for the direction b, and a shear component 1 for the directions
b and ¢ (Fig. 8.6):

s=Sh=S b s =55
c=b-s=b-S-b=0b,5"b (8.4.7)
T:C'S:C'S'b:C“S“ﬂbﬁ

The principal values ¢ = ¢; and o,, and the principal directions b = b; and b,
are defined by the by the equations:

osz'béabﬁzSﬁbaé
(05; - S;;)ba ~0 (8.4.8)
The solution of this set of equations requires that:
det(a0 —55) =0 =

0 —Sc+det S =0 0° — (trS)c+ det S =0 (8.4.9)

The trace trS and the determinant detS of the surface tensor S are the two
principal invariants of the surface tensor S:

trace of § 1 rS = trS = tr(S}) = 5% = 5} + 83 (8.4.10)
determinant of §:  det § = det§ = det(57) = SS3 — 5157 (8.4.11)

Equation (8.4.9) is the characteristic equation of the surface tensor S and deter-
mines the principal values o, and o, of the surface tensor S:
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1
4

1
2

a1

2 —
o (trS)” —det S =

:%trSj: (S{+S§)i\/i(si—sg)2+sgs§

(8.4.12)

Due to symmetry $? = S}, which implies that the principal values are real. The
directions b; and b, corresponding to the principal values o, and g, are called the
principal directions of the surface tensor S and are determined from the linear
equation (8.4.8). The development from the formula (8.4.8) to the formula (8.4.12)
is analogous to the development from the formula (2.3.6); to the formula (2.3.9) in
Sect. 2.3.1. Based on the discussion in Sect. 2.3.1 we may conclude that if g; # o5,
the principal directions are orthogonal, and if 6; = 03, any direction on the surface
is a principal direction for the surface tensor S.

The angle ¢ between a principal direction b, corresponding to the principal
value o, and the base vector a; is given by the formula, see Problem 8.5:

1
O’—Sl(lll ain

SV Ve

tan ¢ = (8.4.13)

8.4.2 Space-Surface Tensors

Let E be a space tensor of second order. The covariant components of the tensor
E in a general space coordinate system y are:

E; =Elg, gj] (8.4.14)

The components D, = E(a,, ag) represent a surface tensor D of second order. The
relationship between the space components E;; and the surface components D,z are
found by application of the formulas (8.1.2):

(8.4.15)

oyl oy oy’ ay’/
D“/; :E[aa,a/;] E|:gl Y y:| e

0w ¥ ouf| ~ owr oub

The fundamental parameters a,p and a*P represent components in the u-system
of the unit tensor of second order 1. The following relations apply:

1]a,,ag] = %%1[&,&-] =a,, 1[a*,a’] =a"d"1|a; a;] =a”
1[a*,ag] = 1[ag, a%] = a”'1]a,,a5] = a"a,3 = 6}

(8.4.16)

Note that the formula (8.4.16), is in agreement with the formula (8.1.7),
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A space-surface tensor of order m,m is an invariant quantity representing a
multilinear scalar-valued function of n space vectors and m surface vectors. As an
example let F be space-surface tensor of order 1,1. The tensor has then the fol-
lowing component sets with respect to the coordinate systems y in E3 and u in R, :

Fiy = F[giaaa} =g F-a,, F* = F[giaaa] = a“ﬁFiﬁ

. . ) o ) 8.4.17
F;( :F[glaaa} :gUFjoza F* :F[gl>al] :guaaﬁFjﬁ ( )
Let ¢ be a surface vector and d a space vector. Then:
h = F - ¢ with components h; = F;, c* is a space vector
(8.4.18)

k = b - F with components k, = b'F,, is a surface vector
The components dy'/Ou* represent a space-surface tensor of order 1,1 with the

property of projecting a space vector b onto the tangent plane to a surface, as shown
by the relationships (8.2.4).

8.5 Differentiation of Surface Tensors

Let ¢(u) be a surface vector field on the surface y'(u):
c(u) = *(u)a,(u) = c,(u)a*(u) (8.5.1)
We compute the vectors ¢,z and use the formulas (8.1.15) and (8.1.18),:
cp=c"pa,+ca,,p=cypa” +c,a’p
=c"pa,+c” (F";ﬂ a,+ B“ﬁa:;) =cypa* +cy (—F;fp a’ +B,pa’” 33) =
cp= (c‘“,/; + c"l“%) a, + c”Bygaz = (ca,/; —cylﬂiﬁ> a” +c,Bja; (8.5.2)
Here we define the covariant derivatives of the vector components:
Clg=c"p + Ty clg=cap—c;T, (8.5.3)
From the results (8.5.2) and the definitions (8.5.3) we obtain:
cp= c“|ﬁaa +c*Bypaz = ca|/ja°‘ + c1B§a3 (8.5.4)
The tangent vector t to the curve u*(s) on the surface y'(u) is a surface vector

determined according to formula the formulas (8.2.5) by the components #* in the u-
system and by the components ¢ in the y-system. We now compute:
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de  dul

5= c’ﬁﬁ =cy = c"\ﬁtﬁaa +C“Ba/;tﬁa3 = ca|ﬁtﬁa“ +ch7ft/‘a3 (8.5.5)

We define the gradient of the surface vector ¢(u), denoted by grad ¢, as the second
order tensor:

gradc:c“|ﬁaa®aﬁ:ca|ﬁa“®ap =3 (8.5.6)
gradc[a,,a’] = ¢*[;, grade[a, a5] = ¢y o

We also define the vector: the absolute derivative dc/ds of the surface vector field
c(u) along the curve u®(s) as the vector:

éc  oc* oc oc”* oc
_ _ o o o ﬁ o '[f
T as T N Oy Tl o=l (8.57)
The results (8.5.5) and (8.5.7) are now combined to give:
de ¢ oc
£:$+(C'B't)a3, gz (gradc) -t (858)

For plane surfaces the fundamental parameters of second order B, are all zero,
which implies that:

de 9§
d—z = 5—5 for plane surfaces (8.5.9)
From the formulas (8.5.7) and (8.5.3) we get the results:

oc*  dc* % @

ot _de e _dex b 8.5.10
os ds et 5y ds T ( )

Let b(y) be a steady space vector field and u*(s) a curve on the surface y'(u),
where s is the arc length parameter along the curve. Along the curve we compute
the vector db/ds from the gradient of the vector field b(y), as presented in
Sect. 6.5.2 by the formulas (6.5.33), (6.5.30), and (6.5.31);:

i

db ob i i i i i i
(8.5.11)

We introduce the tensor-derivatives b'|, of the components of the space vector b on
the surface y'(u):



8.5 Differentiation of Surface Tensors 289

i i iayj i dy’ i Ay’
b'|, = grad [g,a,] = grad |g', =—g;| = grad [g', g]] = lim— =
u ou
, o o (8.5.12)
i i 9Y i ki Y ki
Blo =t b\w(b,ﬁbrk])afb,ﬁbr,gaa

We let the quantity grad b be the space tensor field with components ' |; i.e. the
covariant derivatives of the vector components b', but also a space-surface tensor
called the tensor-derivative of b on the surface y;(u) with components b’ |,

b'|; = gradb[g',g] = b'; +b'T}; (8.5.13)

9y’
J Our

J o/
— b, + T2

b'|, = gradblg’a,] = b'|, —— o

(8.5.14)
Thus the symbol gradb represents both a space tensor field and a space-surface
tensor field.
From the formulas (8.5.11), (8.5.12), and (8.2.5) we obtain the following
alternative expressions for the component form of the vector db/ds:
o’ i i
ﬁzb |j£f:b | (8.5.15)

Let A be a space-surface tensor of order 1,1 that connects a space vector b and a
surface vector c:

b=A-c=b =Al (8.5.16)

The following results will now be derived:

b |ﬁ = A’a|/), c+ A |ﬁ where A \ﬁ =A.p —A;F;{ﬂ +A F}va (8.5.17)
We use the formulas (8.5.12) and (8.5.3); and obtain:

i i ki 6 /

(8.5.12) =: b |B =byg+b ija 3

b= A;ca = bi,/} = A(i,p foid —‘rA;C“,/j

(8.5.3)) =1 p=cp— T,

i _ l Y k i

= b'l,=|A ,,Faﬁ—kA rklaﬂC+A Ay =

) ) ) ) ) Ay’

b'|p = Ayl ¢ + AL c*|; where A} |, = Al,p —AT +A] l"}qa 5= (8.5.17)
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The components A’ | represent a space-surface tensor of order 1,2 called the
tensor-derivative of A on the surface y;(u) and may be presented as the gradient of
the a space-surface tensor A in the following sense:

grad Ag'; a,, ag] :A;|ﬁ (8.5.18)

The absolute-derivative of A along the curve u,(s) is a tensor of order 1,1 defined
by:

0A!
= (gradA) - t, z

= = AL |t (8.5.19)
By combining the formulas (8.5.15), (8.5.19), and (8.5.7) we may present the
formula (8.5.17); as:

db A LA 5c®db’ ()A’ —s—A’(S“
ds  Os ¢ os ds s os

(8.5.20)

From the formulas (8.5.17) and (8.5.19) it follows that when the space coordi-
nates are Cartesian and the surface coordinates are geodesic in a point P, the tensor-
derivative components are reduced to a partial derivatives, and the absolute
derivative components are reduced to an ordinary derivatives in the point P:

‘ ; DAl OA! < O0Al duf  dA!
Al _ au ="a % Al t/} _ o o
“‘ﬂ p= Oug os “lﬁ OuP ds ds

in the point P (8.5.21)

This fact may be used in a general definition of the tensor-derivative grad A and the
absolute-derivative A /ds of a tensor space-surface tensor A of order m,n. At a
point P on a surface imbedded in a three-dimensional space we introduce a
Cartesian coordinate system x and surface coordinate system # that is geodesic with
respect to the point P. The tensor-derivative grad A of the tensor A is a tensor of
order m,n + 1 which in point P is represented by the partial derivative of the
components Ai..]?‘../; of with respect to u,, i.e. Ai..j?‘..ﬁﬂ, =A;..js..p,- In a general
space coordinates system y and a general system u of surface coordinates, the
formula (8.5.17), indicates how the components A’.. H ,;\ of grad A are presented.

The absolute-derivative of A of order m,n along a curve u(s) on the surface is a
space-surface tensor of order m,n and defined by:

5Ai
= (gradA) - t & 5s F=AL gl (8.5.22)

s

In a Cartesian coordinate system x and a geodesic surface coordinate system u:
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O0A B dA - 5Ai..]°~(..ﬁ B dAi..]o-‘..ﬂ

S5 ds 55 = ds (8.5.23)

From the definitions above we can conclude that tensor-differentiation and
absolute-differentiation follow ordinary rules of differentiation.

The tensor-derivative of a surface tensor is called the surface gradient of the
tensor and are represented by the covariant-derivative components on the surface. It
follows that for a space tensor A:

dA  0A
—_—=— 8.5.24
ds s ( )
The gradient of a surface tensor A on a surface is represented by covariant
derivative components in space or by tensor-derivative components on the surface,
as indicated by the formulas (8.5.14). A general rule is:

Ol = 0l 22 (8529

For convenience we present the tensor-derivatives of the base vectors
g, g, a,and a*:

%' i i 9y
gl =glip =0 gl=glig;=0 (8.5.26)
ay |ﬁ = Qoyp — ayrll/;a a’ |/3 =a"p— a»,,rg_ﬁ (8.5.27)

It follows that a, | ; and a” | are vectors that, when a change is made from a surface

coordinate system u to another u-system transform as surface tensors of second
order. By the formula (8.1.15) the formulas (8.5.27) may presented as:

a,|p = Bypas, a”|p = Bpas (8.5.28)

For a geodesic coordinate system u for a point P on the surface y'(u«) we can
show, see Problem 8.6, that:

aypy=a" =0y = ey, =", =0in P (8.5.29)

These results are used to argue that for any coordinate system u on the surface y'(u),
the following holds true, see Problem 8.7:

oay dah Oty oe*b B
ds ~ bs s Os

azpl, = a’|, = eupl, = e[, =0, 0 (8.5.30)
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The following results can be shown for covariant derivatives of the components
of a second order surface tensor D, see Problem 8.8:
2 ) 2 2
D“/g |y = Daz/iay —DM;FM — DMF;}V, D;} ‘7 = D%,y —|—Dgl—‘i7, — Di 2}‘ (8531)
These formulas provide a pattern for constructing the covariant-derivatives of the
components of surface tensors.

For the tensor-derivatives of the fundamental parameters and the components of
the permutation tensor P we will find on the surface y'(u), see Problem 8.9:

8l = 8", =0, epl, =", =0 (8.5.32)
For the components of the curvature tensor B we shall find, see Problem 8.10:

o

ol = Bupa’ (8.5.33)

dy'
By = o pai,
The covariant-derivative and tensor-derivatives of second order of the compo-

nents of surface tensors shall now be developed. For a surface vector ¢ we use the
formulas (8.5.3) and (8.5.31):

Culgy = (Cm/f —c{,r;ﬁ) = (c/z,/; —c{,r;{ﬁ) Fiy — (cur— CGFZ;)FE.,
- (ca,,ﬁ, oy Ty — cgrgﬁ,y) - <c,1,[; I, - cargﬁriy) - <cw1 I}, - car;ir;;}) =

Calgy = Curpy —Co (Fzﬁ,y —Fgﬁr;l,, - F;}‘F/‘;y) — Coyy Fzﬂ —Cp Fi}, — Cuy, 1";}1/,

(8.5.34)
We introduce the components:
4 o 4 o T/ o T4
Raﬂy = Fot",".[; 71—‘1[%"/ + ri/)’row - r}u,vroz/i (8535)
From the formulas (8.5.34) and (8.5.35) we derive the result:
Culg, — cal,p = coRYg, (8.5.36)

It follows from this result that the components Ry, represent the components of a
fourth order surface tensor R. This tensor is called the Riemann-Christoffel tensor
for the surface.

The result (8.5.36) shows that the order of covariant differentiation is not
immaterial, i.e. ¢, |4, # ¢4|,4, unless the Riemann-Christoffel tensor is a zero ten-
sor. We shall discuss this situation in Sect. 8.7.
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For a scalar field ¢(y) the surface gradient on a surface y'(u) is defined by:
grad ¢ = (O¢/0u”) a*. Because grad ¢ is a vector it is convenient to introduce the
symbol ¢ |, = ¢,,, such that:

¢
ou*

grad ¢ = a*=¢,a" =¢|,a" (8.5.37)

It follows, see Problem 8.11, that:

¢‘1/3 = ¢|ﬁx (8.5.38)

In Problem 8.12 we are asked to show that for the second covariant derivative of
the components D,z of a second order surface tensor D we shall find:

Dipl,s — Dag

oy = DopRy5+ DogRj. 5, Dagl,s = Dagls,0only when R =0
(8.5.39)

Similar results may be shown for surface tensors of higher order and for
space-surface tensors.
From the formula (8.5.35) we can derive the formula:

Réuﬁy = aéaRZﬂy = rot'/(57ﬂ _Faﬁéay + Faﬁarg}v - Faiargﬁ = (8 5 40)
Symmetry properties: Rsyg, = —Rsuyp = Rospy = Rpyox o

The symmetry properties for the components Rs,g, imply that the tensor R only has
one distinct component y different from zero in any specified coordinate system u,
and the properties are satisfied by setting:

Rsypy = Vesa€py = Rioip = ya (8.5.41)

By application of the formulas (8.1.12), and (8.5.41) it follows that, see Problem
8.13:

1 .
V=7 &P Ry, (8.5.42)

The result shows that the component ) is an invariant in the surface, i.e. y is
independent of the coordinate system u on the surface. The component y is called
the fotal curvature or the Gauss curvature for the surface. The geometrical inter-
pretation of y will be demonstrated in Sect. 8.7.

The divergence of a surface vector field ¢ in a surface is defined as the scalar
dive = ¢*|,. We use the formula (8.1.20) to obtain the result:
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. 1 1
dive = ¢*|, = ¢t +Tj, = o+l m (Vo) = 2 (V)=

| X ) (8.5.43)
e — L (.8 _ 1
leC—\/&(C \/&)’ﬁ_\/&auﬁ(c Vo)

The rotation of a surface vector field ¢ in a surface is a vector field defined by the
formula:

rote = s“ﬁc/; |, a3 = S“ﬁcﬁ,“ a3 (8.5.44)

Weingarten [1836-1910] has developed the following formula for the
tensor-derivative of the space components chi of the surface normal a; = chig,- to a

surface u*(y),, see Problem 8.14:

5 O

. /
= Weingarten's formula (8.5.45)

Qi |oc =-B
For a space vector b = by a’ + bya;, we shall find, see Problem 8.15:

b, = (bg|, — b3Bg,)al + (bs,, +bpBl)a; (8.5.46)

8.6 Intrinsic Surface Geometry

8.6.1 The Metric of a Surface Imbedded in the Euclidean
Space E;

Let a curve on a surface y'(u) be described by the place vector r(u) with the surface
coordinates given by the functions u”(s) and where the curve parameter s is the
length of the curve between two points P and Q on the curve. The arc length
formula (1.4.5) is now presented as:

0
dr dr
‘: —_— K . .1
; /,/dg o ds (8.6.1)
P

The curve differential dr and its length ds are given by:

_or
- ow*
(ds)* = dr - dr = (a,du?) - (apdu’) = a,gdu*du?

dr

du” = a,du”, |dr|=ds
(8.6.2)
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The quadratic form a,g du®duP, which represents the scalar ds, is called the first
fundamental form of the surface and the metric of the surface.

If it is possible to choose the coordinate systems on two different surfaces such
that the surfaces have the same metric, the surfaces are said to be isometric surfaces.
Surfaces that are isometric with a plane are called developable surfaces, e.g.
cylindrical and conical surfaces. For developable surfaces it is possible to introduce
a coordinate system for which the fundamental parameters of first order and the
metric take the forms:

Ayp = Oyp = axﬁdu“duﬁ = du”du” (8.6.3)

On a plane this coordinate system u is Cartesian and the Pythagoras formula,
Pythagoras [ca. 580 — 495 BCE], may be used to calculate lengths. A surface that is
isometric with a plane is also called a Euclidian surface, and the surface represents
a two-dimensional Euclidian space E,.

A general surface imbedded in the three-dimensional Euclidean space Ej3 is said
to represent a two-dimensional Riemannian space R,. A general theorem for n-
dimensional spaces [1] may be stated that:

R, = E; & R =0 i.e. the Riemann — Christoffel tensor is a zero — tensor
& for a Euclidian surface the Gauss curvature y is zero.
(8.6.4)

Note that for Euclidian surfaces the order of covariant-differentiation and
tensor-differentiation is immaterial, e.g. A}|;; = Al ;.

Surface geometry related only to coordinate systems on the surface and the
corresponding metric is called intrinsic surface geometry. Absolute-differentiation
and covariant-differentiation of components of surface tensors are intrinsic opera-
tions. Isometric surfaces have identical intrinsic surface geometry. This implies that
intrinsic surface properties are common for isometric surfaces, and they have the
same Riemann-Christoffel tensor R and the same Gaussian curvature 7. Isometric
surfaces may have different forms in E3 and this form is determined by the cur-
vature tensor B, which will properly be presented in Sect. 8.7.

8.6.2 Surface Curves

The unit tangent vector t to a curve u,(s) on the surface y;(u) is the surface vector
defined by the formulas (8.2.1):

e _ordy _ay_ovae_av
_ds_é‘yids_dsgi_au“ ds ds "

(8.6.5)
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The derivative of t with respect to the arc length parameter s is according to the
formulas (1.4.10) and (8.5.8):

dt ot
a—rcn—g—i—(tB-t)m7 K=

dt

- (8.6.6)

The vector n is the principal normal to the curve and « is curvature of the curve.
The contribution dt/Js is a surface vector and because t is a unit vector this surface
vector is a normal vector to the curve: t - t = 1 = (Jt/Js) - t = 0. We introduce the
unit normal vector m parallel to the vector dt/ds, defined such that the rotation (t,
m) according to the definition (8.2.8) is positive. Because t and m are unit vectors,
the rotation (t, m) is positive when:

ept'ml = 41 (8.6.7)
Figure 8.7, which will be presented later, shows the normal vector m, the tangent
vector t, the unit normal vector a3 to the surface, and the principal normal vector

n to the curve u*(s). From the relation (8.6.7) and the definition of the permutation
symbols &, it follows that:

= ePmg,  m* = &Pt 8.6.8
B> B

The geodesic curvature o for the curve is defined by the expressions:

ot* or* o
0 =My & = om (8.6.9)

surface ' (1)

surface curve u,,(s)

Fig. 8.7 Surface y'(u) and surface curve u*(s). t = tangent vector to the curve u*(s). a3 = unit
normal vector to the surface y*(«). n = principal normal vector to the curve u*(s). m = unit normal
vector to the curve u*(s) in the surface y'(u). x = curvature of the curve u*(s). & = curvature of
surface for the direction t. ¢ = geodesic curvature of the curve u*(s) in the surface y'(u)
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From the result d&f* /0s = 0 in the formulas (8.5.30) and the formulas (8.6.8) and
(8.6.9) it follows that:

om* ot
55 & Se e amg ot (8.6.10)

The following formulas are called the Frenet-Serret formulas for a surface curve:

5—2 = oMy, M e (8.6.11)

Confer with the corresponding formulas (1.4.13) for space curves.

We shall now develop equations that may be used to determine the shortest
surface curve u*(s) between two points P and Q on the given surface y'(u). A
neighbouring curve to the curve u*(s) is defined by the coordinates:

Vi(s,8) = u*(s) +ew’(s), w*(sp) =w"(sg) =0 (8.6.12)

¢ is a small number and w*(s) are two arbitrary functions of s. The length L = L(¢)
of the curve v*(s, ¢) between the points P and Q is given by an integral obtained
from the arc length formula (8.6.1):

o]
dv* dvP
L(e) :/ aa,flslds (8.6.13)
P

Because the fundamental parameters a,g are functions of the coordinates u”(s) the
integrand in the integral can be regarded as a function of v*(s,¢) and of
dv*(s,e)/ds

dv dv* dvP

The requirement for the functions w”(s) in the formulas (8.6.12) is that the length
L(¢) shall have a minimum for ¢ = 0, which implies that:

Q0 0
B of dv dav* B
—0 /{a"a 88} ’ /{ d(dv*/ds) O (ds)}ds =0
P

p e=0 £=0

dL(¢)
de

(8.6.15)

From the formulas (8.6.12) it follows that:
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on* . 0 dv dw*

The first integral on the right-hand side of Eq. (8.6.15) is now reduced to:

0

of " of
/{avxg}ds /{814“ }ds (8.6.17)
P

e=0

The second integral on the right-hand side of Eq. (8.6.15) is developed by a partial

integration:
Q
d
/{ (du*/ds) dv} *
P

Y

P/{ (av*/ds) 3g<dd_>} o
0

{6(du“/ds }Q P/%{ du“/ds} wds

(8.6.18)
7 d of 7 of o (dv*
- / ds {amua/ds)}W b= / {awv?/ds)% (d_) } “
P P =0
Q0
__ / af_ o\
ds | O(du*/ds)
P
When the results (8.6.17) and (8.6.18) are substituted into Eq. (8.6.15), we obtain:
dL(e) ? o d of
; v
de |, / {% ds 8(du“/ds)} ds=0 (8.6.19)
P

For this integral to be zero for any choice of the functions w*(s) the integrand must
be zero, see Theorem 9.2. Hence we have found that the functions describing the
shortest curve u*(s) between the points P and Q on the surface y’(#) must satisfy
the equations:

o d_of _
Ou*  dsO(du*/ds)

(8.6.20)

In standard calculus of variation Eq. (8.6.20) are called the Euler equations to
following problem: Find the functions u*(s) representing a curve between the points
P and Q on the given surface y'(u) that makes the integral:
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Q
d
L= /f(u, d_u> ds = a minimum between the points P and Q (8.6.21)
s
P

when compared with value of the integral for any choice of neighbour curves
v*(s, ¢) as given by the formula (8.6.12). The solutions u*(s) of the Eq. (8.6.20) are
called the extremes of the functional L.

In the special case where the integrand f is given by formula (8.6.14), the
functional L represents the length of curves between two points P and Q on a
surface y'(u), and the Euler equations determine the curve u*(s) on the surface with
the shortest length between the two points. Such curves are called geodesic curves
or geodesics. We shall now find the differential equations that determine geodesic
curves. We compute:

o

o _ 1 du’ duf I 1 dw _ 1 du
aur = 2r W Boo ds ds > B(au*/ds) — of 2,5 45 = 7 up

f =1 along the curve u,(s) =

d of d du? du’ du d*u# (8.6.22)
— o as = o | Aup—— :amg,y——-i—aoc/i—z

ds O(du*/ds)  ds ds ds ds ds

o 1 dwd? d  of du’ du? d*uf

o 2P s ds Tdsoldwds) - P as ds T ast

The results (8.6.22) are substituted into Eq. (8.6.20) and the result is:

Ayp

k(1 du’ duf
ds? 2 b b ) g ds

Here we use the formula (8.1.19); and the symmetry properties of the Christoffel
symbols to obtain the result:

d*ub 1 1 du’ duP
Aup 5~ (vaﬁ s =5 Thap =5 Fﬁw) P
d*uf du’ du®
= Ayp—— oy =
Gap ds? e ds ds

Finally this result is multiplied by a*”, summation is performed over the index o,
the index p is changed to the index o, and the formula (8.1.17), is applied. We then
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obtained the following set of differential equations for the geodesic curve u*(s) on
the surface y'(u):

d*u” du du
— $ ——=0 8.6.23
ds? T ds ds ( )

The formulas (8.6.5) show that du*/ds are the contravariant components of the unit
tangent vector t to the curve. When Eq. (8.6.23) are compared with Eq. (8.5.10),,
we see that for a geodesic curve:

or*
—=0 8.6.24
os ( )
From Eq. (8.6.9), it then follows that the geodesic curvature o is zero for a geo-
desic curve.

With respect to the x3-plane in a Cartesian coordinate system Ox Eq. (8.6.24) for
the geodesics on the plane are:

d*x,

ds?
= X, = a,5+ by, where a, and b, are constant surface vector in the plane.

Thus, as expected: the geodesics on a plane are straight lines.

On developable surfaces like cylindrical and conical surfaces we shall find that
the geodesics are helices, see Example 8.5. Geodesic curves on a spherical surface
are great circles.

Let a (u) be a surface vector field defined on the surface y'(u) and u*(s) a curve
on the surface. The vector field a (u) is called a parallel vector field with respect to
the surface and the curve if:

) da*  da” du?

5—? =0& (3_as:d_i + a”Fgﬁd—Lls =0 along the curve u*(s) (8.6.25)
The component equations are two first order ordinary simultaneous equations with a
unique solutions for the vector field a(x) when the vector a is specified in a point on
the curve u”(s). From Egs. (8.6.25) and (8.5.8) it follows that for a parallel vector
field:

da

—=(a-B-t)a 8.6.26

= (a-B-tas (8.6.26)
This result shows that the vector da/ds is perpendicular to the surface vector a,
which implies that the magnitude |a| of the vector a is constant. It may be shown,
see Problem 8.14, that along a geodesic curve the unit tangent vectors t represents a
parallel vector field related to the geodesic curve.
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Let P and Q be two points on the surface yi(u), and a(u) and b(u) two parallel
vector fields related to two different curves between P and Q on the surface, and
such that the vectors a and b are parallel in P. It may be shown, see Problem 8.15,
that the angle (a,b) between two parallel vector fields a(u) and b(u) related to the
same curve u*(s) on the surface y'(u), is constant.

8.7 Curvatures on a Surface

The curvature x and the principal normal vector n of a space curve are defined in
Sect. 1.4 by the formulas (1.4.9) and (1.4.10):

dt| |d*r ldt 1d’r
S o I bl = =___ 8.7.1
ds a2 " T kds xds? ( )
The formula (8.6.6) is now be presented as:
kn =om+ (t-B-t)a; (8.7.2)

The three normal vectors az, n, and m are all in a plane perpendicular to the tangent
vector t, as shown in Fig. 8.7. The scalar invariant t - B - t is called the curvature K
of the surface for the direction t, and is also seen to be the normal component to the
tensor B for the direction t:

kK=t-B-t (8.7.3)
From Fig. 8.7 we derive the results:
K=xcos0=t-B-t, o=xsinl (8.7.4)
The three curvatures o, x, and K are related through the formula:
Kn = gm + ka3 (8.7.3)
The second order tensor field B is now called the curvature tensor for the surface
¥ (u).

The curvatures of the surface in the direction of the coordinate lines are found to
be:

- a, a, 1
oK = -B- —a,-B-a, =
(\/ a:xoc) (\/ aococ) [
B By

k=" k=2 (8.7.6)
ai an
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The principal curvatures Kk = k) or K, and the principal curvature directions e =
e; or e, are found from the equations:

(6! — Bf)ey =0, non-trivial solution = det(kd) —Bf) =0  (8.7.7)
The last equation leads to the characteristic equation for the curvature tensor B:

i —trBii+ detB =0, the characteristic equation for the curvature tensor B
1 =3Bi=1%(ki+i;y) the mean curvature (8.7.8)

~2 ~
=K —2uk+y=0 [
# / { y=detB = det(B/;) = K1 Ko the Gauss curvature

A surface curve, for which the tangent vector in every point is in the principal
curvature direction, is called a curvature line.

Through every point on a surface pass two curvature lines, which implies that
the curvature lines on a surface may be used as coordinate lines. Because the
principal directions e; and e, are orthogonal, it follows that when the coordinate
lines are curvature lines:

ap =B;,=0 (8.7.9)

Let 0 be the angle between direction t on the surface y'(u) and the principal
curvature direction ey :

t=cosfe; + sinfe, (8.7.10)
It follows from the formulas (8.7.3), (8.7.9), and (8.7.10) that:
Ki=e -B-e, Kr=e-B-e;, e -B-e,=0
The curvature « for the direction t on the surface y'(u) is then found to be:

K=t-B-t=(cosle; + sinfe;) - B - (cosle; + sinle;) = i

—¢ -B-ecos’O+e-B-ersin’ =

ik = i; cos® 0 + &y sin® 0 (8.7.11)

Example 8.4 Curvatures of Circular Cylindrical Surface
A circular cylindrical surface of radius R is shown in Fig. 8.3 and is defined by the
place vector:

r(u',u*) = Reg(u') +ule, u' =0, > =z,
The unit normal vector to the surface is a; = eg. The base vectors and the
fundamental parameters are:
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1 2 R 0 o

a; =Reg,a; =e,a' =¢)/Ra’ =e,, (ay) = o 1) (a™)
(1R 0
a 0 1

The covariant components B,y of the curvature tensor B are given in the formula
(8.1.26), and the mixed components Bg are computed from the formulas

Bl = alB,,:
-R 0 -4 0
e = (o o) =" o)

The coordinate lines are lines of curvature and we find for the principal curvatures,
the mean curvature u, and the Gauss curvature 7y:

1

K2 =0, H=—5p

K= — y=0

1
R )
Example 8.5 Helix on a Circular Cylindrical Surface
We shall consider the helix presented in Example 1.1 as a curve u”(s) on the
cylindrical surface. In cylindrical coordinates (R, 0, z) and with surface coordinates:
u! = 0 and u? = 7, the cylinder is defined by R = constant, and the helix is defined
by the place vector:
r=r(u',u?) = Reg(u') +u’e. = r = r(u',u?) = Reg(0) + (b0 +z0)e,
The tangent vector t for the curve is:

= dr_drdd_ (R@ +bez) 9 _ (Rey(0) + be.)

1
T ds dO0ds do ds VR £ b?

t= ! a; + b a:>t—dr—t‘°‘a:>
VRt VRreE © ds
1 _ 1 2 _ b N
VR 457 VR +1?
1
t=————(Rey+ be,
VR? + b? ( )
The principal normal vector n and the curvature x for the curve are found from:
d’r pdeod0\d0 _ —R R
KNl = —F = —_— | —=— e n——e K= ——
ds? d0ds)ds R +b " BT R 2

Because the components ¢* are constants and F;‘ﬁ = 0 according to the formula
(8.1.27), it follows from the formulas (8.5.7) and (8.5.3) that:
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5t“ o B o bh med o B

=1 |5t = (t y +ﬂ1“7ﬂ)t/’ =t =0=
or*
—=0 8.7.12
os ( )

The result shows that the helix is a geodesic curve on the circular cylindrical
surface, which agrees with the fact that the helix is a straight line when the
cylindrical surface is opened into a plane.

From the formulas (8.6.8),, (8.7.12) and (8.6.9); we determine the unit normal
vector m and the torsion ¢ :

1 1,21 2 _1(_1). b _ __ b
mot_s/fottﬂ_sﬁxaﬂ PN {m = ;¢ ant z(=1)-1 RTE = R
- - v 2 __ 1,12 1 _11.p2 1 _ _ R
m=gerant =gl R oe=s = o
0

—b R
1 2
m=ma +ma=——-e+ ——€;, 0=
/R - b2 NIZEY A
The result that the geodesic curvature o is zero agrees with the fact that the helix is a

geodesic curve on the circular cylindrical surface.
Control of the result for the unit normal vector m:

—b 2 R ?
meme (\/R2+b2) " (x/R2+b2) B
met= (\/R;i bZ) (\/R2R+ bZ) - (\/R2R+ b2) (\/sz+ bz) -

R —-b R
txm= ey + e | X €y + e,
(\/R2+b2 VR B Z) (\/R2+b2 R T )
R R b —b
S = X €t T ——— |e; X &) =€) X e; = eg = a3
VR +b2VR2+b VRZ+02) \VR +b

Example 8.6 Curve with Geodesic Curvature on a Circular Cylindrical
Surface

On the cylindrical surface: r = r(u',u?) = Reg(u') + u’e,,, with surface coordi-
nates: u; = 0 and uy = z, we shall investigate the curve u*(s) defined by the place
vector:

r:r(ul,uz):ReR(ul)Jruzez, M1:9, MQZZ:R02/2:>
r =r(u;) = r(0) = r(u;) = Reg(0) + (RO*/2)e.
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The arc length formula (1.4.5) gives with deg/d0 = ey:

ds dr dr: R2+R292<:>d—0: 1
d

MR = — = . I
do do do— \'do do PN

The tangent vector t for the curve is:

dr drd0 deg do
AT (RER L Ree. |
ds  d0ds ( a " ef) ds
(Reg + R0e.) ! ! a; + 0 a =
= (€9 = | T —F/——a2
“RVI+ RVI+P  V1+P
(=T g ! (eg + Oe,) = ¢! ! s 0
= — = e — 0 = s =
s 1+ 6 ) RV1+ 0 V1+ 6

The principal normal vector n and the curvature x for the curve are, with dey/d0 =
—eg found from:

Kn:d—Zr:<R@+Re)ﬁd—0: -1 er + ! e, =
ds? do ") dsds  R(1+07) " R(1+07)
n:_\/ieg—i-ﬁe K:L

2 277 R(1+6%)

From the formulas (8.5.7), (8.5.3), and (8.1.27) we obtain:

o, , or*
_ o B o \ B B
5 ! |pt" = (t N +t1"yﬁ)t =yt =57

st ~1-20 1 -0

=

- = 7t = =

os : 2R(1/1+¢92)3R\/1+02 R2(1—|—02)2

o, 1 —0-20 1 1

5—_1‘,12‘ = 2+ 3 2: 0N\ 2
s 146 2(,/1+92) RV1+60° R(1+06%)

From the formulas (8.6.9), and (8.6.10), we get the results:
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1 1 0 —0
o _ JPou, _ P y 1 _ 21 2 _
m* = etp = ag,t’ = m = —=e"apt- =—(—1)1 =
Ve R VI+0 R+
1 1 1 1
2 12l 2
m-=—=e-at ==1-R =
Vo R RV1+0 V140
m=m'a —|—mza 0 ey + R e
= 1 2= 0
Vitr  V1+or
o o g or e )
a:gm“ :Ea“ﬂm :Eanm +ga22m
—0 , 0 1 1 1-0
_2 22R 2+ 221 7 23/2:>
R (1+6°)" RV1+6* R(1+0) 14+0° R(1+06°%)
0 = ——  geodesic curvature
R(1+07)"?

Control of the result for the unit normal vector m:

mom = (725) +(75) -

mets (\/l-(i(F) (\/11+02) i <\/1-1+7> (\/10+02> -

1 —

0 —0 i
e+ e | x(—leey+ ———e. | =
Vi+ Vite © Vit Vite ©
= L_e)xe + 0 —=0_Je, x ey = ey x e, = eg = a3
V14 A1+6* V16 Vi+6?

txm=

Example 8.7 Curvatures of Spherical Surface

In Example 8.2 we have presented the fundamental parameters of second order B,
for a spherical surface of radius » with the centre of the sphere at the origin of the
Cartesian coordinate system Ox. These quantities are also components of the cur-
vature tensor B for the spherical surface and will be recorded here together with the
mixed components BY = a”'B,, of B:

(B«ﬁ):(_or —rs?n20)’ (Bg):<_<l)/r —?/r)

The coordinate lines are lines of curvature and we find for the principal cur-
vatures, the mean curvature and the Gauss curvature:
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8.7.1 The Codazzi Equations and the Gauss Equation

From the formulas (8.5.28) and (8.1.18); we compute:
ay |'[;} = Bot/f |«/ a3 + Bypas |~),v = Ba/)’ |y a3 — Bot/fopap

and then by applying the formulas (8.5.36), we obtain the result:

aylg, — ay], = Rjga, = (Baﬁ l, — By ‘ﬁ) a — (thﬁBw - BW/Bﬁ/’)ap = Rpup, a”

Because a3 and al are independent vectors, we conclude that:
B.p \}, — By, |/; =0, ByBpy — BypByy = Rpupy

Due to the symmetry properties of the curvature tensor B and the
Riemann-Christoffel tensor R, these two equations reduce to:

Byil, —Bx|; =0 the Codazzi equations (D.Codazzi [1824 — 1875])
(8.7.13)

B11B2; — B12B12 = Ryp12  the Gauss equation (8.7.14)
From the Gauss equation we derive the result, confer the formula (8.5.42):

det(Bozﬁ) Ri212
— o) — —

It may be shown that the form of a surface in space, apart from its position in
space, is uniquely determined if the following is specified in relation to a surface
coordinate system u: The fundamental parameters of first order a,p(u) and the

fundamental parameters of second order B,g(u) are given, the metric a,p du®du® is
positive definite, and B, (u) satisfy the Godazzi equations and the Gauss equation.

The fundamental parameters of third order for a coordinate system u are defined
by the components:

C“/; = gi|aai|ﬁ (8716)

The components a' |, and ;| p are tensor-derivatives of the surface normal a3. The

components C,g represent a symmetric 2 second order surface tensor C. It follows
from Weingarten’s formula (8.5.45) that:



308 8 Surface Geometry. Tensors in Riemannian Space R,

C=B>& C,;=BlBy (8.7.17)
It may be shown that, see Problem 8.16:

Cop — 2uB,p +yass =0 (8.7.18)

Problem 8.1-8.16 with solutions see Appendix.

Reference
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Chapter 9 M)
Integral Theorems sk

9.1 Integration Along a Space Curve

In this section we shall use a Cartesian coordinate system Ox in the
three-dimensional Euclidean space. A function in space is given by the field
f(r) = f(x1,x,x3). A curve C in space is given by the place vector r(s), where s is
the arc length parameter. The integral of the field f(r) along the curve C from a
place r; = r(s1) to a place r, = r(s,) is defined by:

[rwas= / F(x(s)) ds (9.1.1)

For the integration of a field f(r) along a closed curve C in the x;x,-plane we
introduce as positive direction of integration the clockwise direction when looking
in the positive x3-direction, i.e. counter-clockwise for the curve C shown in
Fig. 9.1. We use the following symbol for integration along a closed space curve C:

?{ f(r) ds = integration of field f(r) along a closed space curve C (9.1.2)
c

Theorem 9.1. Integration Independent of the Integration Path Ler a(r) be a
vector field and r; and r, two places in space. Then:

(1) If the vector field may be expressed as the gradient of a scalar field o(r) :
a=grado & a; =0, (9.1.3)
© Springer Nature Switzerland AG 2019 309
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X
™ /xgl(xQz) 0
A
Xo2 G,

dx, \

X
(¢ > X

© \ X | e
1 »

I > dX]

Fig. 9.1 Surface A in the x;x;-plane bordered by the curve C = C; (from P to Q) + C, (from Q to
P). Unit normal n = [n;,n,] to the curve. Line element dr = [dx;,dx,],|dr| = ds

then the integral

I r
/ a-dr = / a; dx; is independent of the integration path between r; and r,

ry r

(9.1.4)

(2) If the proposition (9.1.4) is true, then the vector field a(r) may be expressed as
the gradient of a scalar field a(r), such that the result (9.1.3) is true.

Proof of (1) The assumption (9.1.3) = the result (9.1.4. Formula
(9.1.3)= a-dr = a,; dx; = do. The integral from r;tor, of the vector field a
(r) becomes:

r r I I

/a -dr :/ai dx; = /oc,i dx; = /doc(r) =[o(r)]5 = a(r2) — a(ry)

r T Iy r
which is independent of the integration path between the places r; and r,. Thus the
assumption (9.1.3) implies the result (9.1.4).

Proof of (2) The assumption (9.1.4) = the result (9.1.3). Let r; be a fixed place and
r; = r = x;¢;(x; + h,x;,x3). The integral in assumption (9.1.4) may be considered
to be a scalar field a(r) :

r

oc(r):/a-dr

r
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Let r; =r+ he; = (x| +h)e| + xpe; +x3e3, where h is any scalar variable.
Then the assumption (9.1.4) implies that:

r3 r r+fle1 x;+h
Ja-dr= [aidx+ [ avde =o(x)+hx,x3) = o(x,x0,x3)+ [ arda =
r

ry ry

x1+h
6 ; A1 32, d
O‘L(oc(x1+h7xz,x3))]h0—‘)h< il aidxi) ’ ﬁ%?m: g)glr) = ai(x1,x2,x3)

X1

x|

The result is generalized to: a; = 0o/0x; = a,; = a = grada = (9.1.3). Thus the
assumption (9.1.4) implies the result (9.1.3). This completes the proof of theorem
9.1.

Theorem 9.2 Let f(x) and g(x) be continuous functions of the variable x and I the
integral:

1= [ 1) gtods

X1

If the integral I vanishes for any function g(x) satisfying the conditions g(x|) =
g(x2) =0, then:

fx) =0 forx; <x<x;

Proof Assume that: f(x) > 0 for some value of X in the interval: x; <X <x,.
Continuity of the function f(x) implies then that there exists a value & > 0 such that:

flx) >0 forx—e<x<x+eg
Select the following function:

g(x) =0 forx; <x<x—ecandx+e<x<x,
glx) >0 forx—e<x<x+sg

Under these conditions the value of the integral / is positive, which contradicts the
assumption f(x) > 0. Hence, if the integral I vanishes for any function g(x) sat-
isfying the condition g(x;) = g(x2) = 0, then the function f(x) = O for all values of
x in the interval x; <x <x. This completes the proof of Theorem 9.2.

9.2 Integral Theorems in a Plane

Figure 9.1 shows a plane surface A bounded by the curve C in a two-dimensional
Cartesian coordinate system Ox. The area A of the surface may be calculated from
the double integral:
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A= /dA = // dxydx, = /dxldxg (9.2.1)
A
A

A

For simplicity we use the symbol A for the surface as well as for the region that the
surface occupies in the xjx;-plane, and the area A of the surface. The symbol
dA = dx; dx; is called the differential element of area in the Cartesian coordinate
system Ox.

The double integral in formula (9.2.1) is further expanded to:

X0 X1 (x2)
Az/dAz/dxldxz: / dxy| dx, =
4 4 w2 ae) (9.2.2)
Xo2 X0 Xo2
A= / [X1(x2) — %1 (x2)] dxz = / X1 (x2) dxy — / X1 (x2) dxp
P X xp2

The first integral on the right-hand side of Eq. (9.2.2) represents the area within the
boundary described by the curve C; from the point P to the point Q, the x;-axis, and
the horizontal lines for x; =xyp and x, =xyp. The second integral on the
right-hand side of Eq. (9.2.2) represents the area within the boundary described by
the curve C, from the point P to the point Q, the x,-axis, and the horizontal lines for
Xy = xopand x; = xyp. With the parameter s as the arc length parameter along the
curves C, Cy, and C;, and n as the unit normal vector pointing out from the curve
C = C; + C;,, we find from Fig. 9.1 that along the curves C,Cy, and C; :

dxy = —nods, dxy =nids < dx, = —epnpds (9.2.3)

The integrals on the right-hand side of Eq. (9.2.2) may now be presented as:
X02

Al = / X1 (%) dxp = /Xl(xz(s))nlds,

Xxp2 Cy
X2

te= [ mwdn == [ sl mas

Xp2 G

The area A of the plane surface A bounded by the curve C then becomes:

A=A — A, = /Xl(xz(s))nlds+ /il(xz(s))nlds:j{xl(xg(s))nldsé

C C C

A= / dxy dxy = 7{)61 (x2) dxy = .%xl(xz(s)) ny ds (9-2.4)

A C C
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For a surface integral of a function f(r) = f(x;,x2) over a surface A in the
Xx1x2-plane we use the symbols:

/f(r) dA = /f(l') dx,dx; (9.2.5)
A 4

Theorem 9.3. Gauss’ Integral Theorem in a Plane Let A be a surface in the
Xx1x2-plane and bordered by the curve C, Fig. 9.1. The unit normal n to C lies in the
x1x;-plane and is pointing out from the curve C. Then for any field function f(r) =
f(x1,x2) the following result holds true:

z{fnds:A/gradfdAﬁ)z{fnadSZA/f,“dA (9.2.6)

Proof The proof will be given for the index value o = 1. First we consider the
situation in Fig. 9.1, in which a straight line parallel to the x;-axis only intersects
the curve C in two points X (x;) and X;(x,). Then:

X2

X1 X2
fadA= foadxy| dao = [ [f(xi(x2),x2) — f(F1(x2),%2)] dx2 =
[ran= [ | o=

XPp;

fadA= | f(xi(x),x)don— [ f(Zi(x),x2)dx
[ra=] /

(9.2.7)

Following the procedures that led from the Eq. (9.2.1) to the Eq. (9.2.4), we may
present the result (9.2.7) as:

fadA= | fadadon= ¢ f(xi,x)m (9.2.8)
[ [rrsase

Thus the formula (9.2.6), has been proved for the index value o = 1 when a straight
line parallel to the xj-axis intersects the curve C in only two points
X1(x2) and X (x;). For the special case: f = x|, Eq. (9.2.6) provides the result
9.2.4).

If a straight line parallel to the x;-axis intersects the curve C in more than two
points, as indicated in Fig. 9.2, the surface A may be divided into parts as shown,
each of which satisfies the condition of only two points of intersection between a
line parallel to the x;-axis and the bordering curve.

The result (9.2.6) is now applied to each part of the area A and the results are
added. The contributions to the integrals along the lines, C in Fig. 9.2, dividing the
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Fig. 9.2 Surface A in the X,

x1x2-plane bordered by the C, C
curve C=C; + C, + C3... A 2
straight line parallel with the A A
Xxj-axis intersects the curve
C in more than two points

0© > X

area A, add up to zero. Thus the Gauss’s theorem (9.2.6) has been proved in general
for the index value o = 1, and this result is generalized as a general proof of the
formula (9.2.6).

Theorem 9.4. The Divergence Theorem in a Plane Letr A be a surface in the
x1xp-plane and bordered by the curve C, Figs. 9.1 and 9.2. The unit normal n to
C lies in the x x;-plane and is pointing out from the curve C. Then for any vector
field a(r) = a(xy,x;) in the x|x,-plane the following result holds true:

/divadA = ]{a ‘nds & / Ay,gdA = faa Ny ds (9.2.9)
A C A C

Proof: Theorem 9.2 is applied to each components a,(x;,x;) of the vector a and
the results are added to give formula (9.2.9).

Theorem 9.5 Stokes’ Theorem in a Plane Let A be a surface in the x1x,-plane
and bordered by the curve C, Figs. 9.1 and 9.2. The unit normal vector to the plane
area A is the base vector e3 of the Cartesian coordinate system Ox. The unit
tangent vector to the curve is t = dr/ds. The Stokes’ theorem in a plane states that
for any vector field a(r) = a(x;,x;) the following result holds true:

/(V xa)-e3dA = j{a -tds (9.2.10)
A c

Proof Applying the formulas (9.2.3), with e; as the base vectors of the system Ox,
we obtain for the tangent vector t:

dr  Or dx, dx,
g_a_xxﬁ_eaﬁ__el@—i_eznl (9.2.11)

The integral on the right-hand side of the Eq. (9.2.10) is rewritten to:

%a “tds = j{aa tyds = j{ [axn; — ainy) ds

C C C
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Application of Theorem 9.3 to the integral on the left-hand side of the Eq. (9.2.10)
gives:

/ (V X a) - €3 dA = / (eijkak,j ei) - €3 dA = / [a2,1 —al,z} dA

A A A

= ]{ [axn) — any)ds

c

Hence, the integrals on both sides of the Eq. (9.2.10) are shown to be equal. This
result proves Stokes’ theorem in a plane.
Stokes’ theorem is also called Green’s theorem, George Green [1793-1841].

9.2.1 Integration Over a Plane Region in Curvilinear
Coordinates

In the x;x,-plane of a Cartesian coordinate system Ox we introduce surface coor-
dinates u*, Fig. 9.3a, such that there exits a one - to - one correspondence between
the point (x;,x,) and the coordinate pair (u',u?):

Xy = X, (u',1?) & u* = u*(x1,%2) (9.2.12)
We say that the formulas (9.2.12) represent a one-to-one mapping between the
coordinates  (x1,x) and the coordinates (u',u?). The functions

x,(u',u?) and u* = u*(x1,x,) must satisfy the following requirements:

@), (b)y

Fig. 9.3 a Surface A in the x;x;-plane. Surrounding curve C. Curvilinear coordinate u,. Surface
element dA = Jdu'du?. b “Cartesian” coordinate system O, u. Surface A,. Surrounding curve C,,.
Surface element dA, = du'du?
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(a) xy = x,(u',u?) are continuous functions of #* with continuous partial deriva-
tive of first order, and u* = u*(x;,x;) are continuous functions of x, with
continuous partial derivative of first order.

(b) The Jacobi determinants J = J;, and JY of the mapping must be non-zero:

Ox;  Oxp )
J=J det(“ﬂzdt(gzz 3_) Gk~ G Ga #0
2
" 36_ o (9.2.13)
()‘61 OXQ

When one u-coordinate is kept constant, e.g.u?> = u*, the functions x, = x, (u', u*)
describe a coordinate line, a u'-line, in the x1xp-plane. Coordinate lines are shown
in Fig. 9.3a. A surface A in the x;x;-plane is bordered by the closed curve
C. Figure 9.3b shows images A, and C,, in a “Cartesian” coordinate system O, u of
the area A and the curve C. The formulas (9.2.12) represent a one-to-one mapping
of points (x1,x;) in the region A in the x;x;-plane to points (u!,#?) in the region A,
in the “Cartesian” coordinate system O,u.
It will now be shown that the area A of the surface is given by the formula:

A:/dA:/dxldxz = /Jdulduz = A= / Vodu' di (9.2.14)
A A Ay

Ay

du' and du? are differentials of the curvilinear coordinates u*, as illustrated in
Fig. 9.3a.
From the formula (9.2.4) we obtain for the area A:

= /dx1 d)CQ = ]{xl dX2 (9215)

A C

We introduce the arc length parameter ¢ for the curve C, and apply the results
(9.2.3), where n,, is now the unit normal vector to the curve C, in the uluz-plane in
Fig. 9.3b. Then we may write:

ax2@ O'_@% 0-_*_@617"{2 o= — azn do-_|_a
ou* do  Oul do olds o

dx, = 2

n, do

(9.2.16)

From the formula (9.2.4) and the result (9.2.16) we get:
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Ox Ox
- /dx1 dxy = 7{)(1 dxy = j{ {—xl 8—zjnu2 +x; a—uinul do (9.2.17)

A C Cy

By Gauss’ integral theorem in a plane (9.2.6) applied to the area A, and the
surrounding curve C,, we obtain:

Oxy Oxy
A:/dxldxzzf { e» 1"”2 + x1 ER 2nu1}da
A

Cu

[ (9 aXQ 8 8)(2
:/ _ﬁ(x‘ﬁ)+aul( az)}d dic =

A= / __ 8)61 axz 82x2 8x1 sz 8 X2

acon oo T ow o N owow }d duc

7/ [ 8)61 8x2 8)61 8x2

2on T on on z}d A’ = A = /dx1 dxy; == /Jduldu2 = (9.2.14),
u? Ou
A

The result (9.2.14), is found as follows. First we introduce the base vectors a,
and the fundamental parameters a,g for the u-system referring to the formulas
(8.1.2), (8.1.7), (8.1.8) and (8.1.13):

or
Ou,’

a, = ayp =a,-ag, o =det(ay), a; xa=+oa (9.2.18)

a3 is a unit normal vector to the surface, and will in this chapter be denoted by n,

i.e.n=a;s: a xa
n=-—1""—n.a,=0 (9.2.19)
|a1 X32|

The three vectors a, andn represent a right-handed system, and the unit normal
vector n points out from what will be defined as the positive side A™ of the surface.
Because the Cartesian coordinate x3 is independent of the coordinates u*, we obtain
from the formulas (8.1.7) and (8.1.8) that:

2
iy = 05285 = 1 = der(ay) = de(3525) = [der(35)]'= 1 =

J = \/& = det(aa/;)

(9.2.20)

Now the result (9.2.14), follows from (9.2.14),
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The differential line elements along the coordinate lines are defined by the
vectors:

ds, = a, du” (9.2.21)

The element of area is represented by scalar dA, shown in Fig. 9.3a, and by the
vector dA:

dA =ds| x ds, =ndA (9.2.22)
From the formulas (9.2.22, 9.2.21, and 9.2.18) we obtain:

dA = ds; x ds, = (aidu') x (adu®) = a; x aydu'du* = \/odu'du’n =
dA = Vadu'di’n, dA = \/odu'di
(9.2.23)

A= /dA = /d)q dx; = / Vodu' d (9.2.24)
A

A Ay

Example 9.1 Area of a Quarter Circle
Figure 9.4 shows a quarter of a circle of radius r. Polar coordinates are chosen as

curvilinear coordinates: u! = R, u> = 0. The mapping (9.2.12) is given by:

1

Xy = X, (u' u*) = x; = R cos 0 = u' cos u*, x; =R sin 0 = u'sinu®

The Jacobian J for the mapping becomes, according to the formulas (9.2.13):

Ox;  Oxi .
5 Ol Ccos u —uisinu
J:det<‘g§; gﬁ):w( > 2):\/&:141:R

S 53 sinuy U COS Uy

The coordinate differentials are: du'! = dR and du® = d0. The area of the quarter
circle is found from:

Fig. 9.4 Area A of a quarter AN
circle. Cartesian coordinate
— 2
system Ox. Polar coordinates dA = Jdu' du
RO. Curvilinear coordinates , 4 -
u' = R,u?® = 0. Differential u _hge,_
element of area dA = Jdu'du® u' —line
2 — ]
du*=dé du' = dR
» X
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r TL/Z

n/2
/ r2 ‘IU‘2
A:/dA:/JdulduZ:/Rdeez/ /RdR d@z/;d@zT
A Ay 0 0

Ay 0

We now turn to a general definition of double integral of a function f(x;,x;)
over a region A with area A in the x;x;-plane in the Cartesian coordinate system Ox:

I = /f(xl,x2)dx1 de (9225)
A

In the x;x;-plane we introduce curvilinear coordinate system u through a mapping
(9.2.12) with the Jacobian J from the formulas (9.2.13). Let A, be the region in the

u'u?-plane corresponding to the region A in the x;x,-plane Fig. 9.3b. It will then be
shown that:

I= [ fdA= | f(xi,x)dxdx = [ fx(u),x(u))J du' du® (9.2.26)
[r#=] /

The region A is divided into n small regions A, of areas A,, and with x,, as an
arbitrarily chosen point in A,,. Let d be the maximum diameter (extension) of all the
regions A,. The general definition of the double integral of the function f(x,x;)
over the region A may then be presented as:

1= / f(x1,x2)dx; dxy = 1313% Z F (X1 X20) Ay (9.2.27)
A

Let f, min be the minimum value and f, max the maximum value of the function

f(xX14,x2,) in the region A,. such that: f; min <f(¥1n,%2:) <frmax Then it follows
that:

Formula (9.2.14) = A, = / Jdu'du?, and
Ay

FuminAn = frmin / Jdu'du® < / £ (1), 2 ()T du di® < fy max / Jdu'du® = f, maxAn =
A A

L, = an,minAn < Z /f(xl (u),xz(u)).]dul du? San,maxAn =Un
n n A n

nu

Ln = Zﬁl,minAn S Zf(xln7x2i1)An S Zﬁl,maxAn = Un

(9.2.28)
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The bounds:L,(lower bound) and U, (upper bound) approach each other when we
let: n — ooand 6 — 0, we conclude from the result (9.2.28) and formula (9.2.27)
that:

I—/fdA /f (1, x0)dxy dxy = /f (1 (u), x2(u ))Jdu du?

= hm E f xln;x2n

This result proves the formula (9.2.26).

9.3 Integral Theorems in Space

As presented in Sect. 8.1 a two-dimensional surface imbedded in a
three-dimensional Euclidean space Es, Fig. 8.1 and Fig. 9.5, is defined by the place
vector r as a function of two parameters u' and u? called surface coordinates:
r=r(u) = r(ul, uz) < x = x(u) = xi(ul,uz), v =y(u) = yi(ul,uz)
(9.3.1)

The base vectors and the fundamental parameters for the u — system are as given
by the formulas (9.2.18). The unit normal vector n for the surface is shown in
Figs. 9.5 and 9.6, and defined by the formulas (9.2.19).

The differential line elements ds, along the coordinate lines and the differential
element of area dA are defined by the vectors in the formulas (9.2.21-9.2.23), and
shown in Fig. 9.6. A Cartesian coordinate system Ox is shown in Fig. 9.5. The
parameters y' are general curvilinear coordinates in Ej3.

Fig. 9.5 Two-dimensional
surface imbedded in
three-dimensional space E;.
Cartesian coordinate system
Ox. Surface coordinates u'
and u%. Coordinate lines. Base
vectors a; and a,. Unit normal
vector n




9.3 Integral Theorems in Space 321

Fig. 9.6 Line elements ds;
and ds,. Differential element

ds, =a,du’
of area dA = n dA

u® —line

tangent plane in point P to the surface

9.3.1 Integration Over a Surface Imbedded in the Euclidean
Space E;

Based on the development in Sect. 9.2.1 it seems reasonable to define the area of a
curved surface by the integral:

A:/dA: / Vodu' du? (9.3.2)
Ay

A

In addition to comply with the concept of the area of a plane surface in the
Xx1x2-plane, this definition of area satisfies, as we shall show, the natural requirement
that the integral expressing the area is coordinate invariant with respect to both
space coordinates and surface coordinates.

Example 9.2 Area of the Surface of a Sphere

Figure 9.7 shows an eighth of a sphere of radius r. Spherical coordinates are chosen
as curvilinear surface coordinates: u' =0, u?> = ¢. The mapping (9.2.12) is
expressed by:

Xy = X, (u',u*) = x; = r sin 0 cos ¢ = r sin u' cos u?,

1 2

Xp =rsin 0 sin ¢ = r sin u" sin u

Fig. 9.7 An eighth of a 4 x;

sphere. Surface coordinates: u'=0
u' = 0,u* = ¢. Element of u?
area: dA = r” sin 0d0d¢

u? —line

ds, =rsin@d¢
ds,=rd@

» X

dA=r"sin8d8d¢

u' —line
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From the formulas (8.1.30-8.1.31) we have:
a; =rep, a,=rsinle (axys) = r 0 o = det(a,p) = r*sin® 0
’ ¢ b 0 r2sin®6 )’ “
ds, = a,du* = ds; = rdley, dsy=rsinOddey, dA= /udu'du* =7sin 0d0d¢

The area A of the surface of the sphere becomes:

n/2 [ n/2
A:8/dA:8 / Vodu'du* = 8 / r2sined0d¢:8/ /rzsinGdH do
A/8 Au/8 A,/8 0 0

/2
:8/r2d¢:8rzg$ A= 4n?
0

9.3.2 Integration Over a Volume in the Euclidean Space E;

Let V represent a region in E3. The volume V of the region is defined by the triple

integral:
V:/dV:/// dxldxde3 E/dxl d)CQdX3 (933)
Vv
Vv Vv

The volume element dV = dx; dx, dx; is shown in Fig. 9.8. An alternative form
for the volume element integral dV will be presented below.

The integral of a field function f(r) over the region V is presented as the triple
integral:

I:V/f(r)dV: V/f(xl,xz7X3)dx1 dx; dxs (9.3.4)

Theorem 9.6 Gauss’ Integral Theorem in Space Let V represent a volume in
three-dimensional space bounded by the surface A with an outward unit normal
vector n. Then for any field f(r):

aTc,dV /fn, dA (9.3.5)

Proof for i = 3 : Consider first the case, Fig. 9.9, where a straight line parallel
to the xs-axis intersects the surface A in only two points: X3(x1,x;) and X3 (x1,x2).



9.3 Integral Theorems in Space 323

Fig. 9.8 Volume element dV Ax, dv
in a Cartesian a coordinate dx;
system Ox. dV = dx;dx,dx; *
dx, o)
| 2
r
X2
o
X
Fig. 9.9 Volume V with AXs
surface A = A +A. Lines =
parallel with the x;-axis xi(x,,xz)
intersect the surface A in only
two points: X3(x;,x2) and equator

X3(x1,x2). Elements of area
dA and dA. Outward unit
normals n to the surfaces A
and A

» X
/0 li3(xl’x2)

The sets of points X3(x1,x2) and X3(x1,x;) describe respectively the surfaces A
below the equator and A above the equator, such that A+A = A. Then:

1

of [ of
/a—)@dv /a—dxld)cde3 / /a—x3dX3 dx1 de
/fd)C1 d)CQ /de1 de

From the formula (2.2.24), we can deduce that dx;dx, =
nydAonAanddx; dx, = —n3 dA on A. Hence, we have found that:

7dv /7dX1dX2dX3 / af dX3 dX1 dXZ = /fl’l3dA+ /fnsz /fn3dA
8x; Ox X3
A

> [av = [mas
8)63
14 A
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This result is generalized to:

g—de = /f n;dA for the situation in Fig. 9.9 (9.3.6)
Xi
4 A

If lines parallel with the x3-axis intersect the surface in more than two points,
Fig. 9.10, the volume may be divided into parts for which each satisfies the con-
dition about only two points of intersection with lines parallel with the x3-axis. The
formula (9.3.6) is applied to the volume parts and the results are summed. The sum
of the volume integrals add up to the volume integral over the volume V. The sum
of the surface integrals provides the surface integral over the surface area A plus the
contributions from the interfaces separating the volume parts. However, these latter
contributions will cancel each other, since they appear with contributions of
opposite signs. By these arguments and the result (9.3.6) the formula (9.3.5) is true
and Theorem 9.6 is proved.

Let B(r) be a tensor field of order n with components B;..; in a Cartesian
coordinate system Ox. Then we may apply the result (9.3.5) to write:

dV = | Bi..in.dA 9.3.7
otav = [ By 937)

Vv A

This may be called the Cartesian representation of the gradient theorem:

/gradBdV:/B®ndA (9.3.8)
v A

The integrands in the integrals on both sides of the formula (9.3.8) are tensor fields.
In Cartesian coordinates the tensor property of both sides of the integral relation
(9.3.8) is preserved. However, although the integrands in the relation (9.3.8) have
components representation in a general coordinate system y, the integral relation
will in general be meaningless in component presentation. This is due to the fact

Fig. 9.10 Volume V with

R A
surface A = A+ A. Lines _
parallel with the x3-axis A
intersect the surface A in more )
than two points. Normals i
n and —n to the interface ! “
%
S A
|

)
/b

X
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that when transforming from one general coordinate system y to another system y
the transformation elements are functions of place.

Theorem 9.7 The Divergence Theorem in Space Let V represent a volume in
three-dimensional space bounded by the surface A with an outward unit normal
vector n. Then for any vector field a(r) :

Jai,;jdV = [a;n;dA inCartesian coordinates

1 = . V N A .
/dlvadV B /a ndA < Jd'|,dV = [a' n;dA ingeneral coordinates
v A v A

(9.3.9)

Proof In Cartesian coordinates the theorem follows directly from Theorem 9.6 by
replacing the scalar field f(r) in the formula (9.3.5) by the vector components a;
and summing the results over the index (i). Because the expressions diva = a;,; and
a-n = q;n; are scalar fields the Cartesian version of the theorem may be directly
transformed to general coordinates.

The result (9.3.9) may be generalized to a general divergence theorem for a
tensor field B(r) of order n with components B;..; in a Cartesian coordinate system

Ox:
/dideV:/B-ndA
v A

(9.3.10)
= /B,-..k,k dv = /Bi..k nidA inaCartesian coordinates

Theorem 9.8 Stokes’ Theorem for a Curved Surface Let b(r) be a vector field
and A a surface in space with an outward unit normal vector n. The surface is
bordered by the curve C. Then:

J (rotb) - dAEf(rotb) -ndAEf(V X b)-ndA = ¢b-dr&
A c
f eijbi, nidA = f brdx; in Carteman coordinates (9.3.11)

f e* by, ni dA = f bydy*  in general coordinates

The positive direction of integration along the curve C is determined such that the
vector n X dr points to the side of C connected to the surface A.

Proof With respect to a Cartesian coordinate system Ox, with base vectors e;, and a
surface coordinate system u, with base vectors a,, we obtain for the vectors rotb
and ndA :
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rotb = efjkbk,j €;

ndA = a; x aydu' du* = (e, gzl) x (e, g;‘;)dul du? = eme,%gﬁ du' du?

Applying the identity (1.1.19) we get:

Ox, Ox, 17,2\ _ Ox, Ox, 1,2
(rotb) - ndA = (ejibi,j€:) - (€€ 55 g du’ du?) = ejieinsbiy; 55 5% du' du

= (6jr5k5 - 5js5kr)bk7j gﬁi gﬁ% dul du2 = (bs7r _bras) %gﬁ dul du2
= (i (b, 25) = 2 (00 ) ) st

S Ou? T oul

The integral on the left-hand side of Eq. (9.3.11) now becomes:

B 0 Oxg 0 Ox, 10
A

u

Gauss’ integration theorem in the u'u?-plane is now applied to transform the sur-
face integral on the right-hand side of Eq. (9.3.12) to an integral along the curve C,
in the u'u?-plane which is in turn transformed to an integral along the bordering
curve C of the original surface A:

[ (rotb) maa = [ [ (b e) — gt (b i) e
§ [(ufima = (o Giymaa] do = § | (05 45 = (0 i) (— ) | o

u

Cu
C§ (b, 25 di® + b, 25 du'] = (fbsdxs :gb-dr;»{(mtb) ‘ndA = fb-dr

This is a proof of Theorem 9.8 Stokes’ theorem, formula (9.3.8), for a curved
surface. The theorem includes Theorem 9.5 Stokes’ theorem in a plane, formula
(9.2.10).

Theorem 9.9 The Mean Value Theorem Let f(r) and g(r) be two continuous
field functions and V a volume in space. Then at least one point ¥ in 'V exists such that:

1) ewav =r@) [ stwav 9.3.13)
|4

\4

For the special case g(r) =1 in V the value f(r) is called the mean value of the
function f(r) in the volume V and is given by:

fr) = é/f(r)dV (9.3.14)

The theorem has analogous formulations and proofs for line and surface integrals.
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Proof Let fiin be the maximum value and f,x the maximum value of the function
f(r) in the volume V. Then because f(r) is a continuous function in V, at least one
point T exists in V such that: fii, <f(F) < fua, and:

Juin [ g(r)dV < [ f(r)g(r)dV =f(F) [ g(r)dV <fuar | 8(r)dV
[roe=] [
This result proves theorem 9.9.

Theorem 9.10 Let f(r) be a continuous field function in a volume Vi in the space
Es. Then the following holds true:

If: /f(r) dV = 0 for any choice of volume V in Vy, then:  f(r) = 0in V;.
v

(9.3.15)

Proof If it is assumed that f(r) > 0 in a point ¥ in Vj, then according to the
condition of continuity for the function f(r), the function must be positive,
i.ef(r) > 0, in a small volume AV surrounding the point r, which implies that:

/f(r)dV >0
AV

However, this result contradicts the proposition that the integral is zero for any
choice of volume V in V. Hence the assumption f(r) > 0 is impossible. Hence,
f(r) = 0 throughout the volume V;. This proves the Theorem 9.10.

By similar arguments we obtain the extension of the theorem:

If: /f(r) dA = 0 for any choice of surface Ain V, then: f(r) =0inV
A

(9.3.16)

Theorem 9.11 Change of Variables in a Volume Integral Ler y represent a
curvilinear coordinate system in space. The relationship between the curvilinear
coordinates y' and the coordinates x; in a Cartesian coordinate system Ox of a place
r in space is given by a one - to - one mapping:

Y=y () & x=x(y) (9.3.17)
It is assumed that the coordinates y' are ordered such that the Jacobian of the
mapping is positive:
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8xi
J = det (ayf) >0 (9.3.18)

Let f(r) be a field function, V a volume in space, and V,, the mapping of V onto an
orthogonal “Cartesian” coordinate system y. Then:

f(x)yav = [ f(r)dadxde; = | f(r)Jdv, = [ f(r)Jdy'dy*dy* (9.3.19)
Jrom-] [rose=]

V)’ Y

Proof In order to simplify the expressions in the proof we introduce a special
notation:

oY)

ik == (9.3.20)

The condition J > 0 implies that at least one of the elements x3; is different from
zero. Assume that x33 = Jx3 /0y # 0 in the region V. If in a part of the region V,
we may exclude this part of V and then performed the proof for this part by
selecting another x3; = Ox3/Oy* # 0.,

We solve for the coordinate y* from the equation x3 = x3(y) = x3(y',»%,»*) and
set y* = ¢(y',y%,x3). Now we write, without specifying proper boundaries for the
last integral:

/ Fr)av = / F(r) dvydrads = / [ / f(r)dxldxg} s (9.3.21)

In the double integral we introduce the function:

fr) =f(x,x,x3) =y, 0), 00", d),x3) (9.3.22)

For the double integral we now use the integral formula (9.2.26) and write:

/f(r)dxldXZ = /f(xlax27x3)dxldx2

= /f(m(y‘,yz,¢),xz(y‘,y2,¢>),x3)J1 dy' dy? (9.3.23)

Jy is the Jacobian to the mapping X,(y',y?,x3) = x, (0", 3%, ¢3!, 3%, x3)) :

Oox, Ox, 0x, O¢p
J] = det (8)}/}> s W = Xup + 87)13@ (9324)
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Because x3 is constant in the double integral we find:

ax3 (yl ) y27 ¢) 8¢ 6¢ X3[5

P X3p + X33 B P P ( )
From the formula (9.3.24-9.3.25) we obtain for the Jacobian J;:
Oxy Ox, O¢ O0xy X3p
Ji=det| — ) =det| x5+ = | =det| x5 — e/
1 (ayﬁ) ) (" oy ayﬂ> ) (x P oy s

= [X11X22X33 — X11X23X32  +X12X23X31] — X12X21X33 + X13X21X32

—X13X22X31 — x13x23x31X32/x33 +X13X23X32X31/X33]/X33 =

]1 — ]/)C33 (9326)

The integrand in the integral with respect to the variable x; in the formula
(9.3.21) is only dependent on the variable x3 (or y3). We introduce y* as a new
variable and obtain dx; = x33dy3. From the Egs. (9.3.21, 9.3.23 and 9.3.26) we get:

/ f(ryav = / f(r) dxidxadxs = / f(r)Jdy'dy*dy* = (9.3.19)
v 4 vy

We may consider the volume element to be alternatively an orthogonal paral-
lelepiped dV = dx| dx, dx; in Cartesian coordinates x, or in general curvilinear
coordinates y, and shown in Fig. 9.11, to be a parallelepiped with sides given by the
line elements along the coordinate lines:

iy e (9.3.27)

Fig. 9.11 a Volume element in curvilinar coordinates: dV = [ds;ds,ds;]dy'dy*dy® = Jdy'dy*dy*
b Volume element in “Cartesian” coordinates: dV, = dy'dy*dy’
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The volume element dV in the general coordinate system y becomes:

dV = [ds, ds, ds3] = J dy' dy* dy* = JaV, 9.3.28
y

Example 9.3 Volume of a Cone with Circular Base
A straight cone has the height s, a circular base with radius r, a symmetry axis
along the x3-axis of a Cartesian coordinate system Ox, and its apex at the origin
O. We shall find the volume of the cone using cylindrical coordinates (R, 0,z) =
(»',¥%,¥). The mapping is:
x1 =Rcos 0 =y'cos y*, x; =Rsin0=ylsing?, x=z=)

The Jacobian J when transforming from the Cartesian coordinates x; to the

cylindrical coordinates becomes:

O cos) —Rsin0 O
J= det(—’) =det| sinf Rcosf O | =R
0y, 0 0o 1

The volume of the cylinder is:

v:/de‘ dy* dy? :/RdeHdz
\%4 \%4
h 2n rz/h

ho/ 2 h
" " (P2 " rz? nr?h
= RdR = — = 22— [
/ / / dR | dO | dz / (/ (th)cﬁ) dz / ( b 2h2) dz 3
0 0 o 0 o

o

Theorem 9.12 From Volume Integration to Surface Integration A body of a
continuum has at the time t the volume V and the surface A with the outward unit
normal vector n. Let f(r,t) be an intensive quantity defined per unit volume at the
place v in V and at the time t, and let g(r,t,n) be an intensive quantity at the place
r and at the time t on A defined per unit area of the surface A.

If the following integral equation is true for any volume V with the surface A:

/ Fle.0)dv = / o(r,1,n) dA (9.3.29)

then the fields f(r, ¢) and g(r, ¢, n) are related through a vector field a(r, ) such that:

g(r,t,m)=a-n and f(r,7) =diva

. . . . 9.3.30
a; = g(r,t, €;) in a Cartesian coodinate system with base vectors e; ( )
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The integral Eq. (9.3.29) may then be rewritten to:
/diva dv = /a-n dA (9.3.31)
14 A

The result confirms the divergence theorem in space, formula (9.3.9).

Proof Let the volume V be subdivided into the volumes V| and V, by the interface
surface A’, Fig. 9.12. Equation (9.3.29) is now applied to the three volumes
V, Vi,and V, and the integral contributions from the volumes V; and V, are sub-
tracted from the contribution from the volume V. The result is that:

/ [g(r,z,m) +g(r,t,—m)]dA =0 (9.3.32)
b

Because the volume V and thus the surface A’ may be chosen arbitrarily, the
integrand in the result (9.3.32) must be zero, which implies that:

g(r7 Z n) = _g(ra Z —l'l) (9333)
Next we choose for the volume the tetrahedron shown in Fig. 9.13. This is similar
to the Cauchy tetrahedron shown in Fig. 2.11. From Sect. 2.2we cite the relations
(2.2.24):
V =Ah/3, A, =An (9.3.34)
The integral Eq. (9.3.29) applied to the tetrahedron yields:
[renav=[srmant Y [ e -e)an
v A " A

Let the functions f(r,¢), g(r,z,n), and g(r, ¢, — €;) represent mean values over the
volume V and the surfaces A and A; respectively. Then the integral equation above
may be presented as:

4— — +

Fig. 9.12 Volume V subdivided into V; and V,. Interface surface A’
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Fig. 9.13 Cauchy
tetrahedron. Body of volume
V. Surface consisting of four
triangles: three orthogonal
triangles in coordinate planes
through the particle P and
with areas A;. The fourth
triangle with area A and unit

normal n €,

f(l‘, t) ‘7 = g(l', ta D)A +g(l’, tv _ei)Ai

Now we use the relations (9.3.34), to obtain:
f(r,t)An/3 = g(r,t,n)A +g(r,t, —e;))An;
We divide this equation by A and let 7 — 0. The result is:
g(r,t,m)+g(r ¢, —e)n; =0
Now we use the formula (9.3.33) and write:
g(r;t,m) = gi(r,t)n;,  where g;(r, 1) = g(r,1,¢;) (9.3.33)

We now return to the integral Eq. (9.3.29) for the volume V with the surface A.
We apply the result (9.3.35) and the Gauss’ theorem, formula (9.3.5), and obtain:

V/f(r, 1dv = /g(r, t,n) dA = /g,-(r,t) nidA = /g,-,,-dv

A A Vv

= [f(l', t) 7gi7i] dv =0
/

The last integral equation is true for any choice of volume V. Hence by
Theorem 9.10: f(r,t) — g;,;= 0 or:

f(r,1) = gii= f(r,;1) =divg (9.3.36)

The results (9.3.35-9.3.36) prove theorem 9.12.

The results of theorem 9.12 may be generalized by replacing the function f(r, 7)
with a vector or a tensor. The function g(r,z,n) will then represent a tensor of one
order higher than f(r, 7). For example:
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JdivF(r,t)dV = [F(r,z,n) -n dA <

v A

JF(r7 1)kk dV = /{F(r, t,n);.nx dA  in Cartesian coordinate systems
(9.3.37)

Theorem 9.13 Necessary and Sufficient Condition for a Vector Field to be
Irrotational A vector field v(r,t) is irrotational if rot v(r,1) =V x v(r,1) = 0. A
necessary and sufficient condition for v(r,t) to be irrotational is that the vector
field may be expressed as the gradient of a scalar field:

rot v(r,t) =V x v(r,1) =0 < v(r,t) = grad ¢(r,t) = Vo(r,t)  (9.3.38)

Proof of the implication: v(r,7) = grad ¢(r,7) = rotv(r,7) = 0. For the sake of
simplicity ~we use Cartesian coordinates. Because ¢, = ¢,; and
ejjx = —ejy; for the permutation symbols :

rot V(l‘, l‘) = €ijkVk,j€i = e,-jk(}.'),kj e, =0

Proof of the implication: rot v(r,z) = 0 = v(r,7) = grad ¢(r, ). Let A be any
surface bordered by the curve C. Then according to Theorem 9.8 Stokes theorem

for a curved surface:
/V -dr:/(rotv) ‘ndA =0

C A

By Theorem 9.1 Integration independent of the integration path, this result implies
that scalar field ¢(r, ) exists such that v(r,7) = grad ¢(r,1).

Theorem 9.14 Material Derivative of an Extensive Quantity Ler f(r,t) be a
place function representing an intensive physical quantity defined per unit mass
and with F(t) as the corresponding extensive quantity for a material body of
volume V(t), such that:

F(t) = / Fpdv (9.3.39)
V(r)

p = p(r,1) is the mass density, i.e. mass per unit volume, of the material body. The
material derivative of the extensive quantity F(t) may then be given by:

F(t) = ‘;—f = / fpav (9.3.40)
V()
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Proof of formula (9.3.40): Sect. 2.1.3 presents a physical argument as a proof for
the theorem. Here we shall use Theorem 9.11 Change of variables in the volume
integral, to present a somewhat more stringent mathematical proof of
Theorem 9.14.

The motion of the body may be interpreted as a one-to-one mapping between the
place coordinates X; of the particles in the reference configuration K at the ref-
erence time fy, and the place coordinates x; of the particles in the present config-
uration K at the time #:

X; :x,»(X, t) < X; :X,'(x, l) (9341)
The volume of the body in the reference configuration Ky is Vo = V(#y). The

element of volume is dV = dx; dx, dx; in K and dVy = dX, dX, dX5 in K;. The
integral in the formula (9.3.39) is now by Theorem 9.11 transformed to:

F(ty= [ fpav= [ fpJav, (9.3.42)
L]

J is the Jacobian to the mapping (9.3.41) and matrix of the deformation gradient
tensor F:

6X,‘
J = det F = det(F;) = det(&‘Xj)

If we as a special case choose the place function f(r,#) = 1 in the volume V(¢),
then F(z) by the formula (9.3.39) represents the constant mass m of the body:

m= / pdV:/deVo (9.3.43)

V() Vo

The density p is mass per unit volume in K and the combination pJ is mass per unit
volume in Kjy. Due to mass conservation the combination is independent of time,
which implies that: d(pJ)/dt = 0. Because the volume V; is independent of time,
the material derivative of the integral on the right-hand side in the formula (9.3.42)
may be obtained by differentiation of the integrand. Hence:

: . d(pJ : _
F(t):/ {prf%] dVo:/prde: / fpdVy = (9.3.40)
Vo V()

Vo

This completes the proof of Theorem 9.14.

Theorem 9.15 Reynolds’ Transport Theorem Let, at the present time t, B(t) be
an extensive quantity for a body of a continuous medium with the volume V(t) and
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surface A(t), and let 3(t) be the intensive quantity related to B(t) and expressing
quantity per unit volume. [(t) is called the density of the quantity:

Extensive quantity B(¢) expressed by the intensive quantityf(r,?) :

B(r) = / B(r, v (9.3.44)
V(r)

A control volume V is a region in space coinciding with the volume of the body at the
presenttime #,i.e. V = V(¢). The surface A of the control volume V'is called a control
surface and coincides with the surface of the body at the present time ¢, i.e. A = A(r).
The control volume and control surface are fixed relative to the reference Rf chosen to
describe the motion of the continuum. The particle velocity is denoted by v = v(r, 7)
and the unit outward unit normal vector to the control surface is given as n = n(r).

Then Reynolds’ transport theorem, Osborne Reynolds [1842—-1912], states that:

B= /% av + /ﬁ(v~n)dA (9.3.45)
Vv A

Proof The formula (9.3.19) in Theorem 9.11 is first used to transform the integral
in Eq. (9.3.44):

B(t)= [ pav= [ pJav, (9.3.46)
Jre]

V, is the volume of the body in the reference configuration K, and J is the Jacobian
to the deformation gradient:

8)6,'
J=det F =det F; = det <6X]) (9.3.47)

Because the volume V,, is independent of the time 7, the material derivative of the
second integral in Eq. (9.3.38) may be obtained by performing the differentiation
under the integral sign:

B= [ (pI+pJ)av, (9.3.48)
/ (Bs+87)

Now we apply the formula (2.1.17) for the material derivative of an intensive
quantity:

. Op
p= v V)P,

the formula (4.5.33): J = Jdiv v, and finally the formula:
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ViByi + Bvisi= (Bvi),ie (v- V)B+ Bdivv =div (Bv)

Then we obtain from the integral Eq. (9.3.40) the result:

B= [ (BI+pJ)av,= | (B +pdivv)sav, = (%H V)B + Bdi )JdVD
/( ) V/( 1VV> ‘Z at A\ 1VV =

Vo

B= / (% + div(Bv) )JdVa

Vo

By applying the formula (9.3.19) in Theorem 9.11 we transform this result to:

B= /%dv+ /div(ﬁv)dV

140 140

By Theorem 9.6 Gauss’ Integral Theorem in Space the last volume integral above is
transformed into a surface integral and we obtain the following formulafor the
material derivative of the extensive quantity B(z):

:/% av+ /ﬂ(v n)dA = (9.3.45)
|4 A

This completes the proof of Theorem9.15 Reynolds’ Transport Theorem.

An illustration of Reynolds’ transport theorem will be presented by Fig. 9.14
which shows a material body that at the time ¢ has the volume V(¢) and the surface
A(r). At a time 7 4 Az, where At is a small time increment, the volume of the body is
V(¢ + At) and the surface is A(¢ + At). For the extensive quantity B(¢) expressed by
the intensive quantity f(r, ) we write with respect to the times ¢ and ¢+ Ar:

B(t+ Ar) = / p(r.t+Ar)d /ﬁ(r,t+At)dV+ / B(r, 1+ At)d(AV)
V(t+Ar) V() AV(t,Ar)

(9.3.49)

As illustrated in Fig. 9.14 the volume AV(#, Ar) and the differential volume
element d(AV) may be presented as:

AV(t,At) =V (t+ A1) = V(t), d(AV)=dA-[(v-n)At



9.3 Integral Theorems in Space 337

Fig. 9.14 Body of volume V(f) and surface A(7) at time 7, and volume V(¢ + Ar) and surface
A(t+ Ar) at time ¢+ Ar. Particle velocity v. Unit surface normal n. Control volume V = V(z).
Control surface A = A(¢). Differential volume element: d(AV) = dA[(v - n)At|

We may now write:

p(r,t+ Ar)d(AV) = / B(r,t+ Ar) [(v - n)Ar]dA (9.3.50)
AV(1,A1) A(t)

From the Eqgs. (9.3.49) and (9.3.50) we obtain:

(t+Az / ﬁrt+At B(r, 1)

v + / B(r,t+Ar) [(v - n)]dA

A(r)

The material derivative of the extensive quantity B(¢) for the body is now found
from:

B= Jim =020 (t+A’ /— v+ /ﬁ(v-n)dA N (9.3.45)

Example 9.4 Resultant Axial Force on the Bolts of a Nozzle

Fluid of density p flows through a circular pipe with internal diameter d. A nozzle
with maximum internal diameter d and minimum internal diameter d/2 is attached
to the pipe with bolts, Fig. 9.15a. The volume flow through the system is Q. It is
assumed that the velocity and pressure over the cross-sections of the system are
uniform. The atmospheric pressure is p,. The pressure p in the pipe is found to be:

120pQ?

szVFW
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(a) 4Tk (b) 1 / 4
) } P, ; : ip,
d > ||}~ ——~—>I§ « : Vl“-/; ------ ———i—»
P P i_,‘z_-_-i -
EJ_E | \ 4

Fig. 9.15 a Pipe flow through a nozzle. Fluid density p.Volume flow Q. Atmospheric pressure p,.
b Control volume V with control surface A

We shall find an expression for the axial force F transmitted through the bolts due
to the flow of fluid.
Figure 9.15b shows a control volume V with a control surface A. The uniform
fluid velocity into the nozzle is v;, and the uniform fluid velocity out of the nozzle
v,.- The force F is transmitted through the bolts from the pipe. The continuity
equation applied to the control volume yields for the velocities v;, and v,

out *

nd? n(d/2)* 4 16
Q:Qin:QoutinvinTzvoul (1{) :>Vin:n_dQ27 Vout:n_dg

The law of balance of linear momentum for the control volume results in:

2
Jvp(v-n)dA =F = vy p(fvm)”sz + Vout P Vout “(diz) =—F+p- %"2 — Da '%"2 =
A

d/2)*
F (p pd)nd +pv12nnfli pvrz)uln(4{>

With the given pressure p and the velocities v;, and v,,; we obtain for the force F:

~ 120p0? nd? 40\’nd®> (160 2n(d/z)2 pQ?
=g 1 P\e) T\ Ga) T4 T pallris =
18p0*

=——a
n2d?



Appendix
Problems with Solutions

Chapter 1
Problem 1.1

(a) Validate the identity (1.1.19) through some test examples.

(b) Compute: d;;, 0;j yj, ek e, {use formula 1.1.19)}, e ey

(c) Use formula (1.1.22), to show that for a 3 x 3 matrix A:
detA = eijkerstAirAjsAkt/6

Solution

(a) Validation of the identity (1.1.19): ejren = 0i-0js — 0is0;r

TGSt(l) l:] =1= C11kCrsk = 51,51S — 51x51r =0
€12kCrsk = €123€r53 = €y
Test(2)i=1,j=2= 0k 012 703
= 51r52s - 51552r =
+1 for r=1,s=2

=< =—1forr=2,5s=1

= O otherwise

with similar results for other choices of the indices.

(b) 6ii =011 +00n+0d3=1+1+1=23.6;0; = 6;i = 3. ejersk = 0;0js — 6;50jr =
€ijkCrik = 5,',-5]_‘]' - 5&5,‘, = 5,',.3 - 5ir = 25,’,.6,"/‘](6,:]‘/( = 25,‘1' =2-3=6.

(c) Formula (1.1.22),. = ejA;AjA = (detA)e,y =
eiikAi,AjsAk,e,S, = (detA)e,.s,e,S, = (detA)6 = detA = eijke,S,Ai,AjSAk,/ﬁ

© Springer Nature Switzerland AG 2019 339
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Problem 1.2 Determine the inverse matrix U ' of the matrix: U=
1 1 O
1 3 0 |L
V2
0 0 V2

Solution Formula (1.1.29) implies:

1
UldetU =CoUT = U ' =—CoUT
detU
det U = [(1-3-\6—1-0-0)+(1-0-0—1-1-\/§)+(0-1.0—0~3-0)}

(1/\6)3= 1

The cofactor Co U is obtained from the formula (1.1.26):

3
detU = UiCoU; forj=1,2, or3 =
i=1
3vV2 —v2 0 2
CoU=| =2 2 0|(—=] =CoU"
vioviool()
0 0 2
Hence:
3V2 V2 0 5 3 -1 0
Ul =gdgCol =t V2 V2 o|(H)=(-1 1 0 |G
detU 1 V2 NG
0 0 2 0 0 V2

Control: = UU~! = 1 OK.

Problem 1.3 Referred to the Cartesian coordinate system Ox, the Cartesian
coordinate system Ox has the base vectors: € =[l,1,1](1/ \/§),
& = [1,0,—1](1/v2).

Determine the base vector €3 for the system Ox and the transformation matrix

0=[ei-¢].

e € €3
Solution The base vector € =& xe& =det| 1 1 1 (\%%) =
1 0 -1
& =[-1,2,—1](1/V6)
V2 V2 V2
The transformation matrix: 0 = (&-¢;) = | v3 0 —+/3 | J=. Control
-1 2 —1

detQ= +1 OK
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Problem 1.4 Three Cartesian coordinate systems are denoted Ox, O%, and O%. The
transformation matrices relating the base vectors of the three systems are:

Qj=¢i-¢, Qj=¢-¢ QO;=¢e-¢

2 0 0
(a) Show that Q=0Q. (b) Compute Q when: 0= (0 3 1 |1,
0 -1 V3
) 0 V3 1
o=(2 o o |3
0 1 -3

Check that Q, Q, and Q are orthogonal matrices.
Solution

(a) Proof that Q= 00: &= Oy = Q;j =€ ¢ = (Qu) - & = 0Oy =
0 = 00 QED.

) N 0 2v3 2

(b) Computation of Q: 0 =00 = () = (QuQy) = 2v3 1 V3 |3
-2 V3 -3

Control of orthogonality: 00" = 1,007 = 1,00" = 1,detQ = det Q = det

0= +1 OK.

Problem 1.5 The rotation rot a of a vector field a may be defined as the vector
represented by the Cartesian components defined in formula (1.6.15). Show that rot
a is a proper vector, i.e. the components obey the transformation rule (1.3.9).

Solution Let Ox and Ox be two Cartesian coordinate systems with base vectors
e;and e,. The transformation matrix for the transformation from Ox to Ox is Q,;.
With a and b = rota as two vector fields the definition (1.6.15) gives:

8ak .
b = rota = ejray, € = ejx-—e; = bie; inOx.
axj
_ da, - . —_
b =rota = e, za,,,€, = emger = b,e, InOx
s

For b = rota to be a proper vector the components b; and b, must define the same
vector which implies that the vector defined by e, a;,s €, shall be identical to the
vector defined by e;ray je;. The formulas (1.3.2), (1.3.7) and (1.3.9) and (1.1.22) yield:

Ox;
€, = Oye;, N Osj, a; = Onay, €rQriQsiOn = e det Q = e
s
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Now we obtain:
day

da ) Ox; il
rst Qiak 7 (Qrz ez) eiijriQsztk(f)ixjei = €jjk (’)_X].ei =

5 a a,

bter Crst o, O, e =
8 da

ersta_;(&er = €jjk B_xfei

The result proves that the vector b = rota defined by the formula (1.6.15) is a

proper vector.
Problem 1.6 Use identity (1.1.19) to prove the identities

(@ ax(bxe)=(a-c)b—(a-b)-c
(b) VZa=V(V-a)—V x(V xa)
c) (a-V)a=(Vxa)xa+V(a-a/2)
(d) V x (0a)=(Va) xa+oa(V x a)

Solution

(@ ax(bxec)=(a-c)b—
identity (1.1.19) imply:

(a-b)-c. Proof: The formula (1.2.33) and the

b x ¢ = eqbrcser, ax (b Xxc)=epaj(exb.c;)e; = ejeab,cse;
= (5ir5js - 5is(sjr)ajbrcsei = (ascs)(biei) - (arbr)(ciei) =
x (bxc)=(a-¢c)b—(a-b)c QED

(b) V2a=V(V-a)—V x (V xa). Proof: The formulas (1.6.14), (1.6.10),
(1.6.15), (1.2.33), and (1.1.19) imply:
V’a=a,e, V(V-a)=a..e, Vxa=euae,
V x (V x a) = ey (e, s&r = ersi€jkilijs€r = (8,505 — ,x0s7)ak js€;
= Uy, — Arri€r = V(V - a) — V’a = V’a
=V(V-a)—V x(Vxa) QED

() (a-V)a=(V xa)xa+V(a-a/2). Proof: The formulas (1.6.10), (1.6.15),
(1.2.33), and (1.1.19) imply:

a= aie;) = arai e, Via-a/2) = (e-2L)(arar/2) = apay,ie;

(a-V)a= (@) (@e) = awawe;, Via-a/2) = (&) (@a/2) = aa N
( ) X a = ek (eﬂ:asv‘)akel = €jjersjs,rdx€i = (5kr5is - 5ks5ir)ax-,rakei = (ahkak — i xal\)
(Vxa)xa=(a-V)a—V(a-a/2)= (a-V)a=(Vxa)xa+V(a-a/2) QED

(d) V x (ca) = (Va) xa+a(V x a). Proof: The formula (1.6.15) implies:

V x (0a) = eji(oar) je; = e (ojar) e + e (oay.;)e; = (Vo) x a+aV xa QED
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Chapter 2
Problem 2.1 A velocity field for a continuous material in motion is given as:
ox ox
Vi = . , V2= — 2 , vz =0, oandtyare constants
t—1 t—1

(a) Show that the flow is isochoric = volume preserving, i.e. div v = 0.

(b) Determine the local acceleration, the convective acceleration, and the particle
acceleration v.

(c) Show that the flow is irrotational, i.e. rot v = 0, and determine the velocity
potential ¢ from the formula v = V.

Solution

(a) The divergence of the velocity field v:

Ovp Oy  Ov; . —a
ox; 0x> 0x3 - o t—1

= isochoric flow

+0=divv=0

divv = Vii =

(b) The local acceleration &,v:dv = ﬁ(—l), Oy = — (fz)z (-1),

ovy=0= 8tv = [—chl,OC)CQ,O]%
(t—t0)
The convective acceleration (v - V)v = (vi0x)(vie;) = vgviy €;:
0(2X1 OCZJCQ

PEE— ViVask =
(t—10)* (t — 1)

ViV = VIVl + V2V +Vavis = Vivy, = ; vz =0

1
(t—10)*

= (v-V)v = [olx;, o’x,0]

The particle acceleration v = 9v+ (v-V)v = [(o> — a)xy, (o2 + &) x2,0]
1

(1—10)?
(c) 1Ot V = ejtvi,j€ = [V3,2—V2,3,V1,3 —V3,1,V2,1 —Vi,2] = 0 & irrotational flow
Velocity potential: ¢ = v = V¢ = v; = % = by partial integration:
%X X3
“2(t—1) =507 J X1, 1) = , X2, 1
d) 2({;[0) 2—;_f1(x27x3 ) 2(1‘*[0) +f2(X3 X1 ) fé(xl X2 )
o (xF —x3
== t
2(t—19) +f(0)

Problem 2.2 The state of stress in a particle is represented by the following stress
matrix with respect to the Cartesian coordinate system Ox:
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99 -30 O
T=1|-30 120 -30 | MPa
0 =30 90

(a) Determine the stress vector, the normal stress and the shear stress on a surface
with unit normal: n = [1,1,0]/v/2.

(b) Determine the stress matrix 7 with respect to a Cartesian coordinate system Ox
when the transformation matrix is:

1 0 0
O=[e-e]=10 V3/2 1)2
0 —1/2 V3)2

Solution

(a) By definition: Stress vector: a) t =T -n = t,&; = t; = Tyn; =

normal stress: ¢ = n -t = n;Tyn;, shear stress: T=Vt-t—o? = \/tt — o2

Computations:
h=T 901+(30)1t T (30)1
= n, = [— — C—, — nr = (— —_
1 1k"k \/E \/5 2 2kMk \/z
1 1
+120 - —, 83 = T3y = (—30) - —==
\/z 3 3kltk ( ) \/z
t = [60, 90, —30] — MPa, not=-go. L ool — 75 MPa
= g = .
ﬁ ﬂ ﬁ ﬂ ﬁ
60\ 0 —30\
=Vt-t—g?= <) +<9) +<) —752 = 26 MPa
V2 V2 V2

(b) The stress matrix 7T in the Ox—system :T = QTQ" = T; = QuTuQy =

Ty =1-T;;-1=90, Tin=1-Tp,- (\/§/2> = —
Ty = (V3/2) T+ (V3/2) + (V3/2) - Ty (1/2) + (1/2)T - (V3/2)
+(1/2) - Ts3 - (1/2)
=87, etc.
90 -26 15

= T=|-26 87 —28 | MPa. A control: Ty = Ty = 300 MPa.
15 -28 123
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Problem 2.3 A thin-walled circular tube has middle radius » = 150 mm and wall
thickness 4 = 7 mm. The tube is closed in both ends, and is subjected to an internal
pressure p = 8 MPa, a torque m; = 60kNm, and an axial force N = 180kN. The
state of stress in the wall of the tube may be found by superposition of the states of
stress given in the Examples 2.1, 2.2, and 2.5.

(a) Determine the coordinate stresses with respect to the local Cartesian coordinate
system presented in the Figs. 2.9 and 2.18.
(b) Determine the principal stresses and the principal stress directions in the tube

wall.
(¢) Determine the maximum shear stress in the tube wall.

Solution

(a) Non-zero coordinate stresses and the stress matrix 7

T, = % T ép = 113.0MPa, Ty = %p = 1714 MPa, Tz = 2 = 60.6 MPa
Tu Tn T 1130 606 0
T=|Ty Tn T |=| 606 1714 0| MPa
T31 Tsn Tss 0 0 0

b) Principal stresses and principal stress directions in the tube wall. The formula
(2.3.32) for the state of plane stress gives:

2
o _1 Ty —Txn 2 o; _ 210 MPa B
o —2(T11+T22)i\/<72 ) +(Tn)" = 6y~ 75MPa’ % =0

Formula (2.3.33) gives: ¢, = arctan “‘Tf“ = 58°, angle between the x| —

direction and the principal direction of g,
¢) Maximum shear stress. Formula (2.3.31) gives:

1
Tmax — (O-max - amin> = (0'1 - 0'3) = 50'1 = 105 MPa

N =
N =

Problem 2.4 The state of stress in a particle is represented by the stress matrix:

200 —-100 -—100
T=1| —-100 100 0 MPa
—100 0 100

(a) Determine the matrices for the stress isotrop and the stress deviator.
(b) Determine the principal stresses and the principal stress directions.
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(¢) Compute the maximum shear stress, and determine the unit normal to one of
the planes of maximum shear stress.
(d) Compute the normal stress and the shear stress on the plane with unit normal:

n=[1,1,0]/v2

Solution

(a) Matrices for the stress isotrop T and for the stress deviator T’:

1

Tozg(tI‘T)L trT = Ty = T + Try + T3z = 400 MPa, T/:T_T():>
A P 23 3

TO: 0 10 T MPa’ T/: -3 -1 0 T MPa
00 1 30

(b) Principal stresses ¢; and principal stress directions n;.
The stress tensor T and the stress deviator T are coaxial tensors and have the
same principal directions n;. We first search a principal stress ¢’ for the stress
deviator T’ and the corresponding principal direction n. The principal invariants
for the stress deviator T’are:

1., 70,000
D) Ty Ty = —

' =detT' = i—g - 10° MPa

I'=T,=0, II'= MPa,

The characteristic equation (2.3.21) for T’ becomes: (¢’)* +1I'a’ — HI' = 0.
The solution of this equation, following a standard procedure, is found by
introducing the angle 6 from the formula:

!
cosOZL, 0<0<180° = 0 =57.32°

24/ —(r/3)?

Then the principal stresses o/ for the stress deviator T’ are determined from the
formulas:

g 0 g 0
o) =2 — 508z, 0’2——2\/—3cos<3+600)§0'],
[T 0
0,3 = -2 —?COS<§— 6OO> SO'/z

The principal stresses o; for the stress tensor T are determined from the
formulas:
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oi=0.+tuT/3= 0, =300MPa, o0, =100MPa, 03 =0
The principal stress directions n; are found from the Eq. (2.3.2) as follows.

1007, + 10011, + 100,35 = 0
(6101 — Ta)nix = 0 = | 100m;; +200m15 +000m3 =0 | = n; = 2,-1,-1]1/V6
100n;11 4+ 000n12 + 20013 = 0
—100n3; 4+ 100n5; + 100123 = 0
(020i — Ta)nax = 0= | 100n;; +000n1; +000n;3 =0 | =my =[0,1,—1]1/v2
100n1; + 000n;2 4+ 000713 = 0
~200n1 + 10072, + 100123 = 0
(0304 — Ty)nzx = 0= [ 100m;, — 10011, +000n;3 =0 | = n3 = [1,1,1]1/V/3
100n1; +000n;, — 100n;3 = 0

(¢) The maximum shear stress and unit normal n to one of the planes of maximum
shear stress.

Formula (2.3.31) = Tiax = (Omax — Omin)/2 = (01 — 03)/2 = 150 MPa
n=(n+n)/vV2=|2+v2,vV2-1,V2 - 1}/(2\@)

(d) Normal stress ¢ and shear stress t on the plane with unit normal:

n=[l1,1,0]/v2:

o = niTyn; = 50 MPa. Stress vectort : ; = Tyng = t = [100,0,100]/v/2,

T=\/Iit; — 02 = 87 MPa

Chapter 3

Problem 3.1 Show that a completely antisymmetric tensor of third order A only
has one distinct component different from zero, and that the tensor is represented by
the product of a scalar o and the permutation tensor P, i.e. A = oP.

Solution Antisymmetry implies:

Ajr = —Ayji = Ayj = —Apj = A1z = —Azp = A1 = —Azp = —Ai3 = —Ay3 = —Aip
With no summation with respect tok: Ay = —Aju =0, A = —Aj =0,
Ayg = —Awg =0

The tensor matrix A;; = oe;; satisfies all these equations. Hence: A = oP.

Problem 3.2 Show that an isotropic tensor of second order I, always is a product
of a scalar and the unit tensor as given by formula (3.2.8): I, = ol.
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Solution Let B be an isotropic tensor of second order which implies that the tensor
matrix is the same in any Cartesian coordinate system. Three Cartesian coordinate
systems are now introduced: Ox with base vectors e;, Ox with base vectors €;, and
Ox with base vectors €;. The system OX is obtained by a 90°-rotation of the system
Ox about the x3-axis, and the system Ox is obtained by a 90°-rotation of the system
Ox about the xj-axis. The transformation matrices relating the three described
coordinate systems Okx, O)_c, and Ox are:

1o\ 10
O=@E-¢)=(—-1 0 0], O=(&-¢)=(0 O
0O 0 1 0 -1

S = O

The tensor matrices in the three coordinate systems are B = B = B and must
satisfy the transformation formulas:

By, —By By Bii Bz Bz
B=0BQ"=B= | -Bin By -Bi|=|Bu Bn By |=
By, —B3;  Bss B31 By Bs

By, =By = f, ascalar, By;=Bj3=-B;3=0, By =B3 =-B;=0 (1)

By Bi3;  —Bjp» By B Bz
B=QBO"=B=| By By -Byn|=|By Bn Bn|=
=By —By By B3 B3y Bss

By =By =f, Bz=Bp=-Bi;=0, B3y =By =-B=0 (2)

From the results (1) and (2) we conclude that:

By Bz By g 0 0
By By Bys | =10 f 0]=p1l=B=p1 QED
B3 B3y Bss 0 0 p

Problem 3.3 Show by induction that the result (3.3.32) follows from the formula
(3.3.30).

S,‘j = Z Ok QriQyj < S= Z ora; & ag (3330)
k k

"= (o) @a, n=123,... (3332
k

Solution In a Cartesian coordinate system Ox with base vectors e; = a; = Jy;e; the
tensor S is in accordance with the formula (3.3.30) represented by the components:
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S,’j = Z akakiakj = ngékiékj = O’iéij (1)
k k

If we assume that the formula is correct for a natural number n, the tensors
S" and 8" ! = §"S has in the system Ox the components:

Sj= > (o) away = ()55 (2),
k

SZ'H =88, = <Z (07)" 5ir> (arérj) = (gi)”+l 5 (3)

r

Because the formula (2) is correct for n = 1, according to formula (1), the
formula (3) shows that the formula (2) is correct for n = 1 + 1 = 2. By induction
the formula (2) is correct for any natural number n = 1,2,3,.. ..

Problem 3.4 Show that the definition (3.3.33) of a positive definite and symmetric
second order tensor S implies that all the principal values and the principal
invariants of the tensor are positive.

Solution Let S be a positive and symmetric second order tensor. Then by definition:
c¢-S-¢c>0 forall vectorse #0 (3.3.33)

Let the principal values and the principal directions of S be g, and a;. Then by
definition of o and a;: S - a; = oa,. For a vector ¢ = a; the definition (3.3.33)
implies:

fork:1,2,0r3: ak-S-ak:ak~(S-ak):ak-(akak):okak-ak:ak>0

Hence the principal values o; of the tensor S are all positive. The formulas
(3.3.25) now imply that all principal invariants of the tensor S are positive.

Problem 3.5 The general form of the linear, symmetric isotropic tensor-valued
function B[A] of a symmetric second order tensor A is given by the formula:

B[A] = (y+ ArA)1+2uA  (3.9.16)
Derive the relations:
B'[A] =2uA’, B’[A] =3kA°+71 (3.9.19)
Solution The tensors A and B are decomposed into deviators and isotrops:

B=B+B°, B =B-B’ B’ =

1
A® =2 (rA)1

(rB)I, A=A"+A% A =A—A°

W] =
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Formula (3.9.16) implies that: trB = (y 4+ AtrA)tr1 +2utrA = 3y + (314 2u)trA.
We then get:

1 2
B’ = §[3y+ Bi+2p)trA]l = 3y +2u)A’ + 91 =3KkA° +91, k=1+ FH

B =B-B’= [(w—)vtrA”)l +2M(<<%trA”> 1) +A’>]
_ {(3i+2u)<(;trA"> 1) +“/1} — 2uA

2
=B =2uA', B’ =3kA’+791, K=+ = (3.9.19)

Chapter 4

Problem 4.1 Show that in homogeneous deformation of a body of continuous
material, formula (4.2.26), planes and straight lines in the reference configuration
Ky deform into planes and straight lines in the present configuration K.

Solution Homogeneous deformation is defined by:
I'(I'(), l) = uo(t) + F(t) - T (4226)

A material plane in K, through any two particles ry and rjy and with unit normal
vector ag is defined by:

(1‘10 — l‘()) ca) = 0 (1)

In the present configuration K the particle ry has moved to a new place r and the
particle rjo has moved to the place r;. The formula (4.2.26) and Eq. (1) imply that:

r1—r:F~(r10—r0):0:>r10—1'0:F_l~(r1—r):0$
(l’l()—l'())'a(): [F’l-(rl—r)]-a():0:>
(rp—r)-FT.ap=0 (2

Introducing the vector a = F~7 - aj in Eq. (2) implies that:
(rr—r)-a=0 (3)

By comparing the Egs. (1) and (3) we may conclude that the material plane (1) in
Ky is deformed into the material plane (3) in K. Material straight lines represent
intersections of material planes. Hence we have proved that: In homogeneous
deformation of a body of continuous material planes and straight lines in the
reference configuration K deform into planes and straight lines in the present
configuration K.
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Problem 4.2 Develop the relations
F=LF&L=FF' (4.5.28)
D= %R(UU’HU*IU)RT (4.5.29)
W=RR + %R(UU’T - U*ltj)RT (4.5.30)
E=1F"(L+L")F = F'DF (4.5.31)

Solution By definition:

or(r,, 1) Ox; . or(r,, 1) Ox;
F = = Fi = ) = = a. i = ”.
or, Caxe VT T o "
ov avi
L=—% Ly =
or % Oxg
We obtain:

= LjFy = F=LF & (4.5.28)

= ot \ox, -

0 ([ Ox; _i@xi Ov; _avi%
o 00Xy Ot o 15).¢} - an 15).¢*

By polar decomposition: F = RU= F=RU+RU, F!=U'R!'=U"'R" (1)
From the Eqs. (4.5.28) and (1) we get:

L=FF ' = (RU+RU)(U'R") =RR +R(UU ' )R7 (2)
. . T .
RR” =1=RR’ +RR” = 0 = (RRT> = RR" (3)
From the Eqs. (4.4.4), (2), (3), and (4.4.5) we get:

D=

1 ry_ 1 (! LT L ! “177\ T
S(L+L) 2(FF +F F>:>D_2R(UU +U U)R = (4.5.29)
_l _qrT _l 7 AR

wW=o(L L)_Z(FF FIE') =

) 1 /. _ )
W =RR' + ER(UU b U’lU)RT = (4.5.30)

(C-1)=

N =

The Eqgs. (4.2.11), (4.2.10), (4.5.28), and (4.4.4) imply that: E =
(F'F-1) =

N =

E= % (FF+F7F) = % (F'L"F +FLF) = %FT (L +L)F = F'DF >
E=_F'(L+L")F=F'DF « (45.31)



352 Appendix: Problems with Solutions

Problem 4.3 Derive the formula:
J=Jdivv (4.5.33).
Solution The formulas (1.1.24) and (1.1.27) imply:

O(detF)
OF i

= COF,'k, (COFik)ij = (det F)éu (1)

By the definition (4.5.32): J = detF. From the formulas (1), (4.5.28), and (4.4.3)
we obtain:

J = (9(§+;F)Fik = (COF,'k) (L,JFJ/() = det Fé,jL,J = (det F)ka = (det F)Vk,k =
J =Jdivv = (4.5.33)

Chapter 5
Problem 5.1 Develop the (5.2.7) of Hooke’s law from the form (5.2.5).
1
E-— 1 Yum1 (525)
n n
T=—"lE+—"_(wE1| (527)
IER 1—2v -

Solution The formula (5.2.5) implies:

1+v 1—2v

trE = rT=tuT=

trT—%(trT)trlz trE (1)

n
1—2v
The formulas (5.2.5) and (1) imply:

__n
1+v

T [E+ (E) 1] s (527)

\J
1—2v

Problem 5.2 Develop the decomposition (5.2.14)—(5.2.16) from Hooke’s law
(5.2.7).

== iv [E—i— 1 _Vzv (trE)l} (5.2.7)
0 n
N 3eay G2 k=g (629
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T=T°+T, E=E+F (5.2.14)
1 1 1

T = (T1=0'l, E = (wE)l=75l (5215)

T =3kE°, T =2uF (5.2.16)

Solution The formula (5.2.7) implies:

trT = ; trE—&-1 > (trE)tr 1}

1—2v  1-—2v

1-2
1 [ v-i— 3v }trE:>
14+v

= +

trT = trE (1
rT=1—5,0E (1)

The formulas (1) and (5.2.11), imply that:

1 n
T == (rT)1 = ———— (rE)1 = 3k E° 5.2.16
T/ —T-— Tn _ 1 (E0+E/) 4 3—1( E)l _LE()
1+v 2v3 (1—2v)
o ’ n 0 3v _ 1+v r_ / /
= Et T E { T 7(1_2”} =T —1+ E =2uE & (5.2.16),

Chapter 6
Problem 6.1 Derive the formula (6.4.21) for the determinant of a second order
tensor from the definition (3.3.10).

Solution Formula (6.4.21): detB = det(By) /g = det(B;/) = det(B}) = det(BY)g

Definition (3.3.10) of the determinant of a second order tensor B:
detB = det B = det(Bj;)in Cartesian coordinates

Let Ox be a Cartesian coordinate system with base vectors e;, and y a general
coordinate system with base vectors g, and g'. By the formulas (6.2.11) and (6.2.19):

ok ox;
& = k
Ox; ay

e =

The components of a second order tensor B in the two coordinate systems are by
definition:
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Ble;, ;] in the Ox-system and
Bu=Blg.gl, B, =Blg.g]. B =B[g"g], B'=B[g'g] intheysystem
It follows that:
)Y ot ox ox; o 1 [ox Ox;
Ble; ¢)] —B[a—xl_gk,a—xjg =B Ox, B 5y 8 =B pRa o, g| =B 8,8

B kS oyl
_ 8_)/‘ oy' 3y Ox;

[ 7 ,]78,8y [k7 l]iax,-ﬁxj

— e — Yy bt kol
o Oy D180 B = 550 Oy o, oy oy B2 ]
oy ofox ooy Ox0x
Ble, ] = B OB = L gl = Y
= Bleel = G 0n B = 9 oy B T o D oyt oy

Now we apply the multiplication theorem for determinants (1.1.23) and the
formulas:

and obtain:

k | 5
det(aii) =J) = ﬁ7 det (3xk) =J; =+/g from the formulas (6.2.30)
detB = det(Ble;, e;]) = det(

oyt ly ; Ox,
8x>det By) det(a—> ( )detB)dt(ay)
_ det(ayk> det(B,)det(a—xj) de t(a ) deu() ae(5%) =

detB = J) det(By)J} = J; det(B).J, = J) det(B})J; = J, det(B")J; =
detB = det(By) /g = det(B]) = det(B]) = det(B")g = (6.4.21)

Problem 6.2 Show that the symbols ¢;; and ¢’ defined by the formulas (6.2.22)

and (6.2.24) are components in a general coordinate system y of the permutation
tensor P defined by the formula:

o= [abe] = [(a x b)-¢] =Pla,b,¢] (3.1.25)
Solution The formulas (3.1.25) and (6.2.25) imply that:
Py =Plg, g 8] =en, P*=P[g,¢/¢] =" QED
Problem 6.3 Prove the identity: e/ ¢, = 5;55 — 525{: (6.4.23), using the identity:
eijxersk = 0ir0js — 0is0j  (1.1.19)
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Solution By the formulas (6.2.24) and (6.2.22):
8ijk = Jieijka Ersk = J;ersk

The formulas (6.2.4) imply that: JJ7 = 1. Applying the identity (1.1.19) we
obtain:

ijk y X S ijk igj igj
&’ Epsk = J))Ceijkjyersk = €jjkCrsk = 5ir5jx - aiséjr = ¢’ Ersk = 5,»5{ - 5y5£ QED

Problem 6.4 Prove the formulas (6.5.3), (6.5.4), and (6.5.5).

Ty =¢"Ty, Tyo=guly (6.53)
1
8ipk =T+ Ljwiy - Tije =5 (8 + ki — k) (6.5.4)
g=-Tig (655)

Solution Proof of the formulas (6.5.3). By the definition of the Christoffel symbols:
g,i= Fijkgk = l"g- g.. From the formulas (6.5.1) it follows that:

g g =Tpg - g =Tig g = Mg =T, = T = (65.3),
88 = rijkgk "8 = rf;'gk 8= l“ijkégc = Fﬁ»gkz =Ty = (6.5.3),

Proof of the formulas (6.5.4). gijx = (g,- : gj) k= Bk 8T8 - 8ok =
(rikl gl) ‘g +g - (rjkl gl) = rikj + iji = (654)1

The formula (6.5.4); and the symmetry: I';z = 'y =

(g +gioi —&ijsk) = 5 ([Tie + Tiii] + [T + Log] — [Ty + Tia))

N =

N =N =

(T + T + [Ty — D] + [Ty — Tig]) = Tipe = (6.5.4),

Proof of the formula (6.5.5).

gg=5=> g,j’? -g;+g' - g, =0 and with the formula (6.5.1) =

g, g=—¢ g,=-¢ (Ff»,»gl) =-Tj=¢,=-Tg=(655)
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Problem 6.5 Use the formulas (6.5.4), (1.1.24), and (6.2.31):

19) . Cog;
gix = Tig + Tji(6.5.4),, Cogy = @i (1.1.24), gk =—%% (6231)
j
To prove the formulas:
r“ :ig :L(\/g) . (6.5.6)
ik 2g ’ \/(—g— )

Solution We use the formulas (1.1.24) and (6.2.31) and obtain:

8g ik
=5 _ L= 1
P2 Co gy =gg" (1)

From the formulas (1), (6.5.4);, and (6.5.3) we get:

dg ) . )
&= @gﬂm = gggi.i= e [Tiu+Tuy] = ¢ [r}i + FZ} =2gl% = T'%
J
1
=—g,=> (656
Zgg’ ( )1

Furthermore with the formuls (6.5.6);:

_dyg 1 1 1
(\/g)’i_ dg g’i_z\/gg’i_z\/g(zgr;(Q :rfk_ﬁ(\/g)”:}(656)2

Problem 6.6 Derive the transformation rule (6.5.10) for the Christoffel symbols of
the second kind.

_/g _ ayr ays a_yk l"t aZyr aj)k
T oy oyl oy " Oyl dy

Solution By the definitions (6.5.1):

(6.5.10)

%, g 05

8}—)]‘ = giaj: l;g‘gkv 8}” =85 = F;sgt (1)

The relations between the base vectors in two general coordinate systems y and y
are:

_ oy M _
g = 85)1 g g = 8y’ 8k
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We compute:

__oyogoy Y
giv] - 85’1 ayv 8)_11 8)_1]8}_11 g}
ayr . ays 82yr ayk B ayr , 8ys ayk B azyr ayk B
= i rs 81 s v OV rgk: Vi TS v ﬁgk Gl rgk =
Oy Oyl 0yl0y' Oy oy' " Oyl Oy 0y/0y' dy

ay" 9y* Ok Py K]
_ oy oyt o Y s )

gij - a}—}, a}—)j ayt rs 8}7]8)71 ayr

Equations (1) and (2) imply:

. ayr ays 8)_)k . aZyr a_)—]k

oyoy oy~ ayayay 010

Problem 6.7 Use the formula: a|; = a,j —a Ff{j from the formula (6.5.31), to
prove the last two equalities in Eq. (6.5.50).

) ,. LR
rota=curla=V xa=¢kg & = Ry e = 7det ()iyl % a% (6.5.50)
8 ag da; az

Solution Symmetry and antisymmetry imply:
1 _ 1l ik _ ik Gl kil ikl ikl
Ly=Ty & ==-"="Ty=—-"l;,=—¢"T) =—-"T, =0
We now can write: e a;|,g; = &% {ak,j —all“fg} g =c*arg (1)

The formulas (6.2.24) and (6.2.30) imply that: &% = JYe;; = e/ /8 (2)
From the results (1) and (2) we obtain:

5 5y
&v ay ‘jgi = ——=¢€j}ay,j = ——det o el QED

\/g \/g ai a; as

Problem 6.8 Derive the formulas (6.5.51) for the divergence of a vector field by
using the formulas (6.5.49), (6.2.31), and (6.5.6).

diva=V-a= \/ig(\/gai), i (6.5.51)

diva=V-a=d/| (6.549),
a = a,; —|—akF§<j (6.5.31),,

1 1
Ff-(k = 2_g 8i = 7§ (\/g)u‘ (6.5.6),



358 Appendix: Problems with Solutions

Solution We use the formulas (6.5.49), (6.2.31);, and (6.5.6) to write:

[ Vads + (VB)aa] = = (vEd)i=

1
diva=d' 7a,l+al"lfa,+a— )= _
| ki ! (\/_) \/g \/g

V&
diva=d'|, = \/Lg' (vga').i= (6.5.51)

Problem 6.9 Derive the formula (6.5.99) using the formula (6.5.51):

= \/ig (vegie,;),i (6.5.99), diva=V-a= % (ygd'),: (6.5.51)

Solution We define the vector: a = grade = Vo = gijoc,j g;. The formula (6.5.51)
gives the result:

1 " 1 )
Via=V -Va=V-a=—(/g¢";),i = Via=— (/25" ;),; & (6.5.99
ﬁ(f i) ﬁ,(\f j)si & (6.5.99)

Problem 6.10 Derive the formula: V x (V x a) favk [\/_ gkrg™ (g‘;’ — 8”‘)}&-
(6.5.107)

Solution We define the vector b = V x a. The formula (6.5.50) gives:
b=V xa= Sijk ay |jgi = eljkak |jgi = b; = si;kak |j = 8,:jkgkrgisar |S

. . .0 -«
V x (V X a) =V xb= Slplb,' |pgt = Slplbi,p g = 8tpl m [8[jkgkrglba,~|x]gl (1)
y
We now use the formulas (6.2.22), (6.2.30).(6.2.24), and (1.1.19) to obtain.
Eijjk = ez]k Veei, &7 = Jy epi = ﬁelpiy epiCijk = €pi€jki = OyjOpk — Ok Opj

The formula (1) is then rewritten to:

VX (Vxa) = Jo [VRegal (5t15p1< = oudy)le = Jra [vRe"e" (@], — asl)]g,
V x (V X a)= \/—0)1 [\/ggprgls(a | as | )}gt (2)

We apply the formula (6.5.31), and the symmetry of the Christoffel symbols to
obtain the result:
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Ja 9% )
ays Oy

t t
Ay |5 — as |,« = (ams _atrrs) - (a57r _atrsr) = Qrys —Asyr =

When the result (3) is inserted into the formula (2) we obtain the formula
(6.5.107).

Chapter 7
Problem 7.1 Derive the formulas (7.4.14) and (7.4.15).

- 1 1
Eij = E (gz . u,j —|—g] - Wy _uai"uaj) = 5 (I/t,' |j + I/tj |i — Ug |iuk |j) (7414)
E = F'EF < Ex, = E;jFiF] (7.4.15)
Solution Derivation of the formula (7.4.14).
First we develop the relations between the material line elements

dry of lengthdsy and dr of length ds:
r=ro+u=dr=drg+du, ds=|dr|, dsy=|dr|, (ds)’=dr-dr=

(dso)*= dry - drg = (dr — du) - (dr — du) = (ds)*—2dr - du+du - du =
(ds)*—(dso)*=2dr -du — du - du (1)

From the formulas (6.5.35) we get:

du =u,;dy’ = u |jg"dyj =it | g dy’ =
2dr-du = 2(gdy) - (w;dy') = (g - uy +g- w)d'dy’ = (], +1;];)vay  (2)
du-du= (w;dy) - (uydy') = i || dy'dy’ (3)

The results (2) and (3) are substituted into the formula (1) and we obtain, with
reference to formula (7.4.12):

(ds)—(dso)= d (g -y +85- w)dy’ = & (il + 1] = 1] )
=2dr-E-dr (4)=

1
Ej=3 (gi W g, —Uy 'll,j) =

! (ui [+l — e |/) & (7.4.14)

N =

Derivation of the formula (7.4.15).
The formulas (7.3.1) and (7.3.3) give:

dr =F -dry & dy' = Fi.dY* (5)

From the formulas (4) and (5) we obtain:
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(ds)’—(dsy)*= 2dr - E - dr = 2dy' Eydy’ = 2(Fi, dY®)Ey(Ffdy") = 2ayX (FiE;F])dy" =
(ds)*—(dso)*= 2dr, - (FTEF) - dro (6)

Because the tensors F, E, and E are independent of dry, i.e. dYX, we conclude

from the result (6) and the result formula (7.3.10): (ds)z—(dso)zz 2drg - E - drg
from the formula (7.3.10), that:

E = F'EF & Ey, = E;FiF] & (7.4.15)
Problem 7.2 Derive the formula (7.6.3).
K=K (7.63)
Solution By definition of the base vectors ¢X and ¢z, and by Eq. (7.6.2):

Koep=0f and & =V"W|ev=> e+ =0 e +8 (VW) =0=

& e = K|, = & = K|,k & (7.63)

Problem 7.3 Show that Eq. (7.6.18) follows from Eq. (7.6.17).

O0B) =B — BV [ +Bp*|, (7617
0.B. = LB+ Bl — B + B, (7.6.18)

Solution The following equations are used:

(7.2.12) = B; = B, +Bj[o*, (6531), = V| =V +V'T,

(6.5.81) = Bj|, = B}, + BT, — B,
From Eq. (7.6.17) we obtain:
0.B; = B} — BHV'|, + Bp*|;
_ [gg; + (B + BT - B;l"_;k)vk} B () + B, +T) =

i a i i i i
0:B; = atBj+Bj7k v BfV & + B e (7.6.18)

Problem 7.4 Derive the expression (7.6.18) for the convective derivatives of the
components of an objective tensor of second order B by applying the Oldroyd
method described in connection with Egs. (7.6.19) and (7.6.20).
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i_ 0 i
ach = EBj—f—Bj,kV B v ok —|—BkV i (7618)
Solution The following equations are used:
0 oYk gyl .
7.6.12): 0.Bf = =By (1), (7.6.19:Bf =——_—-B. (2
( ) L ot L ( )7 ( ) a oYL i ( )7
dy" ort .. OB .
(3), (7.2.13):B; = 5 + Bk v

. r K
(7.6.20): OcB] = OBy 5op By

Material differentiation of Eq. (2) gives:

0 . OYKay . oyK oy . ovK oy .
s A T A T A

K _ = .
OBy = I ) T

4 — 3=
ay oYL oYK dyl . dy oYk
.8, = O.B] yK = Bl S
oYK gys 0yt oYL 7 QYK Oy
Oy oYt YK 9yl . Oy oYt
Oyt oYL T oYK Oy

n oYk 9%yl
dyl OtdYL T QYK Oy

YK 9y . o OB’

B = - B B' Br B
85 s ay, 8YK s+ a s + (8 + ) (5)

We need an expression for ‘W 5) V- and write:
8y oYk o oYk

8y Yk 0%y (9_YK_0 o or™
N oYK 8y - OYK Oyl

dy oYk 5 =
oYK 9yl oYK 9yl 0t0YK Oyl
= —Vr,i (6)
When the result (6) is substituted into Eq. (5) we obtain
r a r r
0B, = 5B + B W —B Vi +Bkv s (7.6.18)
Problem 7.5 Derive the formula:
(7.6.23),

O:Bj = B+ Byv"|; + By |,

Solution Let a and b be any two vector fields such that according to Eq. (7.6.8)
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od =d —dv|, b= —b| (1)
Let a scalar field be defined by: o = B[a,b] = B;a'b’. In a fixed y-system:
& = 0.Bya'b' + B;(0.a' b +d 9.b") = Bya'b’ + By(d' b’ +d' b')  (2)
The Egs. (1) and (2) provide the result:
[0.B; — Byla'b! + B[ (' — dV'|, — &b/ +d' (b — bV, — b’)] =0=

|:8(B,J — B,J — Bkjvk |i — Bik\/k |]:| albj =0 (3)

Because a and b may be any two vector fields, the term in the parenthesis [] must
be zero. Hence:

OcBjj = B+ Bi* |, + By/* |, & (7.6.23),

Problem 7.6 Show that the two sets of physical components of stress defined
respectively by Eqs. (7.7.8) and (7.7.11) are related through Eq. (7.7.12).

=T % (778), T(ki)=T1" /% (7.7.11), rk,sz ki)g g” (7.7.12)

" gll

Solution The formulas (7.7.8) and (7.7.11) give:

|8kk i 8k 8jj
n Z Tk ] zz’ (k']) =L

8k

Then:

i |8k i\ |8k 8i Sk
=19, [ = E (Tjkgj) = E ({ (k) /== gj) P
j J

gl 5 g 8 g
= ZT ki)g @ & (77.12)

Problem 7.7 Use the general Cauchy equations for orthogonal coordinates (7.7.18)
to develop the Cauchy equations (7.7.19) in cylindrical coordinates.

19 (h 1 oh .1 o N
;[——(h—kmk)) T(ik) - ()] + 9 (i) = pali

h Oy* h; by, Oyk hihy Oy’
(7.7.18)
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Solution In cylindrical coordinates (R, 0,z): hy = 1,hp =R, h3 = 1,h =R.

OR TR0 TR
Physical coordinate stresses: (T(ik)) = | tor 00 7o,

TR T Of

Equation (7.7.18) =

-:l.l_gﬁ +2§ _A'_QE _L _|_b:
"TURIGR\TR) T a0 \R™) T o \1 )| T T ROV IRT PAR
=21 2 (RT(JR)-Fa(RGe)-Fa(RTe)} +L19R+Pb9=p(19
R [OR\1 90 \R oz\1 ™ 1-R
"TERIGR\T) Ta0\R™) T \1%) | TP TP

These equations are reorganized to:

Oog or—o0p 10tgg Otg,

R 7 +R89 + % + pbr = pag

10,, 1906y = Otg, _

R IR (R ‘C(}R) + R0 + 9z +pby = pag < (7.7.19)
10 101y, 0o,

E&?( TzR)JFE 20 +67Z+szzpaz

Problem 7.8 Use the general Cauchy equations for orthogonal coordinates (7.7.18)
to develop the Cauchy equations (7.7.21) in spherical coordinates.

10 (h_,. 1 Ohi . 1 Ol N
3 [ (3790 * o T~ i 60 0000 =
(7.7.18)

Solution In spherical coordinates (r,0,¢) : hy =h, = 1,hy = hg =r,h3 = hy =
rsin0,h = r*sin 0.

Oy Tro Trd)
Physical coordinate stresses: (T(ik)) = | o 09  Tog

Topr Topo O¢
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Equation (7.7.18) =
L. 1 9 r2sin 6 +2 r2sin 0 Jri r2sin 6
T 2o lor\ 1 %) a0\ ") T 9p \rsing Y

1 sin 0 b —
172 " 1 rsingl¢ TP =P

. 1 g r?sin @ +3 rZ sin 0 n O (r*sinf
T 2sinolar\ 1 )T a0\ %) " g \rsing

rcos 0
-I-mf()r—m%fl-PbU:Pa()
3. 1 g r2 sin 6 2 % sin 0 O (r*sinf
o 'ﬂme{m( 1 T¢’>+ae( r T¢9)+8q’><rsin06¢)}

n sin 0 n rcos 0 N pbs —
rsin0-17 " rsing-r * POy =P

These equations are reorganized to:

do, 20, — 09— 0y 1 0
* {ae

ot
or r rsin 0 (sin 0 7,0) + 8(;’)] +pbe = pay
0 3 1 0 8‘50¢ cot0
5o (Pror) + —— 0 [89 (sin0 ag) + 8(,{)} 04+ pby = pag < (7.7.21)

10,4 1 0 1 8
7*50 %r)—’_rsm 880(Sm 9‘54)9)—1— m@@qﬁ +pb¢—pa¢

Problem 7.9 Use the formulas (6.5.69) for the covariant derivatives of the vector

components v'of a vector field v(r,?) to derive the formula (7.9.7) for the physical
components of the particle acceleration.

i v i il 10v( k) Ohy .
(6.5.69):>v|i_6)yl(v{))+zIg’;)%g_ch V|k_%$_%)g_§% ik

ati) = 20 +th{( & v (797)

Solution The general expression for the acceleration

a in a general coordinate
system y is found in the formulas (7.9.4) as:



Appendix: Problems with Solutions 365

For the index i = 1 we write:

I
v
— W B =

o
o1, 9 (1) v(1) | 0 (v(1) v(k) 1 Oy
a(l) = ha _h1E<Tl>+th[3—ﬂ (h—>+zh—kh_18_)ﬂ“|

iy (){Im() ()<9hz}+h1 (){13%) ()8hs]:>

_ov(1) 1ov(l) v(1)Oh  v(1)Ohi  v(2)0hy  v(3)0h

o) = S o0 [ - R G+ T+ T o)
v(2) [ov(1) v(2)0hy|  v(3) [Ov(l) v(3)Ohs

s iy G

_ov(1) w(1)ov(l)  v(1)v(1)Ohy  v(1)v(1)0hy | v(1)v(2)0hy  v(1)v(3) Ok

o T h oy m Mmooy ot o2 b h 0
v(2)ov(l) v(2)v(2)Ohy  v(3)0v(1) v(3)v(3)Ihs

Ty O hy kg Oy hy 9 hy hy 9!

av(1) V(k) dv(1) V(D) v(k) Oy (k) v(K) Dy
B TR Dyren i Dy ver ) D e e e

k

ov 8/11 8]’11 oh
a(n) = |2+ 10 ] [Zhlhkay{ (1) - s <k>}]

The operator (7.9.8) is utilized to define:

Dy(1) ov(1) v(k) Ov(1)
D o zk:h—k Yk

Hence we have the result:

(-]

The above formula is generalized to:

i) D;(ti) N Zfﬁi{gﬁk (i) ‘;Z’; v(k)} & (7.9.7)
k 1
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Chapter 8
Problem 8.1

(a) Use the formula (6.4.23) and the definitions (1.1.16) and (8.1.11) for the per-
mutation symbols

Cijks Eijky €7 €y, €25, and & (1)
to prove the relationships:
Gup &7 = 8, 0% — 5300 = eape’’ =0, (8.1.12)
(b) Derive the formulas (8.1.13):

a; x a| =0, a; xa,=+0a;, a,xag=c¢gua;, a*xal=c%a; (8.1.13
B B 12,3,4

ay xa, =¢gpaf, ayxa®=ePa; (8.1.13)s

Solution

(a) Proof of the formulas (8.1.12). From the definitions of the permutation symbols
(1) it follows that:

Eup = eocﬂ\/& = eaﬂ3\/&7 ga/j = eoc[}/\/& = 61,33/\/&, Coupk = 0
fork=1or2

From the formulas (6.4.23) and (1.1.19) it then follows that:

Euppt’™ = 5,00 — 830 = ey’ = (8.1.12),
(8.1.12), = eype’” = 5100 — 040l = 612 — &), = ), = (8.1.12),

(b) Derivation of the formulas (8.1.13).

la; x ay|” = |a|*|az|’sin’ (a1, a2) = a1 an |1 — cos’(a;, )]

(ann)’

2
=anap|l— = ayaxn — (a;p) = det(a =u=
l 011022] ( ) ( “ﬁ)

a; X ay = \/uay = a, X ag = Voe,pa3 = gpa3 = (8.1.13), 54

a' x a’ = (a'"a,) x (a'’ag) = a"a'Pa, x ay = a'*a'le,pa;

= [a"a® — (a2)"] Vaas =
a' x a’ = det(a”)v/oa; (1)
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Formula (8.1.7); = a,,a = 8 = det(a,y) det(a™) = 1 = det(a™) = 1/ det(asp)
=1/a (2)
The equations (1) and (2)
=al xa’ =a;/Va=a* xaf =¢%a; = (8.1.13),

The formulas (8.1.11); and (8.1.5), i.e. a* - a; = 0}, yield:

(33 X ax) -ag =as - (ax X aﬁ) =ajz- (304333) = &up
£2pa” - ap = £,y04 = &g
= (8.1.13);

} = a3 X a, :saﬁa/}

The formula a3 x a* = ¢*a; (8.1.13), is proved analogously.

Problem 8.2 The covariant components of the unit normal vector asin a general
curvilinear coordinate system y are denoted by g, such that a; = gigi. Derive the
formula (8.1.14):

1 ay’ oy

Stk gt (8.114)

Solution The following formulas are applied:

a6, = a, X ag = gpa3  (8.1.13);, e’ =87 (8.1.12)

a, = gi% (8.12), g xg =epg (6221
We now find:
Saﬂgigi = &pa3 = Ay X ag = (gj gi:i) (gk gyﬁ>
e, gui gyﬁ gue’! = ora = a
- ,,kgy]gyﬁ e (8.1.14)
Problem 8.3 Derive the formulas (8.1.18)—(8.1.20).
as,,= —B,paf, a*;= —F“,‘ﬁ a’ + Bpa” a; (8.1.18)
aupry =T+ Tppus oy =5 (auyop +apya —aapyy)  (8.1.19)
T2 = Lo == (V). (8.1.20)



368 Appendix: Problems with Solutions

Solution Derivation of the formulas (8.1.18).
We use the formula (8.1.15): a,,z= Fiﬁa}y -+ B,ga;3 to obtain:

a3-ap=0= a3, -ag+az- ag,=0= a3, ap

—a, - thay+Bﬁ%a3} = a3, = Byl = (8.1.18),

To derive (8.1.18), we again use the formula (8.1.15): a,,p = Fiﬁay +B,pa3 to
obtain:

a’-a, =46, =aja,+a* a,;=0=a"sa,=—-a* [F%/;av +Bp,;a3] =-I7; N
a*-a3=0=ag-a3+a” a3p=0=a"y-a;=—a* [-Bga'| = Bya”
a* = —F:‘,ﬁa“ +B,;~,a°‘""a3 = (8.1.18)2

Derivation of the formulas (8.1.19).

Aup = Ay - AR = Aypyy = A,y "Ap + Ay - Ag,y =
o= (T0,3,) ap+as - (T)a,) = Thapp+ Ty = Dap+ T = (8.1.19),
o +apps — aapiy = (Dapy + Do) + (Dpay + Do) = (Tagp + Tpya) = Ty + Dpay = 2Dy =

1
Ty =5 (amp+ appu—aspy) = (8.1.19),

Derivation of the formulas (8.1.20).
The formulas (1.1.25), (1.1.29), and (8.1.17) provide the results:

o, Coayg
Codyy = ——, at="""L
= 8(1“/; o

Then we obtain:

0 = oy = 00"y = 0™ (Dpy + Typy) = 20T
=
(Vo) = Way Ly
V do 7 2\/& li

re, =1 (Va)p = (8.1.20)

1
=2
Problem 8.4 Show that the symbols &, and ¢*F defined by the formulas (8.1.11):

% 0 1
Sap = eaﬁ\/&7 e = eac/?/\/&7 (eocﬁ) = (_1 0) (8.1.11)

represent the components of a surface tensor: the permutation tensor for surfaces.



Appendix: Problems with Solutions 369

Solution Let be the components of the tensor in two different surface coordinate
systems iandu be given by: the symbols &,3and 2P in the -system, and by
&,p and &’ in the u-system.We need to show that:

_ ou’ ou? g oW ou? »
“ =g T e @)

The fundamental parameters of first order in two surface coordinate systems
u and u are related through the formulas:

ou’ ouP ou* oul
- i et |
Ot Diig ap (3), @ o o @

ayp =

Using the multiplication theorem (1.1.23) for determinants, we obtain from the
formulas (3) and (4):

% = det(a,p) = {det (%)} 2det(ai,,) = {det (%)} 20{ = vz = det (%) Vo (5)

= det(a) = {det(gfﬂ 2det(a’fﬂ) {det(gz;” = % = det (gg) % (6)

Applying the formulas (8.1.11) we obtain from the results (5) and (6):

Q\\'—‘

wow owow o e o out
ouroul " our 8*/f YT o ouf O Ol
- ou’ ou’
= det 61,3\/_ = eaﬂ\/_ = 834} = Saﬁ aﬁam&m = (1)

ou oul v o™ 8uﬁ [814 ouf o 8uﬂ] 1

ai o~ owow V= ﬁﬁ_ﬁﬁ

ou’ 1 ou* Ol
_ sof soff 7P
det( )e“,;\/_ exﬁ\/_—a = = et = (2)

Problem 8.5 Let S be a symmetric surface tensor field of second order. Show that
the angle ¢ between a principal direction b corresponding to the principal value o,
and the base vector a; in a surface coordinate system u is given by the formula:

O'—Si ar ain
———= (8.4.13
2 Voo Va ( )

Solution From Fig. 8.6 we obtain:

tan ¢ =
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2 o 2 al? a2
i = by = (ba) - = b sng
cosp =b -2 = (h,a*) A — by = tan ¢
va « an — Vaun cos ¢
b a
_ 12 2 2 11
(a + by a > 2 (1)
From the formulas (8.1.9) and (8.4.8) we get:
%:\/&7 alz__aTlf7 azz:% 2),

b -]
oby = S'by +8%by = 2 =221

The results (1), (2), and (3) combine to: tan ¢ = “_ZS% aL_ 9z — (8.4.13)

S Ve Ve

Problem 8.6 Show that for a geodesic coordinate system u for a point P on a
surface y'(u)the following hold true:

Aypy =P =ty = ey, =¥, =0 inP (85.29)

Solution Because the Christoffel symbols are zero in the pole P for a geodesic
coordinate system u, it follows from the formulas (8.1.9) and (8.1.20) that:

ayp,,=0, a,=0inP (1)

From the formulas (8.1.7) and (8.1.11) we write:

aw/aﬁ”" = 5§, Eup = €up\/ oL & = exp/ Vo (2)
The results (1) and (2) yield the formulas (8.5.29).

Problem 8.7 Use the results (8.5.29) to prove that the formulas (8.5.30).

Aoy =a? = 0=ty = 6", =0 (8.5.29)

da da’t e, oe*h
aocﬁ|~/ = (laﬁ|y = Eaﬁ‘y = 8“ﬁ|~/ — 0’ op = — = o =

os Ss os  os 0 (85.30)

Solution In the special geodesic coordinate system u for the pole P the formulas
(8.5.29) represent the tensor equations:

aa(ﬁ|y = aaﬁ|y = 80!ﬁ|y = 8a/3|y = O (1)

and must therefore be valid in any general coordinate system u on the surface y'(u).
The formulas (8.5.22) imply that:
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The results (1) and (2) prove the formulas 8.5.30).

Problem 8.8 Develop the formulas (8.5.31) for the covariant derivatives of the
components of a second order tensor D:

Dygl, = Dupyy —DigTL, — DT, D3|, =Dj +DjI% — DD, T (8.5.31)

Solution Formula (8.5.31); will be developed by the following procedure. For any
two coordinate systems u and i in the surface the components D, and D, of the
tensor D are related through the formulas:

AuP Ou”
= G o

It follows that:

OD,s  Ou’ ou* (‘)Dp;ua_ud’ 5uP @_,/ . o Py o
o ourouf out ow | owowr ot " durdwoub "

Let the system u be a geodesic coordinate system in a point P in the surface.
Then according to the formulas (8.3.14) the result (1) gives in point P:

s ODp ;0D 1 g
Do:[}a). = al;; = (Sg(spa—ui;é;ﬁ — F;’},(iﬂDM — (SQ’FI;},D,,;V
_ 6‘D“,;

= ow r i»,Dz/; — l";;y/,DM inP (2)

The components D,;,; in Eq. (2) represent the covariant derivatives D,z |, of the
tensor components D4 in P in the system i.The covariant derivatives D, |, in the
point P for the system u are obtained from the transformation formulas:

O O ou?

N A = == .
Daply =5 25,8 g Lol = 350,04Dp29 = Dogz in P (3)

The combination of the formulas (2) and (3) gives the result (8.5.31),.

Formula (8.5.31), will be developed by another method. Let ¢ be any surface
vector field and define the surface vector fieldb =D - ¢ = b* = Dj cP. The relation

b* = Dj ¢’ may be differentiated in two ways:
b, = D;‘;|7cﬁ —&-D;‘;cﬁL’,, b*,,= Dj,, * —|—D%cﬂ,v (4)

The formulas (8.5.3) yield:
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b*

v b*,, +b)‘l"%, Cﬁ|v = Cﬁ’v —&—cil"fv (5)

From the Egs. (4) and (5) we obtain:

), = [D e+ Djel | + T3, = Djl, + D e +T | =

Djl,e = Dy = D}l T, + DIPT), = 0 = D3|, = Dj, ~DjT, + DT | =0

Because the result is to be true for any choice of the vector ¢, the term in the
brackets [] must be zero:

D;|V7D;7/7D;)’F?*+Dﬁ f;«:()éfo*/:D%a,ﬁLD?;Fj,*Df ;}«/
= (8.5.31),

Problem 8.9 Show that: g;i|, =g"|, =0, eu|,=¢"*|,=0 (8.5.32)
Solution In a Cartesian coordinate y-system and a geodesic u-system:

) "
gi=8" =04 ¢&p=¢" =ex=
9(5y)

gij|a:gij|a:W:O’ Sijk|a:8ijk|“:

A(ei)
ou®

=0 (1)

Since the formulas (1) represent tensor equations the formulas also hold true in
space coordinate systems y and surface coordinate systems u. This argument proves
the formulas (8.5.32).

Problem 8.10 Derive the formulas: B, = % pai &
|y =Bya (85.33)

Solution The following formulas will be used:

o i
(8.12) = a, = gi@Ty“’ (8.526) = g;|, =0, (8.5.28) = a,|; = Byyas,

L
Definition : a; = a;g

We find:

o o oy
alp= gi‘/j% +g

i 4 i
%lﬁ:gi%‘ﬁ:Baﬁﬂszfggi = %\5:&/1‘3 = (85.33),

i ) 9y
(8533), = %\ﬁgi:B“pg’g[ - Bw:a—;wi = (8.533),

Problem 8.11 Let be ¢(y) scalar field on a surface y'(u). Show that:
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¢|c</f = ¢|/ioc (8.5.38)

Solution By definition: ¢|, = ¢,, . Using the formula (8.5.3), and the symmetry
of the Christoffel symbols we get:

Plup = (P1.)p=O [, = Prop =y Ty = P, = (8.5.38)

Problem 8.12 Show that for the second covariant derivatives of the components
D, of a second order surface tensor D:

D‘Xﬂ |y(5 - D“ﬂ |5y = DUIBRZM +D°‘0R%y(5’ D“ﬁ
(8.5.39)

26 = Dagls, only when R =10

Solution Let ¢ by any surface vector field and define the surface vector field
b =D c= b, =D,pck It follows that:

b0(|y = Dot/f|~,vcﬁ +chﬁ|yv b9€|y‘(5 = ba|~,,v()'
= Daﬁ|yacﬁ +Da/3|ycﬁ|a +Da/3|5cﬁ|y +Daﬁcﬁ|y5
= [Daﬂ|y5 - D“ﬂléyjl c
= {ba 95 ba|5«/} — Dy {Cﬂhza - Cﬁ|(5v}

5— I:Da/;|ycﬁ|¢5 +D“ﬂ|5cﬁ|) - D“/3|5cﬁ|y - D1ﬁ|vcﬁ|5 = (1)

Using the formula (8.5.36) and the result R7);y($ = —Raﬁ from the formulas

(8.5.40) we can write:

0

b, |7(5 — by |(5'y = bﬂRZ“/é = DO'/} CﬁRZ«/& (2)

Dy [cﬁ|75 — P 5?} = Dyyc R s = —D,uc’RG, . (3)

apd

By combining the two formulas (1), (2), and (2) we obtain:

oyd

{Da/f 0 Doc[)’ |5~,~ - DaﬁRa - DocaRzy(;} Cﬁ =0

Because the result is to be true for any choice of the vector ¢, the term in the
brackets [] must be zero:

D“/f ‘yo' - D‘xﬁ ‘67 - D“ﬁR:yé - D“‘TREWS =0 =
Dygl,s — Dagls, = Dog RS, 5+ DyRY 5, Dop l,s = Dagls, only whenR = 0 < (8.5.39)
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Problem 8.13 Prove the formula for the Gauss curvature y of a surface y'(u) :
L ooy
VY= ZS & ’R(sa/g«/ (8.5.42)
Solution We use the formulas:

(8.1.11) = eyp = epv/ar, &P =eyp/ vV, (8.1.12) = gype’f = 0!
(8541) = R(;o(/;;~ = VEsulpy

Then we obtain:

(e) (Roupz) = (veowepy) (27e) = el Ryugy = 90305 =722 =
Y= %85&8/}”1?5@/“ < (8.5.42)

Problem 8.14 Derive Weingarten’s formula: a’|, = —B? o (8.5.45)

o Qub

Solution From the formulas:

a;=a'g, (8.1.18) = a3, = —Bwaﬂ = —Bga/;, (8.5.26) = g|, =0,

. 8yi
8.13)=a; - -g=—"
we obtain:
a3,, = ai|“gi +aigi|a = ai|“gi = —Bfa/; =
i ' ; i oy
a'lg g =—Blagg = g, =-Bl>= = (8545

Problem 8.15 Let b be the space vector:b = b/;a[g + b3 asz. Derive the equation:
b., = (bs|, — b3Bg,)a’ + (b3, +bsBl)as (8.5.46)

Solution We introduce a surface vector ¢ = b[;aﬁc such that b = ¢ + b3a3. Then
we use the result (8.5.4) to obtain:

b= ¢y + b3 a3 +b3a3,,= gl +cpal|, + by a3 +bsas,
:bﬁ|aaﬁ+bﬂaﬁ|a+b3w a3 +b33371

Now we use formula (8.6.18) to write: az,, = —Baﬁaﬁand obtain the result:
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b., = (bs|, — b3 Bp)a + (b3, +bsBl)as < (8.5.46)

Problem 8.16 Show that the fundamental parameters of third order C,g, of second
order B, and of first order a,gof a surface y (u) satisfy the equation:

Cop — 2uByp +yass =0 (8.7.18)

w is the mean curvature and y is the Gauss curvature of the surface y'(u) .

Solution First we obtain from the formula (8.1.2):
a,-a By Oy By’ by’ = oy oy’ (1)
P frd . . —O. = —i-:a“ - -z i':a
» 9P ou* & oub & O Oub & B Ou pub P

The formulas (8.7.16), (8.5.45), and (1) now yield:

: 0y’ ) 0y y g
Cop = a'l, 4l = (—Bﬁ %) <_B[} %&) = BiBya,, = C} = BjB, =

C=PB

In a surface coordinate system u with base vectors parallel to the principal
directions of the tensors B and C, the tensor matrices are:

(R 0N o (R0
e (5 a) e (U g

From the characteristic equation (8.7.8) of the tensor B: k> — 2ui +7 = 0, we
obtain the matrix equation: C — 2uB + 71 = 0. This is a matrix representation of
the tensor equation: C —2uB + 91 = 0. In any surface coordinate system u one
component representation of this tensor equation is (8.7.18).
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A
Absolute
scalar field, 228
tensor field, 228
vector field, 228
Absolute derivative of
surface vector field, 288
tensor components, 216, 219, 290
vector components, 208, 209
Acceleration, 26, 39
Acceleration distribution formula, 112
Addition of
matrices, 2
tensors, 81, 200
vectors, 9
Algebraic compliment of matrix element, 5
Almansi’s strain tensor, 246
Alternative definitions of tensors, 90
Alternative invariants of second order
tensors, 97
Angle of rotation, 104, 108
Angular acceleration
tensor, 110, 112
vector, 110, 112
Angular momentum, 44
Angular velocity vector, 49, 109
Anisotropic state of stress, 174
Antisymmetric second order tensor, 92
Arc length, 22, 205, 277
Arc length formula, 22, 205
Atmospheric pressure, 180
Axial
scalar, 228
tensor, 229
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vector, 196, 229
Axis of rotation, 107, 108, 123

B
Balance of angular momentum, 45, 120
Balance of linear momentum, 45
Base vector, 10, 187, 271
Basic equations
for linearly viscous fluids, 262
in linear elasticity, 260
Biaxial state of stress, 62, 63
Bilinear scalar-valued function
of two vector, 76, 77
Binormal, 210
Binormal vector, 22, 23
Body couple, 44, 49
Body force, 42
Body-invariant tensor of second order, 120
Box product, 18, 190, 196
in general coordinates, 198
Bulk modulus of elasticity, 89, 167
Bulk viscosity, 89, 178

C
Calculus of variations, 298
Cartesian components of a vector, 10, 11, 13
Cartesian coordinate system, 7
Cartesian coordinate transformation, 18
Cartesian right-handed

coordinate system, 18
Cauchy-elastic material, 164
Cauchy-Poisson law, 178
Cauchy’s deformation tensor, 246

Cauchy’s equations of motion, 54, 55, 56, 258
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Cauchy’s equations of motion (cont.)
in cylindrical coordinates, 259
in general coordinates, 258
in spherical coordinates, 259
Cauchy’s first law of motion, 55
Cauchy’s lemma, 47
Cauchy’s second law of motion, 56
Cauchy’s stress tensor, 35, 50, 75, 254
Cauchy’s stress theorem, 50, 51, 53
Cauchy tetrahedron, 51, 331
Cayley—Hamilton theorem, 84, 97, 112, 129
Center of gravity, 45
Center of mass, 45
Central angular momentum, 121
Change of variable in a volume integral, 327
Characteristic equation of the
second order tensor, 95, 284, 285
strain tensor, 142
stress tensor, 59
Christoffel symbols, 204
of first kind, 204, 274
of second kind, 204, 273
Circular irrotational flow, 153, 154
Coaxial tensors, 65, 96, 98
Codazzi equations, 307
Cofactor of matrix element, 6
Cofactor tensor, 93
Column matrix, 1
Column number, 1
Comma notation, 28
Completely symmetric/antisymmetric
tensor, 81
Component displacement vector, 8
Components of tensors in
Cartesian systems, 77, 78
general coordinate systems, 200
Components of tensor of second order, 77, 78
Components of the stress tensor, 53, 77
Components of vectors, 10
Composition of two tensors of second order,
82, 85, 200, 201
Composition of vectors, 9
Compression modulus of elasticity, 167
Compressive stress, 48
Configuration of a body, 36
Constitutive equation, 35, 163
for Cauchy elastic materials, 164
for linearly viscous fluids, 177, 178
Contact force, 42
Continuity equation
for a fluid particle, 177
Continuum mechanics, 35, 163
Contraction of a tensor, 81-83, 201

Index

Contravariant
base vectors, 189, 281
components of a tensor, 199
components of a vector, 194, 195, 277, 281
transformation, 188, 200, 205, 281
transformation rule, 281
Control surface, 335
Control volume, 335
Convected
coordinates, 247
coordinate system, 35, 37, 237, 247
Convected derivative, 252
differentiated vector components, 251
Convected derivative of a vector, 252
Convected differentiated
vector components, 251
Convective acceleration, 40
Convective part of material derivative, 40
Coordinate, 7
invariant, 8
line, 7, 185, 316
plane, 7
rate of shear strain, 149
rates of strain, 149
strains, 136
stresses, 47, 48, 75
stretch, 138
surface, 184
transformation formula, 20
Coordinate axes, 7
Coordinate rate of longitudinal strain, 149
Couple stress, 44
Covariant
base vectors, 189, 281
components of a vector, 194, 277
components of a tensor, 198, 199
transformation, 187, 188, 200, 205, 281
transformation rule, 281
Covariant derivative
of tensor components, 216, 218
of vector components, 208, 277, 281, 287
of vector components in
cylindrical coordinates, 216
Cross product, 15
Curl of a vector, 31, 212
Curvature
line, 302
of a curve, 23, 296
of a space curve, 210
of a surface, 301
tensor, 274, 301
Curves in space, 21
Curvilinear coordinates, 185, 316
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Curvilinear coordinates system, 91, 185

Cylindrical coordinates, 25, 32, 183, 185, 186,
192, 205, 213, 243, 258

Cylindrical surface, 274

D
Decomposition of a vector, 9
Decomposition of the stress deviator, 65
Definition of fluids, 174
Deformation analysis, 131, 236
Deformation gradient tensor, 134, 154, 236
Del-operator, 30, 32, 39, 101, 207

in cylindrical coordinates, 213, 216

in general coordinates, 206, 207

in orthogonal coordinates, 212, 213

in spherical coordinates, 214
Density, 37, 40, 174, 333
Determinant of

matrix, 4, 5

second order tensor, 92, 201, 284,

285

Developable surface, 295
Deviator of a second order tensor, 98
Difference of tensors, 81
Differential element of area, 44, 312
Differential element of volume, 40, 322
Differentiation of tensor fields, 204, 217
Dilatational waves, 173
Directional derivative of

scalar field, 28, 29

tensor field, 103
Directional vector, 9
Direction cosines, 19
Direction of a vector, 9
Displacement, 8
Displacement gradient, 137
Displacement gradient tensor, 137, 155, 238,

245

Displacement vector, 8, 107, 137, 233, 239
Distortional wave, 173
Distributive rule for vector products, 16
Divergence of

gradient of scalar field, 30, 31, 217

gradient of a tensor field, 100

gradient of a vector field, 221, 222
Divergence of a vector field, 100, 212

in Cartesian coordinates, 30

in cylindrical coordinates, 211

in orthogonal coordinates, 212

in spherical coordinates, 214
Divergence of tensor field of order n, 221
Divergence of tensor of second order, 55, 100
Divergence theorem in a plane, 314
Divergence theorem in space, 325
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Dot product of

vectors, 13
Dot product of tensors, 83, 85, 201
Double dot product, 85, 201
Double vector, 227
Dual base vectors, 189
Dual quantities, 91, 92
Dummy index, 3
Dyad, 82
Dyadic, 90
Dyadic products, 82
Dynamics, 35
Dynamic viscosity, 89

E
Eigenvalue, 59, 95
Eigenvalue problem, 59, 95
Eigenvalues of a second order tensor, 59
Eigenvectors, 59, 95
Einstein’s summation convention, 2
Elastically homogeneous material, 164
Elastically isotropic material, 164
Elasticities, 165
Elastic material, 164
Elastic waves, 171
Element of area, 312, 318
Equation of state, 174
Equations of motion, 41, 42
Equilibrium equation for a fluid, 57
Equivoluminal wave, 173
Euclidian

angles, 116

shifters, 226, 234, 245

space, 8, 11, 79, 320, 321

surface, 295
Euler equations, 298
Eulerian coordinates, 38, 175, 233
Eulerian description, 31, 38, 207, 233
Eulerian fluid, 177
Euler’s axioms, 41, 44
Euler’s equations of motion for a rigid body,

120

Euler’s first axiom of motion, 35, 37, 41, 43
Euler’s laws of motion, 44
Euler’s second axiom of motion, 42, 44, 118
Euler’s strain tensor, 246, 248
Extensive quantity, 37
Extremal value of normal stress, 66
Extremes of a functional, 299

F

Film flow, 179
Fluid at rest, 54
Fluid definition, 174
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Fluid mehanics, 38
Force, 27
Form invariant
deformation, 161
strain, 143
Fourth order unit tensor, 88
Free index, 3
Frenet-Serret formulas, 23, 210
for surface curve, 297, 295
Fundamental parameters
of first order, 191, 272, 307, 317
of second order, 273, 307
of third order, 307

G
Gas constant, 175
Gauss curvature, 293, 295, 303
Gauss equation, 307
Gauss’ integral theorem
in a plane, 313
in space, 322
General
coordinates, 183, 184, 185
homogeneous deformation, 158
isotropic tensor of fourth order, 88
General analysis of large deformations,
244
Generalized Hooke’s law, 89, 166, 260
General rigid-body motion, 120
Geodesic, 299
curvature, 296, 300
curve, 299
Geodesic coordinate system, 282
Geometrical sum, 9, 13
Gradient of
surface vector, 287
tensor field of order n, 99
Gradient of a scalar field, 29, 30, 207
in Cartesian coordinates, 30
in cylindrical coordinates, 213
in general coordinates, 206, 207
in orthogonal coordinates, 213
in spherical coordinates, 214
Gradient of a vector field, 209
in Cartesian coordinates, 100
in general coordinates, 209
Gradient of divergence of a tensor field, 100,
101
Gradient of divergence of a vector field,
221
Gradient of gradient of scalar field, 220
Gravitational force, 42
Green’s deformation tensor, 135, 156, 236
Green’s strain tensor, 135, 155, 237, 248

Index
H
Helical constraint, 27
Helix, 25

Homogeneous deformation, 138

Homogeneous pure strain, 156, 157

Hookean material, 166

Hookean solid, 166

Hooke’s law, 165, 166, 168
alternative forms, 168

Hydrostatic stress tensor, 65

1
Ideal gas, 174
Identity matrix, 4
Improper orthogonal tensor, 125
Incompressibility condition, 177
Incompressible elastic material, 168, 169
Individual derivative, 38
Inertia tensor, 104, 117
Infinitesimal deformations, 141
Inner product of tensors, 83, 85
Instantaneous axis of rotation, 106, 110
Intensive physical quantity, 37, 38
Intensive quantity, 37
Intrinsic surface geometry, 294, 295
Inverse

deformation gradient tensor, 246

deformation tensor, 246

matrix, 6

tensor, 92, 201
Irrotational

flow, 151

motion, 151

vortex, 153

wave, 173
Isochoric

deformation, 161

flow, 152, 153

state of strain, 143
Isometric surface, 295
Isotropic deformation, 161
Isotropic fourth order tensor, 88
Isotropic function of tensors, 126
Isotropic, linearly elastic material, 89, 166
Isotropic scalar-valued

function of tensors, 126
Isotropic second order

tensor-valued function, 126

tensor, 82
Isotropic second order tensor, 79
Isotropic state of strain, 143
Isotropic state of stress, 54, 62
Isotropic tensor, 62, 79
Isotrop of second order tensor, 79, 82, 98



Index

J
Jacobian, 162, 184, 280
Jacobi determinant, 162, 316

K
Kinematics, 35
Kinematics of

general rigid-body motion, 111
Kinetic energy density, 37
Kinetics, 35
Kronecker delta, 4, 79, 189

L
Lagrangian coordinates, 38, 233
Lagrangian description, 38, 233
Lamé constants, 89, 169
Laplace-operator, 31, 32, 101, 221
Large deformations, 154
Law of balance
of angular momentum, 45
of linear momentum, 45
Law of moments for system
of mass particles, 42
Left deformation tensor, 161
Left-divergence of tensor field, 102
Left—gradient of tensor field, 101,
102
Left-handed
Cartesian system, 196
coordinate system, 190
system, 7, 190
system of vectors, 190
Left-operator, 101
Left stretch tensor, 159, 160
Level surface, 29
Linearly elastic material, 89, 165
Linearly viscous fluid, 262
Linear mapping of
tensors, 84, 201
vectors, 76, 84
Linear momentum, 37, 44
Linear momentum of rigid body, 121
Linear transformation of vectors, 76
Linear vector-valued function
of a vector, 76
Local acceleration, 40
Local part of material derivative, 40
Longitudinal
strain, 131, 135, 237, 239
strain rate, 241
wave, 172
Lower-convected derivative, 252,
254
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M
Magnitude of
matrix, 6
vector, 9, 15
Magnitude of base vectors, 192, 195
Mass density, 37
Mass particle, 26, 42
Material
coordinates, 38, 233
coordinates system, 231
line, 37
model, 35
Material derivative of
extensive quantity, 41, 333
intensive quantity, 38
particle function, 38
place function, 37, 39
tensor field, 103
Material derivative of the components of
the permutation tensor, 235
the unit tensor, 235
Matrix, 1
Matrix product, 2
Maximum shear strain, 143
in a surface, 146, 147
Maximum shear stress, 64, 65
Mean curvature, 302
Mean normal stress, 167
Mean value theorem, 326
Metric
coordinate, 185
of surface, 294, 295
of the space E3, 206
tensor, 191, 206
Mixed transformations
of tensor components, 198, 199, 200
Modulus of elasticity, 89, 165
Mohr-diagram
for small deformations in a surface, 147
for state of plane stress, 71, 72
Mohr’s strain circle, 131, 147
Mohr’s stress circle, 61, 131
Moment invariants
of second order tensor, 97
Moment of inertia, 117
of homogeneous bodies, 117, 118
Motion of a continuum, 103
Motion of pure strain, 156
Multilinear scalar—valued function
of vectors, 76, 90, 198
Multiplication of matrices, 3
Multiplication theorem
for determinants, 5
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N
Natural power of a matrix, 6
Navier’s equations, 169, 170, 221, 260
in cylindrical coordinates, 261
in general coordinates, 260
in orthogonal coordinates, 260
in spherical coordinates, 261, 264
Navier—Stokes’ equations, 179, 221, 262
in Cartesian coordinates, 179, 262
in cylindrical coordinates, 266
in general coordinates, 262, 263
in spherical coordinates, 268
n-dimensional
Euclidean space, 7
matrix, 2
Riemannian space, 8
Newtonian fluid, 176, 178, 262
Newton’s second law of motion, 27, 42
for a system of mass particles, 42
Newton’s third law of action and reaction, 42,
46, 47
Non-singular tensor, 124, 160
Normal
acceleration, 26, 211
component of a second order tensor, 94,
202, 285
strain, 131
stress, 43, 47
vector, 22
Norm of
matrix, 6
second order tensor, 92, 201
NP-scalar field, 228
NP-vector field, 228
NP-tensor field, 229

(0]
Objective quantity, 6
Objective tensor, 251
One-dimensional
matrix, 1
wave equation, 172
Origin of a coordinate system, 7
Orthogonal
Cartesian coordinate system, 11
coordinates, 192, 212, 213, 239, 242
matrix, 19
Orthogonal right-handed
system of unit vectors, 18
Orthogonal right-handed Cartesian
coordinate system, 7, 35
Orthogonal shear component of a second
order tensor, 94, 202
Orthogonal tensor of second order, 93
Orthonormal set of vectors, 93
Osculating plane, 23

Index

P
Parallelogram law, 9
Parallel vector field, 300
Partial-covariant derivatives, 227
Particle, 35, 232
Particle acceleration, 40, 235
Particle coordinates, 37, 38, 232
Particle derivative, 38
Particle function, 38, 233
Particle vector, 35, 232
Pathline, 36
Perfect fluid, 177
Permutation symbols, 4, 190, 273
Permutation tensor, 80, 202, 220, 235
Permutation tensor for surfaces, 284
Physical components of
rate of deformation tensor, 242
rate of rotation tensor, 242
small strain tensor, 212, 213, 238, 239
vectors, 195
vorticity vector, 242
Physical stress components, 256, 257
in cylindrical coordinates, 258
Piecewise smooth curve, 22
Pipe flow, 267
Place coordinates, 232
Place function, 37, 38, 233
Plane isotropic state of stress, 62, 63
Plane of normals, 22
Plane state of stress, 62, 63
Poisson’s ratio, 165, 168
Polar decomposition, 124, 159
Polar decomposition theorem, 124, 160, 246
Pole of normals, 73
Polyad, 82
Polyadic, 89, 90
Positive definite symmetric tensor, 156
Positive definite tensor, 96, 156
Positive side of a surface, 272, 317
Potential flow, 136, 151
Potential vortex, 135, 153
Potential vortex flow, 154
Power of a tensor, 96
Present configuration, 36, 231
Present time, 35, 231
Pressure in a fluid at rest, 54, 57
Primary wave, 174
Principal
curvature, 302
moments of inertia, 117, 120
normal, 22, 296
normal vector, 22, 23, 210, 296
planes of stress, 58, 69
strain, 142, 143
stress, 56, 58
stress directions, 58
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stress planes, 58, 69
stretch, 156, 160
values of second order tensor, 94, 285
Principal axes of
inertia, 117
second order tensor, 95
stress, 62
Principal directions of
curvature, 302
plane state of stress, 69
rate of deformation tensor, 241, 242
second order tensor, 94, 286
small strains, 142
stress, 56, 58
Principal invariants of
second order tensor, 82, 95, 182, 203
strain tensor, 124, 141
stress, 50, 58
Principal normal vector, 22, 210
Principal planes of stress, 56, 69
Principal stresses, 58
in a state of pure shear stress, 64
Principal stress theorem, 58
Principle of
conservation of mass, 40
superposition, 163, 164
Product of a scalar and a vector, 9
Product of inertia, 117
Proper orthogonal tensor, 125
Properties of some elastic materials, 167
Pure
rotation, 144, 145
rotation about a fixed axis, 104
rotation about a fixed point, 106
strain, 145
Purely viscous fluid, 176

Q
Q-rotation

of tensors, 124

of vectors, 123
Quotient theorem, 86, 87

R
Radius of curvature, 23
“Raising and lowering of indices”, 199
Rate of
deformation tensor, 89, 148, 241
longitudinal strain, 148
rotation tensor, 109, 148, 241
shear strain, 149
strain, 148
strain tensor, 89
volumetric strain, 149, 152
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Reciprocal base vectors, 189, 272
Reciprocal fundamental parameter
of first order, 191, 272, 295

Rectilinear rotational flow, 151
Reference, 6
body, 6
configuration, 36, 231
coordinates, 37, 38, 233
description, 38, 233
frame, 6
related tensor, 251
time, 35, 231
Reference invariant quantity, 6
Reference invariant tensor, 251
Reference related quantity, 7
Reference time, 231
Relative scalar field, 228
Relative tensor, 228, 229
Relative tensor field, 228
Resultant force, 44
Resultant moment, 44
Resultant of displacement, 9
Reynolds’ transport theorem, 334, 335
Riemann-Christoffel tensor, 292, 295
Riemannian space, 8
Right deformation tensor, 161
Right-divergence of tensor field, 102
Right-gradient of tensor field, 101
Right-handed
Cartesian coordinate system, 7
system, 317
system of axes, 7
system of three vectors, 93, 272
system of unit vectors, 18
system of vectors, 190
Right-hand rule, 15
Right-operator, 101
Right stretch tensor, 158, 160, 245
Rigid-body
dynamics, kinematics, 104
dynamics, kinetics, 115
motion, 111, 156
rotation about a fixed axis, 105
rotation about a fixed point, 107
Rotational
velocity vector, 109
wave, 173
Rotation angle, 124
Rotation of
surface vector field, 294
tensor field of order n, 101
two surface vectors, 279, 280
vector field, 31, 32, 212, 221
Rotation tensor, 105, 107, 158, 159
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Rotation tensor for small deformations, 144,
239

Rotation vector for small deformation, 144

Row matrix, 2

Row number, 1

R-rotation of a vector field, 107

S
Scalar, 8
components of a vector, 10, 11
density, 228
field, 28
invariant, 8, 92
Scalar invariant of a second order tensor, 92
Scalar product of surface vectors, 279
Scalar product of tensors, 83, 201
Scalar product of vectors, 13, 196
Scalar triple product of vectors, 18, 196
in general coordinates, 196, 199
Scalar-valued function of vectors, 76, 198
Secondary wave, 174
Shear component of second order tensor, 202,
285
Shear modulus, 89, 167
Shear rate, 149
Shear strain, 131, 132, 237, 239
Shear strain rate, 241
Shear stress, 43, 47
Shear viscosity, 89, 178
Simple shear, 249
Simple shear flow, 151, 153
Small deformations, 138, 139, 140, 238
Small deformations in a material surface,
145
Small strains, 138, 139, 238
Small strain tensor, 141
Smooth curve, 21, 22
Space coordinates, 38, 233
Space curve, 21
Space polygon, 13
Space—surface tensor, 286, 287
Spacial description, 38, 175, 233
Specific linear momentum, 37
Specific quantity, 37
Spherical coordinates, 32, 183, 186, 192, 193,
205, 214, 243
Spin tensor, 148
Square matrix, 1, 2
State of
biaxial stress, 69
form invariant strain, 143
plane stress, 69, 71, 72
pure shear stress, 50, 64
small deformations, 139
small strains, 138

Index

Steady field, 28
Steady tensor field, 98
Stiffness, 165
Stokes’ four criteria for fluids, 177
Stokes relation, 178
Stokes’ theorem
for a curved surface, 325
in a plane, 314
Strain
deviator, 143
isotrop, 143
longitudinal, 131
measures, 131, 237
potential, 145
rate, 148
tensor, 134, 135
tensor for small deformations, 89, 164, 239
volumetric, 137, 141
Stress
deviator, 64, 65
isotrop, 64, 65
matrix, 47
pulses, 171
tensor, definition, 53, 76
vector, 43, 50
waves, 171
Stretch, 138
Stretch tensor, 156
Substantial derivative, 38
Subtraction of tensors, 200
Summation convention, 2
Summation index, 3
Sum of tensors, 81
Surface, 271
coordinates, 271, 315, 320
force, 42
gradient, 290, 291
tensor, 271, 283
Surface vector, 277
contravariant components, 277
covariant components, 277
Symmetric/antisymmetric tensor, 90
Symmetric second order surface tensor, 284
characteristic equation, 285
principal directions, 286
principal invariants, 285
principal values, 285
Symmetric tensor of second order, 93, 202

T

Tangential acceleration, 27, 211
Tangent plane, 277

Tangent vector, 22, 206, 210, 277, 295
Temperature, 174

Tensile stress, 48
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Tensor

algebra, 81

components, 77, 198, 199

definition, 76, 198, 199

equation, 87

field, 98

isotropic, 62, 79

matrix, 77, 78

of first order, 76, 77

of order n, 76, 80, 85, 198

of second order, 77, 78, 79, 91

of zeroth order, 77

product, 81, 82, 200, 201

sum, 81
Tensor-derivative, 287, 288, 289, 290
Tensor for small deformations, 141
Tensors as polyadics, 89, 203
Theorem of existence of solution, 164
Theorem of uniqueness of solution, 164
Thermodynamic pressure, 174, 177
Three-dimensional Euclidian space, 7, 271
Three-dimensional matrix, 2
Time, 26, 28
Torque, 49, 122
Torsion of a curve, 23, 210
Total-covariant derivative

of tensor components, 228
Total curvature, 293
Trace invariants, 97
Trace of a matrix, 6

Trace of a second order tensor, 83, 92, 201, 285

Traction, 42
Transformation matrix, 19
Translation, 111, 138
Transposed matrix, 2
Transposed tensor, 91, 92
Transversal wave, 172
Triad, 82
Triaxial state of stress, 62
Two—dimensional
Euclidean space, 7, 294
Riemannian space, 8, 271, 295
Two dimensional matrix, 1
Two—point components of
deformation gradient tensor, 236
unit tensor, 226
Two—point tensor field, 225
Two—point vector field, 227

U
Uniaxial state of stress, 49, 62
Uniform field, 28

Uniform tensor field, 98
Uniform vector field, 209
Unit matrix, 4

Unit tangent vector, 263, 295
Unit tensor of fourth order, 88
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Unit tensor of second order, 79, 191, 199, 220,

286
Unit vector, 9
Upper-convected derivative, 252, 254

A%
Vector
addition, 9
algebra, 13
components, 11
definition, 13
field, 28, 194
matrix, 1, 12
polygon, 11
product in general coordinates, 198
product of surface vectors, 279
product of vectors, 15
Vector operators
in cylindrical coordinates, 223
in spherical coordinates, 224
Vector—valued function of a vector, 75, 76
Velocity, 26, 39
Velocity distribution formula, 112
Velocity gradient tensor, 148, 241
Viscometer, 175
Viscosity, 176, 178
Volume element, 40, 322, 329
Volume forces, 42
Volume invariant deformation, 161
Volume invariant strain, 143
Volumetric
strain, 131, 132, 137, 237, 239
strain rate, 214, 241
Volumetric wave, 173
Vorticity, 149
Vorticity-free vortex, 154
Vorticity tensor, 148
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Wave front, 172

Wave front velocity, 172, 173
Weingarten’s formula, 294
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Zero tensor, 81, 292
Zero vector, 9
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